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Preface

The textbook “Solving problems in speradsheets" consists 
of 14 chapters (computer workshops) on the study and applica­
tion of the computing capabilities of the MS Excel spreadsheet 
processor in solving basic problems of Linear Algebra, Calcu­
lus, and Linear Programming and corresponds to the programs 
of the disciplines “Digital Mathematics in MS Excel and R" 
and “Computer Workshop" taught at the Financial University 
under the Government Russian Federation in the first year of 
undergraduate programs.

The textbook consistently outlines the general characteris­
tics of the MS Excel spreadsheet processor with in-depth study 
of the basic principles of Calculus and Linear Algebra. Special 
attention is paid to constructing function graphs. Linear Pro­
gramming and financial problems are also considered. Exam­
ples of solving economic and managerial exercises are given. 
Each section contains tasks for independent work.

The textbook meets the requirements of the Federal State 
Educational Standard of Higher Education of the latest gener­
ation.

The textbook will be useful to all undergraduate students 
studying Linear Algebra, Calculus, and Linear Programming 
who seek to master the tools of the MS Excel spreadsheet pro­
cessor and their use in solving financial, economic and man­
agement problems using innovative mathematical methods and 
technologies. The textbook may be of interest to undergradu­
ates, graduate students, postgraduates, teachers, professors 
and researchers.
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Competences of the discipline 
“Digital Mathematics in MS Excel and R”

In the modern paradigm of Russian university education, 
it is customary to indicate the professional competencies de­
veloped by a particular discipline. Following this tradition, we 
will briefly outline what exactly we will fight for when study­
ing the material of this textbook. The discipline provides nec­
essary tools to form competences listed below.

7

Competence Learning outcomes (skills and knowledge) and 
indicators that show competence development

1. The ability to use 
application soft­
ware to solve pro­
fessional prob­
lems.

Know the basic methods of obtaining, present­
ing, storing, and processing data using R soft­
ware environment and MS Excel;
Be able to use basic methods of obtaining, pre­
senting, storing, and processing data by means 
of R and MS Excel;
Possess the skills in solving standard problems 
of Calculus and Linear Algebra using the tools of 
R and MS Excel.

2. The ability to ap­
ply mathematical 
methods to solve 
standard theoret­
ical and applied 
problems, to inter­
pret the obtained 
mathematical re­
sults.

Know the computational methods of the main 
problems of mathematical analysis and linear al­
gebra;
Be able to use computer technology in the im­
plementation of mathematical methods and 
models for the description and analysis of ap­
plied problems;
Possess the skills in computational work in R 
and communication with MS Excel.

3. The ability to vi­
sualize analytical 
and reporting ma­
terials based on 
the results of the 
work performed.

Know the basic tools of visualizing quantitative 
data in R;
Be able to use computer technologies for data 
presentation and graphical visualization of the 
results of applying mathematical methods and 
models to describe and analyze various applied 
problems;
Possess the skills to work in RStudio in terms of 
visualizing quantitative data.



1. Introduction to MS Excel

General description of the MS Excel 
spreadsheet software

Microsoft Excel is a spreadsheet editor developed by Mi­
crosoft for Windows, macOS, Android, iOS and iPadOS. It fea­
tures calculation or computation capabilities, graphing tools, 
pivot tables, and a macro programming language called Visual 
Basic for Applications (VBA). MS Excel forms part of the Mi­
crosoft 365 suite of software.

The MS Excel spreadsheet software is designed to solve 
multifunctional tasks of processing various types of informa­
tion using a multitude of tools and built-in functions. The pro­
cessing is done in an electronic spreadsheet of large size. The 
cells of the spreadsheet contain the original data of the applied 
task, as well as the formulaic dependencies that ensure the cal­
culation of the results. The solution results are generated in 
the formula entry location. Optionally, they can be illustrated. 
When the original data is changed, the results are automat­
ically recalculated, and the appearance of the constructed 
graphs and diagrams changes accordingly.

An approximate view of a spreadsheet window with a de­
scription of its elements is shown in Fig. 1.1

Depending on the version of the processor, a workbook de­
faults to one or three worksheets. Each worksheet of a work­
book is a set of cells formed by 16384 columns (214) and 
1048576 rows (220). Columns are named with Latin letters 
(from A to XFD) and rows are numbered. This allows cells 
to be addressed. For example, the top left cell of the sheet 
has the address Al, and the bottom right cell has the address 
XFD10485 76.

One of the cells of a worksheet is active. Information en­
tered from the keyboard or after performing an insertion op- 
8
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eration is recorded in this cell. The left mouse button or cursor 
movement keys are used to select the active cell. Quick naviga­
tion to any cell of the workbook sheet can be done using the fol­
lowing commands:

Press the [F5] function key -> Enter the cell address in the 
Reference field -> OK

The contents of the active cell are displayed in the formula 
bar. This allows you to view the information entered in the cell 
(especially when using formulas), and if necessary, make cor­
rections to it.

Data can be entered not only in the active cell, but also in
cell arrays — ranges. Adjacent and non-adjacent ranges (lo­
cated on the same worksheet) and three-dimensional ranges 
(occupying the same position on several sheets) are distin­
guished.

In a worksheet, cell ranges are selected by moving the 
mouse while holding down the left button (or holding down the 
[Shift] key and pressing the cursor movement keys). To select 
non-adjacent ranges, the [Ctrl] key is additionally held down. 
To select a three-dimensional range, multiple sheets of the 
workbook are selected by clicking on their tabs while holding 
down the [Ctrl] key.

When recording range addresses, the address of the top­
left cell and the address of the bottom-right cell are specified, 
separating them with a colon. Non-adjacent cell groups are 
separated by a semicolon (see Fig. 1.2).

Entering information 
into the active cell is com­
pleted by pressing the [En­
ter] key (or cursor move­
ment keys). To input data 
into all cells of an adja­
cent range (as well as a por­
tion of a non-adjacent range 
with the active cell), the
[Ctrl+Shift+Enter] key com- 士L sheea '川 ©

bination is used to fix the in- Fig. 1.2. Non-adjacent range of cells 
put simultaneously. A2:B6; B8:D8; D2:D6 (cell D2 is active)
10



The maximum amount of data that can be entered into each 
cell of the workbook is 32767=215-1 bytes (characters). How­
ever, not all characters may be displayed in the cell due to lim­
ited visible column width and the presence of data in the cell 
to the right. This is not necessary, as the principle of struc­
tured data entry involves placing only related, preferably indi­
visible data belonging to two categories — value or formula — 
into separate cells (Fig. 1.3).

Fig. 1.3. MS Excel Data Types



The sign = (equal) entered at the beginning is an indication 
of entering a formula, followed by an expression — a set of op­
erands linked together by mathematical operators. The order 
of calculations in the formula is determined by its mathemati­
cal notation (from left to right), as well as taking into account 
the priorities of the operations specified in it. If necessary, 
to change the sequence of data processing in the formula, pa­
rentheses are used.

After entering a formula in a cell, its result is immediately 
displayed — as a number, date, text, logical value, or error 
message. The formula itself will only be visible in the formula 
bar after selecting the corresponding cell.

Text, entered in a cell, is aligned to its left border, while 
correctly interpreted data of other types are aligned to the 
right border. This simple rule helps to avoid errors when in­
putting data (numbers, formulas, dates and times, logical val­
ues) that may be identified as text due to formatting inaccura­
cies.

In formulas, cell addresses can be specified as relative or 
absolute. Earlier in the text, relative cell addresses and their 
ranges were specified.

When copying formulas, relative addresses are changed ac­
cordingly, while absolute addresses remain unchanged.

A characteristic feature of an absolute address is the use of 
the $ symbol before the names of columns and rows. For exam­
ple, $A$1 and $XFD$1048576 — the first (top left) and last (bot­
tom right) cells of an electronic spreadsheet have absolute ad­
dresses.

Absolute addresses can be typed directly from the keyboard 
or converted from relative addresses after they are selected 
and the [F4] function key is pressed. When converting, you 
should be careful: pressing [F4] again can make the address 
relative or mixed again, for example, when only the column or 
only the row is fixed: $D4, G$5:F$8.

The use of cell names and their ranges also provides abso­
lute addressing in formulas. Names must start with a letter 
or underscore, not contain spaces or special characters (except 
for numbers and periods), and be unique within the workbook.
12



One way to assign names to cells is:
Select the cell or range > Open the menu by right-clicking ->
Select the "Name a Range" option — Enter a name for the cell or 
range -> OK
When referencing cells from other sheets or workbooks 

(files), their names are added to the address in expressions. For 
example:

[Book2]Sheet4!G5:L10 [Report]Quarter_l!$A$5:$Z$129
If sheet or workbook names contain spaces, the names 

should be enclosed in apostrophes:
[Book l]Sheet31$E$8，[Quarterly Report]Branch 3'!$D$2:$K$120
To avoid errors when creating expressions with names, the 

names are not entered using the keyboard, but rather selected 
in the electronic workbook from the corresponding cells or 
ranges, which significantly simplifies the process. The names 
themselves appear in the expressions.

Formatting options for electronic
spreadsheets

Formatting operations can be presented schematically.
• Changing the width of a column by dragging the border 

between the column headings (Fig. 1.4).

Width: 14,00 (103 pixels)

_________L. F G

CZZ1

Fig. 1.4. Make column E wider.

To align the width of multiple columns, they should be se­
lected and the border of one of them should be changed.

13



• Changing the height of rows is done in a similar way
(Fig. 1.5).

Fig. 1.5. Changing height of a cell

• To align information in selected cells, you can use the 
alignment buttons in the Alignment group on the Home tab 
or by opening the Format Cells window, for example, from the 
right-click menu (Fig. 1.6).
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Fig. 1.6. Format Cells window



• To merge cells, you can use both the Format Cells window 
(Fig. 1.6) and the Merge & Center button in the Alignment 
group on the Home tab (Fig. 1.7).

File Home Insert Pa^e layout Formulas Data Review View Developer Help 戶 Search

三三至 叁・ ^ Wrap Text

三三三 三 至 園 Merge & Center * 

Ahgrr E Merge&£*nte 

崑 Merge Across 

@ Merge Cells
F G

"Щ Цптегде Cells

Fig. 1.7. Merging cells using the toolbar button

General *

Number

Metge & Center

園

睡眠哆 
Conditional Format as Cell 

Formatting * Table * Styles *

Combine and center the contents of 
the selected cells in a new larger 
cell.

This is a great way tc create з label 
that spans multiple columns.

• Similarly, through the Format Cells window, you can 
change the orientation of text in cells, directing it at any angle 
(Fig. 1.8).

File Home Insert Page Layout Formulas Data Review View Deve

=三三；翁▼ *2 Wrap Text

三—三 11E iE Merge & Center ▼

X

必6

Clipboard ® Alignment

Font Color

Change the color of your text,

② Tell me more

Fig. 1.8. Tool options for changing font and cell fill parameters

• Changing the font, size, and color of characters, as well 
as the fill and border of cells, is done using the buttons in the 
Font and Alignment groups on the Home tab (Fig. 1.8) and the 
options in the Format Cells window (Fig. 1.9, see page 16 ).

There are several other formatting options available in 
MS Excel spreadsheets, including auto-formatting, creating 
custom number formats, conditional formatting, setting for­
matting styles, inserting comments, protecting cells from 
changes, using sparklines, and more. These options are de-
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Fig. 1.9. Options for setting cell borders in an electronic spreadsheet

scribed in recommended literature, and some of them will be 
covered in subsequent chapter of the textbook.

Features of working with large tables

Copying (tabulating) data (formulas, sequences, constants) 
down a column of a large table:

Select the cell (two cells to propagate the sequence)
т Click and drag the bottom right corner of the selected area —>
Double-click the black plus sign with the left mouse button
The data in the column will be automatically tabulated 

to the end of the table (as long as there is some information in 
the left column)

We should also note some keyboard shortcuts that are use­
ful when working with tables:
16



• [Ctrl+Shift+ф] — select a column of the table from the cur­
rent cell in the direction of the arrow (down).

• [Ctrl+Shift+->] — select a row of the table from the current 
cell in the direction of the arrow (to the right).

• [Ctrl+Shift+End] — select part of the table up to the last 
used cell (bottom right).

• [Ctrl+C] — copy the selected cells to the Clipboard.
• [Ctrl+V] — paste data from the Clipboard (into the active 

cell with propagation down and to the right).
• [Ctrl+Shift+F] — change font and cell parameters in the se­

lected range using the Format Cells window.
• [Ctrl+Shift+:] — insert the current time.
• [Ctrl+Shift+;] — insert the current date.
• [Ctrl+Shift+&] — insert external borders into the selected 

cell range.

Task 1.1.
The history of the Financial University dates back to March 2, 

1919, when classes began at the MFEI — the first financial and 
economic institute in our country.

Create a MS Excel table containing information on which 
day of the week the anniversary of the university was (or will 
be) celebrated, starting from 1919 to 2019.

Highlight cells with anniversary dates: 10 years, 25 years, 
50 years, 75 years, 100 years.

On which day of the week was the anniversary of the uni­
versity celebrated in 19 75 and 2000?

Steps of the solution.
1. Open a new MS Excel workbook.
2. Enter the text “Financial University under the Government 

of the Russian Federation" into cell Al.
3. Enter the text “Year of existence” into cell A3.
4. Enter the text “Date” into cell B3.
5. Enter the text “Ordinal day of the week" into cell C3.
6. Enter the text “Day of the week” into cell D3.
7. Enter the number 0 into cell A4, and the number 1 into 

cell A5.
17



C4 ” X 5 左 =WEEKDAY(B4；2)

1 Financial University under the Government of the Russian Federation

3 Year of existence Date ,Ordinal day of the week 一Day of the week
4 0 02.03.19—=WEEKDA“B4;2) ]

5 1 02.03.1920
6 /——^

Function Arguments

8
9
J

loi
lllT

u
i

“ ̂
I
T
^

ls 1

19 1

WEEKDAY 

SerW.number * ■ 7001
Retum_type 2 (T) ■ 2

• 7 
Returns a number from 1 to 7 identifying the day of the week of a date.

Seriai.numbef И a number that represents a date.

Formula result * 7

Hdp on thb function [ QK ] [ Qincei J

Fig. 1.10. Parameters window for the WEEKDAY function (day of the week by date)

8. Enter the date 02.03.1919 into cell B4, and the date 
02.03.1920 into cell B5.

9. Enter the formula =WEEKDAY(B4;2) into cell C4. To 
bring up the window (Fig. 1.10), click the fx button lo­
cated to the left of the formula bar.

10. Enter the names of the days of the week — Monday, 
Tuesday, Wednesday, Thursday, Friday, Saturday, 
Sunday — in cells G4:G10 respectively.

11. Enter the numbers from 1 to 7 in cells F4:F10 respec­
tively.

12. Select the range F4:G10
-> Formulas tab f Defined Names -> Define Name -> Enter 
the name Weekdays -> OK (Fig. 1.12).

13. Enter the formula in cell D4:
=LOOKUP(C4,Weekdays) (Fig. 1.13).

14・ Select cells A4:A5. Holding down the left mouse but­
ton, drag the bottom right corner until the cursor be­
comes a small black plus sign. Tabulate the data up 
to the number 100 (cells A104); deselect by clicking on 
an empty cell with the left mouse button.

18



|=WEEKDAY(

WEEKDAY(seriaLnumber; [return^type])

Fig. 1.11. Calling a built-in function

D E

1 ' Financial University under the Government of the Russian Federation

3
4

； Year of existence Date Ordinal day of the week Day of the week 

0 02.03.1919 7

1 0203.1920

6

7

8

1 Monday
2 Tuesday
Э Wedfwkfay
4Ihursday

9

10
11
12
13M

15
16
17
18
19

7

filefay 
Saturday
Sunday

Fig. 1.12. Naming a range of cells

D4 X ， * ^LOOKUP(C4;Weekdays)

8 0
Financial University under the Government of the Russian Federation

Year of existence Date Ordinal day of the week Day of the week
0 02.03.1919 「екХуз)

1 02.03.1920

Monday
Tuesday

Function Arguments

LOOKUP

Lookup.value C4 図 ・ 7

Loolcup.vector Weekdays [±] • (IVMonday ：2\*Ти«бву";3\1Л<еОпе...

Result.vector j 习 ■ referen- <■

■ "Sunday
Looks up a value either from a one-row or one<column range or from an array. Provided for backward 
compatibility.

lookup.value is a value that LOOKUP searches for in lookup.vector and can be a 
number, text, a logitM vafue, or • name or reference to a value.

Formula result • Sunday

Fig. 1.13. Entering a formula with the built-in LOOKUP function

ednesday 
[ursday 

【day 
turday 

inday
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15. Select cells B4:B5. Hover the mouse cursor over the 
bottom right corner of the selected area until it be­
comes a black plus sign, then double-click the left 
mouse button. The data in the column will automati­
cally be tabulated up to cell B104 (as long as there is 
data in the left column).

16. Select the range C4:D4. Similarly, by dragging the 
lower right corner, tabulate it to the end of the ta­
ble (Fig. 14). The calculation of the table will be comb 
pie ted.

C4 * A =WEEKDAY(84;2)

6-7 8
 9

10
ll-!
12i
13

3 Year of existence Date Ordinal day of thn week Day 3 呼 wfek
4 0 02・03.191эГ""

5 1 02.03.1920
2 02.03.1921
3 02.03.1922
4 02.03.1923
5 02.03.1924
6 02.03.1925
7 02.03.1926
8 02.03.1927
9 02.03.1Э28

10 02.03.1929
11 02.03.1930
12 02.03.1931
13 02.03.1Э32
14 02.03.1933
15 02.03.1934

1 Monday
2 Tuesday
3 Wednesday
4 Thursday
5 Friday
6 Saturday
7 Sunday

Fig. 1.14. Preparation for tabulating formulas in columns C and D

17. Select cells A1:D1 and merge them with word wrap. 
Change the font parameters.

18. Select cells A3:D3 and change their format, setting 
values to center and word wrap.

19. If necessary, adjust the width of the table columns 
(A:D).
To select the entire table and set the borders surround­
ing the cells, do the following:

Place the cursor in cell A3 —>
Select the table header with the key combination [Ctrl+Shift+->] т 
Select the entire table with the key combination [Ctrl+Shift+ф] -» 
Set cell borders: All borders

20



20. Mark the weekdays of the anniversary celebrations in 
19 75 and 2000.

21. Save the file under the required name.

Exercises for independent work

1. Basing on the information provided in the chapter, con­
struct a table that calculates the parameters of a worksheet — 
the number of cells and the maximum number of characters 
that can be placed on a worksheet (in memory units). In calcu­
lations, take the value of characters in a cell as 215.

2. Perform similar calculations for a workbook. In calcula­
tions, take the number of workbook pages as 216.

3. Evaluate what a computer RAM should be if MS Excel 
workbook is filled to capacity.
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2. MS Excel as calculator

2.1 MS Excel expressions and operations

MS Excel is a universal computation engine that performs 
operations on data and uses the principle of software manage­
ment. Expressions are used to write a computational program.

An expression is an indication that an action is being per­
formed. Expressions in MS Excel are used to write formulas 
and filter conditions. An expression includes at least one ele­
ment, such as an operator, literal, address reference, identi­
fier, or function. Literals, identifiers, references, and func­
tions connected by operators are called operands.

An operator in an expression specifies what action to per­
form on operands. There are arithmetic operators, comparison 
operators, filtration operators, concatenation operators, iden­
tification operators and address operators. The list of opera­
tors and their purpose is given in the following table. Expres­
sions are used to write a calculation program.

MS Excel operators
Table 2.1

Operator Perform action Example
Arithmetic operations

+ (plus) Arithmetic addition 12+24 is 36
-(minus) Arithmetic subtraction, Unary 

minus (change sign of the number)
36-12 is 24

* (asterisk) Arithmetic multiplication 13*3 is 39
/ (slash) Arithmetic division 39/13 is 3
人(cover) Power 9竺 is 81 

971/2) is3
% (percent) Percent
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An expression is an indication that an action is being per­
formed. Expressions in MS Excel are used to write formulas 
and filter conditions. An expression includes at least one ele­
ment, such as an operator, literal, address reference, identi­
fier, or function. Literals, identifiers, references, and func­
tions connected by operators called operands.

An operator in an expression specifies what action to per­
form on the operands. There are arithmetic operators, compar­
ison operators, filtration operators, concatenation operators, 
identification operators and address operators. The list of op­
erators and their purpose is given in the following table 2.1.

2.1.1 Data Types

The data type determines the format of the data stored in 
memory and how it is displayed in worksheet cells. The data 
type of the active cell or a selected block is set as follows:

• HOME/NUMBER in the window: select the type;
• Right-click on an active cell or selected range of cells and 

from the shortcut menu, select Format cells and then in the 
Number tab, select the desired type. MS Excel data types are 
listed in the following table 2.2.

Data types
Table 2.2

Data type Appointment Example
Numeric Is used to represent 

numbers with a fixed 
decimal point

451Д2-9267Д23

Currency The numeric format used 
to display monetary values

451,12 R. R. 9267,12

Accounting It is used to equalize the 
monetary values by the 
separator of the whole and 
fractional parts.

Date Used to display dates 16.4 16.4.0.42 April 02
Time It is used to display the 

time
14:20 4.5.02 12:35
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2.1.2 Data entry

Data type Appointment Example
Percentage The value of the cells is 

multiplied by 100 and is 
accompanied by the percent 
symbol

12%

Fraction This is used to display 
numbers as fractions work

3/4
4/7

Scientific Used to display floating­
point numbers

1.28 E-01, here*s the 
1.23-digit part (mantissa)
E — the base of the base (10) 
-01 — the order

Text It is used to display text 
information. Regardless 
of the contents, they are 
treated as strings

Special Text, using different 
templates for entering 
specific data (phone 
number, postal code)

123-4567
456500

Custom Displays text and numeric 
values of an arbitrary type

Any cell can be filled with data. To enter data into a cell, 
activate the cell (the cell is highlighted with a bold outline) and 
start entering. The characters you type appear immediately in 
the current cell and in the formula bar.

When you finish entering data into the current cell, you 
can do one of the following:

- <Enter> key is pressed — the data are locked in the cur­
rent cell, and the selection moves one cell down;

- the tick button on the formula bar is pressed — the data 
will be locked in the current cell and the selection will re­
main in the same cell;

-any arrow key is pressed-the data are locked in the cur­
rent cell and the selection moves to the cell in the direc­
tion of the arrow;
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一 cross button on the formula bar is pressed or the <Esc> 
key is pressed-data entry will be cancelled.

To enter the same data in a range of cells, you must first 
select the desired range of cells, then enter the necessary data 
and complete the input by pressing <Ctrl><Shift><Enter>.

By default, when you finish typing, the text data is aligned 
to the left of the cell, and the numeric data is aligned to the 
right. If the alignment you want to change, you need to use the 
command HOME /ALIGN, or right-click the mouse on the ac­
tive cell or a selected range of cells and from the shortcut menu 
select Format cells and in the Alignment tab, select the desired 
type of alignment.

2.2 Entering formulas

Entering a formula must begin with the equality sign (=). 
A formula can include numbers, functions, references to ad­
dresses or cell names, operators, parentheses to specify the 
priority of operations, logical functions, and text enclosed in 
quotation marks. For example, =B12+A2*4 or =A1&” &B1 
(the result of this formula is a Union of Al and Bl cell val­
ues separated by a space). Lefs say Al contains the first name 
and Bl contains the last name. The result of the calculation of 
the formula will be the text containing both the first and last 
name. The formula, as well as the data, can be entered in sev­
eral cells at once. To do this, first select the desired range of 
cells, then enter the desired expression and end the input by 
pressing <Ctrl><Shift><Enter>.

After you enter a formula, the calculated result appears in 
the cell, and the formula appears in the formula bar. If nec­
essary to display a formula (not results) in the table cell, you 
should set the command FORMULAS / DEPENDENCIES FOR­
MULAS / SHOW FORMULAS.

If the result of the formula calculation or format conver­
sion is longer than the width of the column, hash symbols ap­
pear in the cell: #######. To get a numeric image, increase 
the width of the column.
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2.3 Organization of links

Cell addresses in formulas can be placed by pointing to the 
appropriate cell (cell range) with the mouse. The appearance 
of an address reference to a cell containing the operand value 
depends on the selected addressing format. When you move 
or copy a formula, the address in the link you specify changes 
based on the position to which the formula is transferred. Such 
references are referred to as relative references.

Absolute references are used to enter a value from a fixed 
cell (whose address remains unchanged when the formula is 
copied or moved) into the formula. When they are denoted, 
a dollar sign is added to the cell address (for example, $A$20, 
$IA$200).

If only one address value is changed and another is commit­
ted, mixed references are used: the $ sign “freezes" only the 
column name (for example, $A9) or the row number (for exam­
ple, E$6). The F4 key is used to enter mixed and absolute ref­
erences (in this case the cursor is placed either inside the refer­
ence or after it).

2.4 Autocompletion

In many tasks, you may want to fill a range of cells with 
an arithmetic sequence of numbers or dates. You can use one of 
the following methods to automatically create these sequences:

* enter data in the first two cells of the series and select 
them. Next, drag the fill marker (a small black square located 
in the lower right corner of the selected area) along the entire 
row. After the mouse is released, the row is filled with data;

* enter data in the first cell of the series. Pull the fill han­
dle across the row, hold down <Ctrl>. The resulting sequence 
of numbers will always be incremented by 1;

* enter data in the first cell of the series. Select all the cells 
that should be filled with data. Choose HOME/EDITING, 
click the FILL button and choose the option PROGRESSION.
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Next, set the type of series to be filled (usually the type is de­
termined automatically), in the STEP field, specify the incre­
ment.

You can use one of the following methods to create your 
own autocompletion List for data entry:

* Set the command FILE/OPTIONS ADVANCED 
tab GENERAL section, then click the command button to 
CHANGE the LISTS. In the window LIST ITEMS to enter 
the items in this list, separating them from each other, press­
ing <Enter>. Click the ADD button.

女 Enter a list in the cell range. Select the resulting range. 
Set the command FILE/OPTIONS ADVANCED tab GEN­
ERAL section then click the command button to CHANGE the 
LISTS. Make sure that the IMPORT LIST FROM CELLS is 
correct range. Click the IMPORT button.

To apply a List, you can use both the entire sequence of list 
items at once and individual items. To do this, place the cursor 
in the first cell of the filled range, enter the first element of the 
list, pull the fill marker along the entire row.

2.5 Changing the number output format

Depending on the type of table, the numeric data presented 
in the table may also have a different display format. To con­
trol this format, select cells with numeric information. Choose 
HOME/NUMBER, then you can:

1. Click the currency FORMAT is selected the number will 
be converted to currency format to the number of added cur­
rency symbol and two decimal places (change the monetary 
unit is the easiest to implement, consistently following the 
steps of HOME/NUMBER, click CURRENCY number FOR­
MAT, enable the option OTHER CURRENCY FORMATS 
to choose another currency).

2. Click the PERCENTAGE FORMAT button — the se­
lected numbers will be converted to the percentage format-the 
number is multiplied by 100 and the percent sign (%) is placed 
at the end.
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3. Click the COMMA STYLE button — selected numbers 
will be formatted into a thousand every three digits of the 
number are separated by spaces and adds two decimal places 
after comma.

4. Press the button INCREASE DECIMAL of the format­
ting toolbar — the accuracy of calculations in the selected cells 
will increase by one digit.

5. Press the button to DEREASE DECIMAL of the for­
matting toolbar — the accuracy of calculations in the selected 
cells will decrease by one digit.

In general, to specify the required format you can run the 
command HOME/ CELLS9 click FOR MAT 9 choose FORMAT 
CELLS, then select the NUMBER tab and choose the desired 
format. To cancel the specified format and return to the usual 
style of the number, choose command MAIN/STYLES, click 
CELL STYLES and choose the NORMAL option.

2.6 Built-in functions of MS Excel and their 
applications
Built-in functions in MS Excel make it much easier to write 

formulas and expressions, thereby optimizing the user experi­
ence. 厶 function is a subroutine that is a pre-created formula 
for calculating the result based on one or more arguments. In 
addition to the built-in functions, you can create custom func­
tions by Visual Basic for MS Excel. Each built-in function can 
be identified by the name assigned to it. All built-in functions 
have a certain syntax by which the task values are written 
as function arguments (source data for calculations). The syn­
tax of the function has a general appearance:

FUNCTION_NAME(<list of arguments>)
The arguments are entered through the character “;" (sem­

icolon) and their syntax depends on the specific function. As 
arguments can be used:

* address links;
* cell or range names;
* functions;
* literals.
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For example, the function allows you to sum values has the 
form:

1. SUM(A1:A5)— calculates the sum of all values in the 
range A1:A5.

2. SUM(Income) — calculates the sum of all values of the 
range named Income.

3. SUM(5;7;10) — calculates the sum of all values specified 
by the list of numbers.

The argument list is entered in parentheses after the func­
tion name without any intervals. There are functions with 
empty list of arguments, for example Rand(), etc.; the pres­
ence of parentheses in them is mandatory.

The following rules are used to specify a function.
First of all, you should place the cursor in the cell that 

should contain the result of the function. Then, you can do one 
of the following:

1. Press “Shift”+”F3”・
2. Set the command INSERT FUNCTION on the FORMU­

LAS ribbon.
3. Click on the fx button in the formula bar.
Next, you should choose the category of function and the 

function itself in the dialog box the INSERT FUNCTION. To 
perform substitution step-by-step arguments using a dialog 
box the INSERT FUNCTION click the OK button. The follow­
ing steps specify the addresses (names) of cells whose values 
will be used as function arguments.

Note: if you are using another function as an argument 
to an input function, you must select the function 

name from the list of functions in the formula bar on 
the left and perform the required steps in the INSERT 
FUNCTIONS dialog box. When you are finished typing 
the arguments of the nested function, click the mouse 

pointer in the formula bar (at the end of the formula you 
are typing).

SUMIF(Range;Criterion;[RangeSummation]) is a mathe­
matical function.
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The function is used to sum values in cells that meet a cer­
tain criterion:

女 Range is the range in which the criterion is defined;
* Criterion — specified in the form of a number, expression 

or text;
* Summation range is the range of cells to sum (optional 

field to fill if the Range and summation range areas are the 
same).

Array is a collection of ordered data of the same type. In 
MS Excel spreadsheet, the array is stored as a range of cells. 
MS Excel spreadsheet provides the ability to store a variety of 
information in the form of arrays, in particular vectors and 
matrices. This application allows you to work with arrays of 
different dimensions: one-dimensional, two-dimensional and 
three-dimensional. One-dimensional and two-dimensional ar­
rays are placed on a single workbook sheet. Arrays of different 
dimensions most often contain numeric data; with which you 
can perform the following arithmetic operations:

-multiplying an array by a number (array elements and 
a single variable);

-line-by-line multiplication (elements of one-dimensional 
and two-dimensional arrays);

——multiplication of arrays of any dimension.
When performing arithmetic operations of addition, mul­

tiplication, etc. over the elements of the array is necessary:
1. Select a range in accordance with the problem statement 

for the location of the result.
2. Use the formula bar sign " = “ in accordance with the 

condition of the required expression.
3. Complete the expression with Ctrl+Shifts Enter, which 

is required to get the result of the task in the cell range (see the 
point 1).

Calculating the sum of vectors. The sequence of the follow­
ing operations will calculate the sum of the vectors:

1. Enter the numeric values of vector elements in the ap­
propriate ranges of the same dimension.

2. To calculate the result, select a range of cells of the same 
dimension as the original vectors.
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3. Enter the following formula in the range:
=V ectorlH-V ector_2.

4. To finish entering the formula with Ctrl+Shifts Enter 
(Fig.2.1).

Fig. 2.1. Calculating a sum of vectors

Multiplying an array by a number. To multiply an array by 
a number, follow these steps:

1. Enter the numeric values of the array elements in the 
appropriate ranges.

2. To calculate the result, select a range of cells of the same 
dimension as the original array.

3. Enter the following formula in the range: = Address * 3;
4. To finish entering the formula with Ctrl-^-Shifts-Ent  er 

(Fig.2.2).

Fig. 2.2. Multiplication of an array by the number

Simulation of numerical sequences and series
Numerical sequences are sets of numbers. If each number 

n from the natural series of numbers 1,2,3.., n ... is matched 
by a real number xn, then the set of numbers xl, x2, x3,..., xn 
... is called a numerical sequence. The numbers xl, x2, x3,... 
are called members of the sequence xn — n-s ' or a common ele­
ment, and n is its number.

Thus, the sequence is a set of numbered elements. A se­
quence is specified if any of its elements is known to be re-
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trieved. The sequence is indicated by {xn}. For example, the 
symbol {1/n} denotes a sequence of numbers 1, 1/2, 1/3, 1/4, 
…，1/n. In general case, to create an array of elements of the 
sequence, we need to perform the following steps:

1. Create an array containing a set of positive integers;
2. To enter into a cell the sequence, making it a targeted 

cell references containing the numbers of elements of the se­
quence

3. Copy the entered formula to all other cells of the array.
An example of the creation of the sequence {1/n} and the 

sequence {n/(n+l)}.
вз ▼ :: А =1/аз вз * A

2
 
3
 
4
 
5
 
6
 
7

sequenceQ/n)|

element number element

A
1 jsequenMm/Q+n)1

2 ; element number element
3
4
5 

б
7
8
9

1而 
2 2/3
3 3/4
4 4/5
5 5/6
6 6/7
7 7/8

To create the most common sequences, such as arithmetic 
or geometric progression, the spreadsheet program has a spe­
cial tool uProgression,, that is:

Home —> Editing т Fill т Series.
Method for calculating limits of numerical sequences
The technology of approximate calculation of the limit of 

the numerical sequence, consider the example. Suppose you 
want to find the limit of the numerical sequence

”8 忆 + i

bi ▼ к / 吴 п->««|

/j A В

1 卜he limit of a sequence(n/jni+l) ]n+—
2 j 100000000000000000000000000000  ̂ 1
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Sum of a numerical series
A number series is an infinite sequence of numbers 〃卜 u2, 

...,〃九... connected by a sign of summation. A series is consid­
ered to be specified if its common term un = /(n) is known. The 
sum of the first 几 terms of the series is called the partial sum 
of the series. To calculate the partial sum of a series in 
a spreadsheet, follow these steps:

1. Calculate the first n terms of the numerical sequence
2. Calculate the sum of the terms of a numeric sequence
Numerical calculation of limits of functions
In mathematics, special techniques are used to find the lim­

its of functions, such as the expansion of the numerator and 
denominator to factors, and some others. Using a spreadsheet, 
you can apply the following method. In a worksheet cell, en­
ter a formula that corresponds to the functional dependency 
expression in which the value of the argument is specified by 
an address reference to the cell that contains the argument 
in the cell used to write the argument of the function, enter 
a number as close as possible to the point at which the limit of 
the function is calculated.

Selection of parameter
The implementation of various economic and financial pro­

jects and tasks, often requires the selection of one parame­
ter to another parameter took the value as required. That is, 
if the formula calculation target is known, but the input val­
ues that allow you to get it are not known, then MS Excel uses 
the parameter Matching tool. This tool is a tool for solving the 
“What-If” data analysis problems, when the required value of 
the investigated function (optimality criteria) is achieved by 
iterating through a single value.

So, in order to determine the value that meets the required 
value of the optimality criterion, you need to display The tool 
selection parameter in the list of commands ^What-If Analy- 
sisM in the group of tools Data (Fig.2.3).
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Fig. 2.3. Working with data (uWhat-if Analysis")

In order to apply the tool Goal Seek 
(Fig. 2.4), you need to configure the cor­
responding fields of the dialog box:

1. Set cell — link to the cell with the 
formula;

2. To Value — the target value;
3. By changing cell——a reference 

to the cell with the selected parameter;
4. Click OK

Fig. 2.4. Goal Seek 
dialog window

Goal Seek ? X

Sftcelt: 1 鼻
To plue:

By ^hanging сей: 酿

I_2L Cancel

Example 2.1. It is required to determine what should be 
the rate of Euro, having available 3678 rubles to buy 90 euros.

Solution (the equation for this problem looks like x * 90 = 
3678, where x is the desired euro rate, for which MS Excel will 
create a model):

1. In the cell A2, the value of the euro (previously empty 
cell) must be selected.

2. In cell B2, enter the formula: =A2 * 90, the preliminary 
result of which is 0.

3. You must specify a reference to cell B2 in the Set cell 
field, enter 3678 in the “To value" field, and specify a refer­
ence to cell A2 in the “B，changing cell u value field (Fig. 2.5, 
answer: 40.866667)

Gcal Seek

Sft cell:

To 銀Hue 

By ^hanging celt

I 竺」E K 2%0,866667 Зб78

Fig. 2.5.
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Example 2.2. Find the interest rate under which it is nec­
essary to make a contribution to the bank in the amount of 
500000 rubles, with a monthly compounded interest to accu­
mulate 1000000 rubles for 4 years in the account.

Solution. The model of the problem is presented in fi­
gure 2.6. Using the built-in financial function FV, allowing 
to calculate the future value, we define its value in the condi­
tional 10% (744 677,05 rubles).

ЕСЛИ : X •✓ G =FV(B3/12;4*12;;-B2)

A В C

1
2
3
4
5
6

Present Value 
Interest rate 
Terms (years)

500 000,00 ₽
10,00% 

~4

Future Value =FV(B3/12;4*

Fig. 2.6.

Steps:
1. Place the cursor in cell B6, which is the function (for­

mula) and run the tool goal seek.
2. In the Set in cell field, there must be a reference to 

cell B6.
3. In the Value data box, type 1000000.
4. In the Changing cell value field, set a reference to cell B3 

(answer: 17,45%).
A 500000

Interest rate
Terms (years)

500 000^00 ₽Present Value

D

10,00%

6 Future Value 744 677,05 P 
7

Fig. 2.7.
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As a result, we get the desired value of the interest rate of 
17.45% (Fig. 2.8).

B2 ，」 ： 衣 500000

3
4
5
6
7

Interest rate
Terms 仅 eers)

17,45% 
~4

C D

I Future Value 1000 000,00 P

Fig. 2.8.

Thus, the parameter Selection tool selects a specific indica­
tor, at which the desired result reaches a certain value. Now 
lefs move to the practical section of this chapter. We are go­
ing to consider the following topics:

1. Mathematical operations in MS Excel with numbers
2. Mathematical operations in MS Excel with the values in 

the cells
3. Formulas in MS Excel set manually
4. Formulas in MS Excel using features
5. Calculating the values of mathematical functions in MS 

Excel
6. Calculation of sequence sums
7. Calculating limits of sequences
8. Selecting a parameter for the specified value in MS 

Excel
9. Tasks for independent solution

Instructions for students
Complete the tasks in the working file, leaving six decimal 

places after comma.
Write down the values in numerical and exponential (scien- 

tific) formats.
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Problem 2.1. Perform mathematical operations using MS
Excel.

1. 135 + 243
2. 135*243
3. 135-243
4.135/243
5. 1453

2
6.1453
7. 23亚■石

8. 0,00147*(-324)
9. —450,08

10. -35/28,5
Put the answers in the table
Problem 2.2. To perform mathematical operations using 

Excel.
№ Calculate The result, numeric 

format
Scientific 
notation

1 135+243
2 135*243
3 135-243
4 135/243
5 145 人 3
6 145л(2/3)
7 145%1/233)
8 0,00147*(-324)
9 (1450,08r(1/4)
10 (-35)/25,5

Problem 2.3. Perform mathematical operations using MS 
Excel at specified values a, b:

2

Put answers in a table.

1. a+b 6. аз
2・a*b 7. 23編
3. a-b 8. 23Vb
4. a / b 9. a 女(-b)
5. a3 10.
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values of a,b:
Problem 2.4・ Perform operations using MS Excel for given

№ a b Calculate The result, 
number format

The result, 
scientific 

format
1 0,332 -8,431 a+b
2 0,332 -8,431 a*b
3 0,332 -8,431 a-b
4 0,332 -8,431 a/b
5 0,332 -8,431 ал3
6 0,332 -8,431 g(2/3)
7 0,332 -8,431 UQ/233)
8 0,332 -8,431 Y233
9 0,332 -8,431 a*(-b)
10 0,332 -8,431 a%l/4)

Problem 2.5.
1. Set the formula in MS Excel manually and find the ex­

pression value at y=34, z=10, x=243
"］一已

2. Set the formula in MS Excel manually to find the value 
of the expression if R=3000, n=6, i=0,12

R
e-“*i

3. Set the formula in MS Excel manually and find the ex­
pression value at x=127, i=10, n=120, nl=40, S=100

包L _ S
x + i—-----

刃

4. Set the formula in MS Excel manually and find the value 
of the expression at n=46, k=5, ln(det R) = 34

-卜一1 -卜⑵ + 5)) * In(detR)
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5. Set the formula in MS Excel manually and find the value 
of the expression at x=0,0002543

2炉-3% + 8
x3 - 2x2 + 100

6. Set the formula in MS Excel manually and find the value 
of the expression at x=0,0002543

1
厶 2 + % 一 %

7. Set in MS Excel formula manually to find the value of 
the expression when x=0,0002543

2（ J% + 4-五）

8. Set in MS Excel formula manually to find the value of 
the expression when x=678

5
25 - %

9. Set in MS Excel formula manually to find the value of 
the expression when x=-15,25

/ 一 3% + 4
x2 - 5x + 6

10. Set in MS Excel formula manually to find the value of 
the expression at x=0,00025

（4% + 13）3（% + 3）
2x + Vx

Problem 2.6.
Using MS Excel functions, define formulas to calculate the 

following expressions and find the values
1. At x=180

sin 4%
tg2x

2. At x=32
I 25sinx + ln（18x）----- —^-——-I
I 丿 tg（2% + 8）丿

3. At x=0,99007 7
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4. At x=0,990077
2(厶 + 4 - 4)

5. At x=0,0002543

五 2 + % 一 x

6. At x=0

厶 2 + x + X

7. At x=2853,006
2

(7 - % + 3J 卜
I 7-tg5x 丿

8. When x=2853,006
(4x + 13『(％ + cos(3x - 1)) 

2x + Vx
9. When x=2853,006

10. When x=2853,006
sin/

Problem 2.7.
Using MS Excel functions, define formulas to calculate the 

expressions and calculate them
№ formula X value

If, as a result, the computer generates an “error”，explain its 
reason and specify how to change the value of the argument x.

Problem 2.8. Calculate values of functions in MS Excel.
Calculate the value of the function y(x)=k*f(x) for all val­

ues of variable x on the segment [a;b] in increments c at a given 
k, where f (x) is taken from the Problem 2.6.
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к a b c

1 2 1 2 0,1

2 4 2 4 0,2

3 5 3 4 0,1
4 3 4 6 0,2

5 6 5 6 0,1

6 8 6 8 0,2

7 2 7 8 0,1

8 3 8 10 0,2

9 1 9 10 0,1

10 7 10 12 0,2

a b к
1 2 2

i xi f(xi) value scientific notation

Problem 2.9.
1. Find the sum of first twenty terms of the numerical se­

quence
20 <

2. Find the sum of first 9 terms of the numerical sequence 
{九5-3)}
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3. Find the sum of first 30 terms of the numerical sequence 
｛饲

4・ Find the sum of 10 to 15 terms of the numerical sequence 
n
短

5. Find the sum of first 30 terms of the numerical sequence 
（4n + 13）3（n + cos（3n 一 1））

2 几 + Vn

6. Find the sum of first 30 terms of the numerical sequence 
13".+吗（几7 +1） + 3胪]
[孤几+ 5 +31g』一3〃 j

7. Find the sum of first 30 terms of the numerical sequence 
2-2 +-+ 1 ]

1 + 2 + ... + 忆 j

8. Find the sum of first 30 terms of the numerical sequence 
sin 几2 ]

П2 J

9 .Find the sum of first 30 terms of the numerical sequence

Problem 2・Z0・
1. Find an approximate value of the limit

5 lim---------
几一》8 25 一几

2. Find an approximate value of the limit 
limn（n - 3） 
几一＞8

3. Find an approximate value of the limit 
lim Vn
几一》8

4. Find an approximate value of the limit
lim —7=
28〃
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5. Find an approximate value of the limit
Hm胃凸土 4

几т2 n^ - 5n + 6
6. Find an approximate value of the limit

八一＞8几/ 一 5几+ 6
7. Find an approximate value of the limit

8. Find an approximate value of the limitML…
几T8 8几'-5几+ 6

9. Find an approximate value of the limit 
lim^
几一＞0 л

10. Find an approximate value of the limit

lim
几一＞8

Problem 2.11.
1. It is known that the circumference of the first circle is 

100, and the area of the second circle is 1000. Use the Goal 
Seek tool to determine how many times the radius of the first 
circle differs from the radius of the second circle.

2. The formula of a linear function is given: y=b + ax. It 
is known that a=10, b=20. Test the function on the range of 
values x from 1 to 10 with the step 1. Using Goal Seek tool by 
changing the value of b to determine the value of у at the point 
x=10, if at x=6 the value y=100.

3. The area of the first circle is 1500, the area of the second 
circle is 100. Use the Goal Seek tool to determine how many 
times the radius of the first circle differs from the radius of 
the second circle.

4. The formula of the linear function is given: y=2b-ax. It 
is known that a=25, b=10. To test the function on the interval
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of values x from -3 to 5 with the increment 0,5. Using the Goal 
Seek tool by changing the value of b to determine the value of у 
at the point x=5, if at x=l the value y= -10.

5. Find the solution of the equation 2,84x2 - 14,7=0.
6. Find the solution of the equation x2 - 11,7x 4- 3=0.
7. The formula of the linear function is given: y=a-bx+3. 

It is known that a=10, b=20. To test the function on the inter­
val of values x from -2 to +2 with the step 0,2. Using the Goal 
Seek tool by changing the value of b to determine the value of у 
at the point x=2, if at x=0,2 the value of y=15.

8. Find the solution of the equation x2- 8,2% + 6=0.
9. It is known that the area of the first rectangle (al*bl) 

is equal to 135, and the area of the second rectangle (a2*b2) 
is equal to 195. Use the Goal Seek tool to determine how many 
times differs the al from a2, if bl and b2 are equal to 3.75.

10. It is known that the area of the first right-angled tri­
angle (al*bl/2) is 156, and the area of the second rectangle 
(a2*b2/2) is 185. Using the Goal Seek tool to determine how 
many times al differs from a2, if bl and b2 are equal to 4.15.

11. Find all roots of the equation cos(x)+sin(x)=0 in the in­
terval [-2,5;2,5]. Draw a chart.

厶3 + 2/ -5 = 0

12. Find all roots of the equation in the segment [-1,5;2,5]. 
Draw a chart.
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3. Asymptotes

Approximate calculation o3f the function's 
behavior near points of discontinuity.
Graphic construction of oblique asymptotes.

Introduction
Let f(r) be defined in a neighborhood of a point a (maybe, 

except the point a ). The existence of discontinuity at the 
point a means that f (x) ^ f (a). Sometimes discontinuity 
points are also called breakpoints.

1. Lefs suggest that f(x) exists, but it is not equal to the 
value of /(a), while the last one can exist or not, so the func­
tion cannot be defined at the point a. This situation is called re­
movable discontinuity. The typical case is the uncertainty , 

which disclosures and gets a number in the limit, for example 
f(x) = $山3"") if % approaches zero.

2. Lefs suggest that f(x) does not exist, but finite sin­
gle-ended limits f(x) and /(x), which are not equal to each 
other (as there is no both-sided limit). This situation is called 
(unremovable) discontinuity of the 1st kind (jump). Typical ex­
amples of the functions with such discontinuities are the un­
certainties with modulus, for instance f(x) = —~一 标 - 4〔.

x + 1
Sometimes the discontinuity of the 1st kind is called the 

discontinuity, under which finite single-ended limits exist. 
Then two considered types of discontinuities unite into one: 
the discontinuity would be removable, if single-ended limits 
were equal to each other, and unremovable in the other case.
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3. The most difficult type of discontinuities can be consid­
ered the unremovable discontinuity of the 2nd kind (infinity), 
under which one of the single-ended limits equals infinity or 
does not exist. Lefs note that in the case of absence of sin­
gle-ended limits, like the function f(欠)=sin(sin丄)，addi­

tional information, which will clarify the behavior of the func­
tion in a neighborhood of the discontinuity point, is needed for 
the numerical investigation.

Lefs take a closer look at the situation, when both of the 
single-ended limits equal infinity. In that case vertical line 
x = a is called (bilateral) vertical asymptote of the graph of 
the function /(x). Typical example is /(x)= ——-~- , when 

(x -a)a
a > 0. The indicator of the power of a can be calculated 
through the limit a = 1屮⑴I . Knowing the value of a, we 

ln|x 一 a\
can find a coefficient С = /(x)(x - @广・

Now let function /(x) be defined for all sufficiently large 
values of |x|. The graph of the function is an oblique asymptote 
у = kx + bon -в», if there are such k,b, so(/(x)-(左工 + b))= 0 
• An oblique asymptote on -<» is defined in the same way. In the 
specific case, when 论=0, and an oblique asymptote is a hori­
zontal line, it is understood as a horizontal asymptote. The 
presence of asymptotes on ±8 means that the graph of the 
function virtually merges with some line far away from the or­
igin.

Coefficients of oblique asymptotes can be calculated 
through the formulas:

k =力⑴,b = (/(x) - 左%) •

Practice:
1. Let's calculate the table of values for the function 

/(x)=更毛更典壬 if x = nh9 where h = 0.01,
x2 + 2x
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п = -100,-99,...,-1,1,2,...,100 . Lefs draw two lines accord­
ing to the found points: separately for the negative and posi­
tive n . Let's find the numerical value of the limit f(x).

1.1. Enter into A4:A203 in the Excel sheet numbers 
-100,-99,...,-1,1,2,..., 100 • Enter 0,01 into the cell Cl.

1.2. Enter formula =A4*$C$1 into the cell B4. Drag and 
drop the formula till the cell B203.

1.3. Highlight B4:C103. Set the command “Insert/Charts” 
and choose the type “Scatter with Straight LinesM as repre­
sented in the figure:

Recommended 
PivotTaMes

Tables

Д55768 0,597629977

ОД4112 
-0,17075 
SUU23

0,170768906 
0,200310109 
№/34/08 
0^59033804 
0,288198509 
031721X56 
0346039305 
0,374797745 
0,403336503 
0,4<lbW»H44 
0Л59В700М 
0XS7M7621 
0,515620845 
0X318126 
0,570520427

1.4. Draw up the table as it is shown in the figure above.
1.5. Highlight the chart.

Title 1 т
星Cut

垣 Copy

飴 Paste Options:

/ 電1 Reset to M^tch Style

A Font... 
) 0,5 -

ill Change Chart Type... 

啮 Save as Template... 

噜I Sfitect Data.,. 

® Moye Chart...

1.6. Select the command "Select DataM in the contextual
menu.
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1.7. Set the command %dd” in the window “Select Data 
Source".

1.8. Fill the information in the window “Edit” as it is 
shown in the figure:

1.9. In the end, we will get the polyline like in the picture.
1.10. Enter the formula to calculate the limit /(x) into the 

cell D4:
=SIN(3*(B4+$C$1))/((B4+$C$1 厂 2+2*(B4+$C$l))
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1.11. Drag and drop this formula till the cell D203.
1.12. Name the sheet Step 1.

2. Repeat the same actions for h 二 0.0001. Clarify the 
value of the limit.

2.1. Create a copy for the sheet Step 1. For doing this we 
need to choose the command “Move or Copy..." in the contex­
tual menu of the sheet Step 1 (see the figure).

Step

-«« -Uz8b -U,4»IWZ U,313b，U«4b

-87 -0,87 -0.50691 0.54318126
-86 Insert... 27
-85 Q歐 Delete 77
-84 c 2Rename
-83 5
-82 Move or Copy». 45

-81 -o/B View Code 3
-80 一0观 Protect Sheet... "
-79 т к 39Tab Color >
-78 )7
-77 Hide )9

-76 43
-75 23Select All Sheets _

□irp X [ nyp J

2.2. Draw up the window “Move or Copy..." as it is shown 
in the figure:

Move or Copy ? X

sheet:

Move selected sheets

Io book:

Bookl

0 ^eate a copy]

OK ] Caned

2.3. Name the new sheet as Step 2.
2.4. In the sheet Step 2 change the value of the cell Cl 

to 0,0001.
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A в c D
h 0,0001

3 n nh «X) Limit

4 •100 A01 -0,03 1,507240327
5 -0,0099 A0297 1,507169048
6 -0,0098 ©0294 1*709773

©0097 9,0291 1,5070263 7 5
•0,0096 @0288 1,506954982
•0,0095 4),0285 1,506883551
A00M •0,0282 1,506812081
00093 •0,0279 1,506740574
-0,0092 Q0276 1,506669029
•0,009] A0273 1,506597445

•0,009 ©027 1,506525824
*0089 ©0267 1,506454164
©0088 0,0264 1,506382467
-0,0087 9,0261 1,506310732

2.5. As a result, the data should be presented in the sheet 
in the same way as in the figure.

3. Compose a table of values for the function /(x)=-------
1 + 2工 

if x = пЛ, where й = 0.01, n = -100,-99,...,-1,1,2,..., 100. 
Draw two lines according to the found points: separately for 
negative and positive n. Find the numerical value for the sin­
gle-ended limits /(x),/(x).

3.1. Create a new sheet and name it Step 3.
3.2. Enter into A4:A203 of the Excel sheet numbers

-100,-99,...,-1,1,2,..., 100 ・ Enter 0,01 into the cell Cl.
3.3. Enter the formula =A4*$C$1 into the cell B4. Drag 

and drop the formula till the cell B203.
3.4. Draw two lines according to the found points: sepa­

rately for negative and positive n , as it is instructed in para­
graphs above.

3.5. In the end, there should be two lines as it is shown in 
the figure:



Limit +h Limit -h

Chart Title

•0,3724 0,681722751

•0,86
$tg2 Step! Sttp4 SUp5・6 %7・

12
13

-0,42738
•0,45431
-0,48082
-0,50691
053253

9,14112 
•0,99| ©17075 
-0,98} A2OO23 
•0,97； -0,22953 
9,叫-0,25862 
9,95； -0,28748 

•0,941 ©31608 
•0,9 3； ©34439
•0,921

6/668220733 

0,669802745 
0,671413423 
0,6 7 3053509 
0,674723769 
0,676424993 
0,678257998 
0,679923628

-0,91! -0Л0007
-0,9

0,683556268
0,685425107
0,687330225
0,689272613
0,691253293
0,693273321

3.6. Draw up the table as it is shown in the picture.
3.7. Enter the formula for calculating the numerical value 

of the limit /(x) into the cell D4:
=1/(1+2、1/(B4+$C$1)))

3.8. Enter the formula for calculating the numerical value 
of the limit f(x) into the cell D4:

=l/(l+2 人(1/(B4-$C$1)))・

4. Repeat these actions for h = 0.0001. Clarify the values 
of limits.

4.1 Create the copy of the sheet Step 3 as it is instructed in 
paragraphs 2.1.-2.4. Name the new sheet Step 4.

4.2. Change the value of the cell Cl to 0,0001 in the sheet 
Step 4,

4.3. Finally, there should be data as in the figure.
D F H

0,0001

6
7

9
10
11
12
13

15
16
17
18

nh
-0,01

-0,0099
•0,0098
-0,0097
-0,0096
-0,0095
-0,0094
-0,0093
©0092
-0,0091

•0,009
-0,0089
-0,0088
-0,0087
0,0086

M№? Steo ：

f(x)

•0,03 1
-0,0297 1
©0294 1
•0,0291 1
-0,0288 1
-0,0285 1
•0,0282 1
-0,0279 1
©0276 1
•0,0273 1
©027 1

•0,0267 1
•0,0264 1
•0,0261 1
-0,0258 1

Limit +h Limit -h

-0.015 ©oi -0,005

St・e« Ste© Sd чмо

Chart Title

0,005 0,01 0,015

——Serlesl --■ SeriesZ
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5. Calculate the table of values for the function 
/(x)=芈 R 型必丄 if x = nh, where Л = 0.01,

融+ 3/
k = -100,-99,...,-1,1,2,...,100. Draw two lines according 
to the found points: separately for negative and positive n ・

5.1. Create a new sheet and name it Step 5・6.
5.2. Enter into A4:A203 of the new Excel sheet numbers 

-100,-99,...,-1,1,2,..., 100 • Enter 0,01 into the cell Cl.
5.3. Enter the formula =A4*$C$1 into the cell B4. Drag 

and drop that formula till the cell B203.
5.4. Draw two lines according to the found points: sepa­

rately for negative and positive n , as it is instructed in para­
graphs 1.3-1.8.

5.5. In the result, there should be two polylines as it is 
shown in the figure:

2
 3
 
4 
5 6
 7 
8
 9

10
11
12
13
14
15
16
—17
18":

h 0,01

nh f(x) lnlf(x)t/lnlxl 小)、气 C小"丿 

-1 0,72171
-0,99 «0,736  77 30,39514855 -0.733779 I^OOIMI 
9,98 -0,75189 14,11502855 -0,7457723 1,005959 
©97 ©7«708 ・&7ПМ$4066 -0,757687 1,010137 
-0,96 -0,78233 4013259355 -0,7^5203 1,014375 
-0,95 -0,797в5 -4.407679744 -Or7812M3 1,018676 
-0,94 ©81303 3345216754 -0,7929313 1,023041 
©93 ©82M7 <2,59293316 -0,8045036 1,027472 
©92 ©843Э8 2.034366789 0,8159834 103157 
©91 ・0,859S5 -^604821817 0,827368 1,036538 
©9 -0,87517 126M85309 0,8386546 1,041176

•0,89 4),89087 >0.991662028 9 8498405 1.045888 
•0,88 0,90662 4),7668910 *0,8609231 1,050674 
-0,87 *0,92243 -0,5797S2265 0,8718997 1,055537 
•0,86 0338Э1 -0,422198313 0,8827675 1,06048

6. Calculate the values of 叫：I in the same points of x 
ln|x|

for the function which is investigated and, after drawing two 
appropriate lines, estimate the value of a •

6.1. In the sheet Step 5-6 enter the formula into the cell D5 
for calculating values of 1吋任":

ln|x|
=-LN(ABS(C5))/LN(ABS(B5))

6.2. Drag and drop that formula till the cell D202.
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6.3. After highlighting the appropriate ranges of cells 
(for negative 几 B4:B103, D4:D103; for positive n B104:B203, 
D104:D202) draw two lines according to the found points: sep­
arately for negative and positive n, as it is instructed in pa­
ragraphs 1.3-1.8. In the end, there should be two lines as it is 
shown in the figure:

2
10

6.4. Take the value of a from the cell D103 which equals 
-0,404555323102164.

7. Calculate values of f(x)xa in the same points x for the 
found a and the function, which is investigated, and estimate 
the value of C after drawing two appropriate lines.

7.1. Enter the formula into the cell E5 in the sheet Step 5-6 
for calculating /(x)xa:

=C5*ABS(B5『$D$103
7.2. After highlighting the appropriate ranges of cells 

(for negative n B4:B103, E4:E103; for positive " B104:B203, 
E104:E202) draw two lines according to the found points: sep­
arately for negative and positive n, as it is instructed in pre­
vious steps. Finally, there should be two lines as it is shown in 
the figure:

3
1,5

0
-1,5 -1 4).5 0 0,5 1 1,5
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7.3. Take the value of C from the cell E102 which equals 
1,02492234237999.

8. Draw two branches of the graph У - — according to the 

same array of points x and compare it with the graph of the 
original function.

8.1. Enter the formula into the cell F5 in the sheet Step 5-6 
for calculating the value of у =—:xa

=$E$104/(ABS(B5『$D$104)
8.2. After highlighting the appropriate ranges of cells 

(for negative n B4:B103, F4:F103; for positive n B104:B203, 
F104:F202) draw two lines according the found points: sepa­
rately for negative and positive n, as it is instructed in previ­
ous points. Finally, there should be two curves as it is shown in 
the figure:

4

9. Repeat steps 5-8 for h = 0.0001, while clarifying the 
values of all limits.

9.1. Create a copy of the Step 5・6 as it is instructed in pre­
vious steps. Name the new sheet Step 7.

9.2. Change the value of the cell Cl to 0,0001 in the sheet 
Step 7.

10. Calculate the table of values for the function 
/(x) = (x + 2)arctg3x if x = nh , where h = 0.01, 
n = -100,-99,...,-1,1,2,...,100 . Draw two lines according 
to the found points: separately for negative and positive n •
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10.1. Create a new sheet and name it Step 8.
10.2. Enter into the range of cells A4:A203 in the new Ex­

cel sheet numbers -100,-99,...,-1,1,2,..., 100 • Enter number 1 
into the cell Cl.

10.3. Enter the formula =A4*$C$1 into the Cell B4. Drag 
and drop this formula till the cell B203..

10.4. Enter the formula into the cell C5 for calculating the 
values of /(%) = (x + 2)arctg3x :

=(B4+2)*ATAN(3*B4)
10.5. Draw two lines according to the found points: sepa­

rately for negative and positive n.

11. Calculate the values of -^口 in the same points x for the 

function which is investigated and, after drawing two appro­
priate lines, estimate the value of k.

f(x)11.1. Enter the formula for calculating the value of --—-
into the cell D4 in the sheet Step 8:

=C4/B4
11.2. Draw two lines according to the found points: sepa­

rately for negative and positive n.
11.3. For the negative infinity take the value of k which 

equals 1,249045 7 723982 5 (from the cell D4) and for the posi­
tive infinity 3,74713 7317194 76 (from the cell D203).

12. Calculate values of /(x) - kx in the same points % for 
the found k and the function which is investigated, and after 
drawing two appropriate lines, estimate the values of b.

12.1. Enter the formula for calculating values of f(x) - kx 
for the negative infinity in the cell E4 in the sheet Step 8:

=C4-$D$4决B4.
Copy the formula till the cell E103.
12.2. Enter the formula for calculating values of f(x) - kx 

for the positive infinity in the cell E104 in the sheet Step 8:
=C4-$D$4*B4.

Copy the formula till the cell E203.
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12.3. Draw two lines according to the found points: sepa­
rately for negative and positive n.

12.4. For the negative infinity take the value of b which 
equals 1,27119062808401 (from the cell D5) and for the posi­
tive infinity 3,76322 7 70096158 (from the cell D202).

13. Draw two oblique asymptotes of the graph у =左欠 + b 
according to the same array of points x and compare it with 
the graph of the original function.

13.1. Enter the formula for calculating values of 
у =左工 + b for the negative infinity in the cell F4 in the sheet 
Step 8:

=$D$4*B4+$D$5・
Copy the formula till the cell F103.
13.2. Enter the formula for calculating values of 

у = kx + b for the positive infinity in the cell F104 in the 
sheet Step 8:

=$D$4*B4+$D$202・
Copy the formula till the cell F203.
13.3. Draw two lines according to the found points: sepa­

rately for negative and positive n.
14. Repeat the instructions of paragraphs 10-13 for ft=10, 

clarifying values of limits.
14.1. Create a copy of the sheet Step 8 as it is instructed in 

paragraphs 2.1-2.4. Name it Step 9.
14.2. Change the value in the cell Cl to 10 in the sheet Step 9.

Exercises for independent work

1. Study the points of discontinuity of the functions by 
MS Excel:

a) /(x)= arctg(J + %) 
x2 + 4x + 3

c) /(x)= 2工+2 - 1
j12+4% + 4

b) f ⑴=!：(如 + Зх + ?, 

V(X2 + 2% - 3)
2. Find oblique asymptotes for the functions by MS Excel:
a) /(x)二厶4 + 5炉 一 1 , b) /(x)二 АЗ— ])
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4. Derivatives

Approximate calculation of a derivative at the 
given point

Introduction
Let the function /(x) be defined in a neighborhood of some 

point a. Then the derivative of the function f(x) in the point a 
is f，(G)= limf・3-"a)・

XTa x — a
The simplest formulas for an approximate numerical calcu­

lation of the derivative are so called two-point formulas, which 
can be extracted straightforwardly from the definition of the 
derivative: /) J(/ +•止/@,f，⑷」(。)一小一旬.

九 h
This name is attributed to the fact that these formulas allow 
to determine the value of a derivative in a point by values of 
a function in two other points.

If we trace the function and point a and explore the depen­
dence of measure of inaccuracy of two-point derivative evalua­
tion from low increment 力，it is possible to prove that the mea­
sure of inaccuracy will be proportionate to the magnitude of h.

It is possible to obtain more accurate estimation if we use 
values of the function of three points:

、〜/(a+ 2力)+ 4/(0+ 力)3/(a)

,⑷，/(0+ 力)/(a一九)，

= 3小)-4/(0-/) + /(0-2.) 
〜 2九 .

The first formula is used for calculation of a derivative on the 
left boundary of an interval, the second formula is used for
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evaluation of a derivative in all inner points of the interval, 
and the third formula is used to calculate a derivative on the 
right boundary of an interval. Measures of inaccuracy of three- 
point formulas are proportionate to h2.

Formulas that are even more accurate involve derivative's 
evaluation basing on bigger amount of points (4 and more). 
However, it is important to take into account that the increase 
in number of points that take part in calculation makes it more 
complicated and enhance the rounding error, which occurs 
during these calculations. That is why it is never done in ev­
eryday practice, although theoretically it is possible to use the 
whole array of known function values.

Another way of making the value of a derivative more ac­
curate is to diminish the pitch h. This approach is more ratio­
nal for functions defined by analytical expression, however, it 
cannot be used for those functions, which are defined by a table 
of values.

Example 4.1. Calculate a derivative of function at a given 
point using the following algorithm in MS Excel.

Algorithm for finding a derivative.
1. Compile the table of function values /(x) = %；：『 + , 

with x = nh, where h = 1, n = -10,-9,...,10.
1.1. Enter numbers from -10 till 10 with pitch 1 into cell 

range A3:A23 of Excel worksheet, as shown in the picture. En­
ter into cell Cl number 1. Enter into cell B3 the formula for 
finding function's values /(x)=芸-±3* + ! with x = nh , 

x2 + 2x + 2
where h = 1, n = -10,-9,...,10:

=(A3 人 2+3*A3+l)/(A3 人 2+2*A3+2)
1.2. Copy the formula into the cell B23.
2. In every point x = nh with n = -10,-9,...,9 estimate the 

value of the derivative by two-point formula
/，(a)」@t—7(a)・ 

h
Draw the polyline.

2.1. Enter into cell C3 following formula:
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=(((A3+$C$1『2+3*(A3+$C$1)+1)/
((А3+$С$1 厂 2+2*(АЗ+$С$1)+2)-((АЗ『2+3*(АЗ)+1)/ 

((АЗ『2+2*(АЗ)+2))/$С$1
2.2. Copy the formula to the cell C23.
2.3. To draw the polygonal line, enter into cells A2, B2, C2 

respectively x, f(x), f'(x) — in 2 points, as shown in the pic­
ture.

2.4. Select cells A2:C23. Make a command INSERT/ 
CHARTS and choose the diagram type Scatter with Straight 
Lines, as shown in the figure:

Recomnwtnded 
PWoftobes

G Online Pktwes Й 30 Mode" ▼ 
；Shapes-
喲 kons @ ♦ Screenshot -

Chdfl 1 力

仲) 

0365854 
a8伐157

0^2

0.7 30769 
и,М/<Ь9

1,117647 
1Д15385 
1,108105

1Д92ЭОв 
1,065166 
1,0702  08 
£Q7?另

F(x) - in 2 points 
0,010600812 
0/)2 615 384 6 

-0,036216216 
Q,OS4014443 

~-0,083710407 
。14心也4 

^ 
乜7 
% 

1,5 
oj 
0,1 

0,017647059 
-0,002262443 

~"-0,007276507 
~-0ДХЮ108108 

•037S230a 
-0,006941839 
-0/)06157933 
0做54"429 

~А004 80И9 7 5

f(x) - In 3 рЫс~

2.5. Press OK.
2.6. As result, we will obtain a polyline as shown in the pic­

ture.
3. In every point x = nh where n = -10,-9,...,10 estimate 

the value of the derivative of the function using three-point 
formula. Draw a polynomial line.

3.1 Into cell D3 enter the formula:
=(((A3+$C$1 厂 2+3*(A3+$C$l)+l)/

((A3+$C$1 厂 2+2*(A3+$C$l)+2)-
((A3-$C$1 厂 2+3*(A3-$C$l)+l)/

((A3-$C$1 厂 2+2*(A3-$C$l)+2))/(2*$C$l)
3.2. Copy the formula till cell D23.
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3.3. To build a polynomial line into cell D2 enter f'(x) — in 
3 points, as shown in the figure.

3.4. Select the diagram.
3.5. Choose the command “Select Data...M from context

menu.

хeщ
嗡 Copy

晶 Paste Cottons:

ft

宦］Reset to Match Style

15 A font...

lf| Change Chart Туре.” 

倉 Save as Template...

鑾*tg纖
® Moye Chart-

Outline
Chart Area
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3.7. Fill in the window Edit Series as shown in the figure:

—f(x) —— f'(x} 7n 2 points .  F(x) - in 3 points

3.8. As a result, we obtain the polyline as shown in the fig­
ure.

4. Compile the table of accurate values of a derivative 
/(%) = т + 2" + ( with the same values of x •

(x2 + 2% + 2)
4.1. Enter a formula into cell E3:

=(-(A3 人 2)+2*A3+4)/((A3 人 2+2*A3+2r2)
4.2. Copy till cell E23.
4.3.To build a polynomial line into cell E2 enter f'(x) point 

as shown in the figure.
4.4. Add new data from the range of cells E3:E23 as shown 

in point 3 above.
4.5. As a result, we will obtain a polynomial line as shown 

in the figure (on page 62).
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6
2

2 X 碗 f(x) - In 2 points f(x) - in 3 points P(x) - point
3 -10 0Д65854 -0,019699812 -0,017517136 -0,0172516
4 -9 0,846154 -0,026153846 -0,022926829 -0,0224852
5 -8 0^2 -0,036216216 -0,031185031 -0,0304
6 -7 0,783784 -0,053014553 -0,044615385 •0Q430972
7 -6 0,730769 -0,083710407 -0,06836248 -0,0650888
8 -5 0,647059 -0,147058824 -0,115384615 -0,1072664
9 Y 0Л •0,3 -0,223529412 02
10 -3 0,2 -OJ •0,5 -0,44
11 -2 -0,5 QA 06 -1
12 -1 -1 13 3 1
13 0 05 。卢 1 1
14 1 1 0,1 0,3 0,2
15 ■ 2 1,1 0,017647059 0,058823529 0,04
16 3 1,117647 -0,002262443 0,007692308 0,00 346021
17 4 1Д15385 -0,007276507 -0/Ю4769475 -0,0059172
18 5 1,108108 4),008108108 -0,007692308 -0,0080351
19 6 1,1 -0,007692308 -0,007900208 -0,008
20 7 1,092308 -0,006941839 -0ДЮ7317073 -0,0073373
21 8 1,085366 -0,006157933 -0,006549886 -0,0065437
22 9 1,079208 •0,005437429 •0,005797681 -0,0057837
23 10 1,07377 -0,004804975 -0,005121202 -0,0051062

Chart Title

——f*(x) - in 2 points -—f(x) - in 3 points



5. Compare the accurate values of the derivatives with ap­
proximate values building three polylines in one picture.

5.1. Select cell range A2:A23, C2:E23 as shown in the pic­
ture:

А В C  D E
h 1

X f(x) f(x) - In 2 points ]|f(x) • In 3 point* f(x) • point
-10 0,865854 -0,019699812 -0,017517136 -0,0172516

-9 0,846154 -0,026153846 <0,022926829 -0,0224852
-8 0,82 -0,036216216 -0,031185031 -0,0304
-7 0,783784 •0,053014553 -0,044615385 -0,0430972
-6 0,730769 -0,083710407 -0,06836248 ■0,0650888
-5 0,647059 -0,147058824 -0,115384615 -0Д072664
-4 0,5 -03 -0,223529412 -0,2
-3 0,2 -0,5 -0,44
-2 0,5 £5 -0,6 -1

-1 1,5 。戶 1
0 0,5 03 1 1
1 1 3 0,3 0,2
2 1,1 0,017647059 0,058823529 0/M
3 1,117647 -0,002262443 0,007692308 0,00346021
4 1,115385 -0,007276507 -0,004769475 ©0059172
5 1,108108 4),008108108 -0,007692308 -0,0080351
6 1J -0,007692308 «0,007900208 -0,008
7 1,092308 -0,006941839 -0X)07317073 -0,0073373
8 1,085366 *0,006157933 -0,006549886 -0,0065437
9 1,079208 -0,005437429 -0,005797681 -0,0057837

10 1,07377 -0,004804975 -0,005121202 4)/)051062

5.2. Command Insert/ Charts and choose the type of a dia­
gram Scatter with straight lines. As a result, we should obtain 
diagram as in the figure:

O Q Q .
Chart Title

-L5

——-f^x) - in 2 points —— f(x) - in 3 points —*~f*(x) - point
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6. Repeat calculations of steps 1-5 using the increment 
力=0・l・

6.1. For this purpose, compile a table on the new worksheet 
as shown in the figure:

A D E

1 h 0Д

2 X nh f(x) №) - b2-xt. F(x) - в 3-xt. f*(*)T04 I

3 -10 •1 -0,02704 1Д88118812 0,99009901
4 -9 -0,9 -0,02785 1,50418888 1,346153846 1,362612|

5 -8 08 -0,02805 1,711362032 1,607775456 1,62721,

6 -7 0,7 -0,0269 1,803226827 1,75729443 1,775945!
7 -6 -0,6 -0,02262 1,793103448 1,798165138 1,813317：

8 -5 -0,5 -0,01065 1,705882353 L749492901 1,76|

9 -4 -0,4 0,022624 1,569285432 1,637583893 1,6435國
10 1 -3 -0,3 0,126697 1,407759044 1,488522238 1,490924；

11 1 -2 •0,2 0,520362 1,239725104 1,323742074 1,323617；

12 •од 1,447964 1,077348066 1,158536585 1,156863；

13]： o 0 0,927602 0,92760181 1,002474938
Ml 1 ОД 0,452489 0,793709665 0,860655738 0,&5788б|

15 1 2 0,2 0,266968 0,676458041 0,735083853 0,73233]
16 3 0,3 0,180995 0,575203456 0,625830749 0,623264]

17 | 4 0,4 0.134006 0,488565489 0,531884472 0,5295圏
18! 5 0,5 0,105173 0,414866033 0,451715761 0,449704,
19 |

6 0,6 0,085973 0,352387279 0,333626656 0,381896；
20 1 7 0,7 0,072398 0,299510113 0,325948696 0,324476：21 j

8 0,8 0,062355 0,254778374 0,277144243 0,2 75899；

22| 9 0,9 0,05465 7 0,21691974 0,235849057 0,2348；

23； 1 0,048587 0,184842884 0,200881312 0,2i

6.2. The following formula is entered in the cell B3: 
=A3*$D$1

6.3. The following formula is entered in the cell C3:
=(((A3『2+3*A3+1)/(A3 人 2+2*A3+2)・($D$r2+3*$D$l+l)/ 

($D$「2+2*$D$l+2))/(A3・$D$l)
6・4・ The following formula is entered in cell D3:

=(((B3+$D$1 厂 2+3*(B3+$D$l)+l)/
((B3+$D$1『2+2*(B3+$D$1)+2)・((B3『2+3*(B3)+1)/ 

((B3『2+2*(B3)+2))/$D$ 1
6.5. The following formula is entered in the cell E3:

=(((B3+$D$1『2+3*(B3+$D$1)+1)/ 
((B3+$D$1『2+2*(B3+$D$1)+2)・((B3・

$D$l『2+3*(B3・$D$l)+l)/((B3・$D$l『2+2*(B3・$D$l)+2))/ 
(2*$D$1)
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6.6. The following formula is entered in the cell F3: 
=（-（B3 人 2）+2*B3+4）/（（B3 人 2+2*B3+2 厂 2）

6.7. Select cell range A2:A23, D2:F23.
6.8. Command INSER/CHARTS and select type of a dia­

gram Scatter with straight lines. As a result, we should obtain 
diagram as shown in the picture:

Chart Title

7. Compile the table inaccuracy measures for the derivative 
calculated by two-point method through finding difference

广（0）- ——with Л = n8 , where 5 = 0.01,
Л

n = -50,-49,...,-1,1,2,...,50 .
7.1. Using a new worksheet, enter into cell range A4:A103 

numbers -50, -49,...,-1,1,2,...,50 with step 1 as shown in the 
figure （beginning of the table）:

E 
0,01

.点. A В С D
1 0

3卜 h 2 points 3 points
4 !_ -50 -0,5 -0,4 -0,046153846
5 — -49 -0,49 -0,39275 -0,044964962
6 _ -48 -0,48 -0,38539 -0,043748374

-47 -0,47 -0,37794 -0,042507243
8 _ -46 -0,46 -0,37039 -0,041244682
91 -45 -0,45 -0,36276 -0,039963747
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/ A ,C D E

3 n h 2 points 3 points

10 -44 -0,44 -0,35505 -0,038667437
11 -43 -0,43 -0,34727 -0,037358693
12 -42 -0,42 -0,33942 -0,036040393
13 -41 -0,41 -0,3315 -0,0 34715354
14 -40 -0,4 -032353 -0,033386328
15 -39 -0,39 -0,3155 -0,032055998
16 -38 -0,38 -0,30743 -0,030726985
17 -37 -0,37 -0,29931 -0,029401838
18 -36 -0,36 -0,29115 -0,028083038
19 -35 -0,35 -0,28295 -0,026772997
20 -34 -0,34 -0,27473 -0,025474055
21 1 33 -0,33 -0,26648 -0,024188483
22 -32 -0,32 -0,25821 -0,022918481
23 -31 -0,31 -0,24992 -0,021666175
24 -30 •0,3 -024161 -0,020433622
25 -29 -0,29 -0,2333 -0,019222808
26 -28 -0,28 -0,22497 -0,018035646
27 -27 -0,27 -0,21665 -0,016873979
28 -26 -0,26 -0,20832 -0,015739578
29 -25 -0,25 -0,2 -0,014634146

7.2 Enter number 0 into cell Cl. Enter number 0,01 into 
the cell EL

7.3. Enter the following formula into the cell B4: 
=A4*$E$1

7.4. Enter the following formula into the cell C4: 
=(・$С$Г2+2*$С$1+4)/(($С$Г2+2*$С$1+2Г2)-

((B4 人 2+3*B4+l)/(B4 人 2+2*B4+2)・($C$1^2+3*$C$l+l)/ 
($С$Г2+2*$С$1+2))/В4

8. Explore the dependence of measure of inaccuracy from 无, 
building a plot using data from the previous table.

8.1. Select cell range A3:A103, C3:C103.
8.2. Command INSERT/CHARTS and select the type of 

a diagram Scatter with straight lines. As a result, we will ob­
tain the diagram as shown in the picture (see point 9).

9. Repeat steps 7-8 for calculation the measure of inaccu­
racy for three-point formula 广(0)=】(力)一 ■('•无)
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9.1 Enter the following formula into the cell D4: 
=(-$С$Г2+2*$С$1+4)/(($С$Г2+2*$С$1+2『2)-

((B4 人 2+3*B4+l)/(B4 人 2+2*B4+2)-(-B4 人 2+3*(-B4)+l)/
(-B4 人 2+2*(-B4)+2))/(2*B4)

9.2. Select cell range A3:A103, C3:D103.
9.3. Command INSERT/CHARTS and select the type of 

a diagram Scatter with straight lines. As a result, we will ob­
tain the diagram as shown in the picture below:

Chart Title

—2 points ，— 3 points

Example 4.2. Find the first derivative of the function 
у = 4x2 一 4% + 6 at the point x = 2 . Note that the derivative 
of the function at the point x = 2 equals 12. It was calculated 
by analytical method. We need the value of the derivative in 
order to compare it with the result we obtained by numerical 
calculation in a spreadsheet.

From the above it is known that the expression for calcula­
tion the derivative of the function of one variable in the point 
x has the following form:

,(&) = 〃& + 力)一 〃&), 
h ，

where h — is small finite number. It means that it is possible 
to take a small number instead of h . For example, we can take 
0,00001 instead of h .

Remark. The number of dots after comma for h depends 
on which accuracy for a calculation of derivative is needed. For
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example, if we need to calculate the derivative with accuracy 
of two points after comma, it is enough to take h equal 
to 0,0001.

Solution.

It is possible to solve the task in two ways.
Approach 1 ・
1. Enter argument value, which is equal to 2 into C2. En­

ter a small increment of the argument in the cell C3. For exam­
ple, this value can be 0.00001. In the cell C4 we calculate the 
sum C3=C1+C2・

2. Enter the following formula for calculating a deriva­
tive into the cell:

=((4*C4人2・4*C4+6)・(4*C2 人2-4*C2+6))/C3.
3. After pressing Enter we obtain the result of calcula­

tion equal to 12,00004 (see the figure).

X 2 derivative
h 0,00001 12,00004
x+h 2,00001

Approach 2.
1. Define the neighborhood of the point x = 2 of a small 

size. For example, the value from the left Xk =1,99999 and 
the value from the right XA+1 =2,00001. Next, enter these val­
ues into the cells B3 and B4 correspondingly.

2. Enter the formula of the right side of the given func­
tional dependence into the cell C3 as shown in the picture. 
Make reference to the cell B3 where the value of x is written:

=4*B3人2 ・4*B3+6・
3. Copy this formula into the cell C4.
4. Enter the formula for calculating derivative into the 

cell E3:
=(C4-C3)/(B4-B3).

As a result, we obtain an approximate value of a derivative 
of the given function in the cell E3 in the point equal x = 2 .
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The value is equal to 12, which corresponds to the result ob­
tained by analytical approach.

A В C D

X 2 derivative
1,99999 13,99988
2,00001 14,00012 12

Example 4.3. Find the first derivative of the function 
у = sin2^l + 丄)in the point % =普.

From the above it is known that the expression for calcu­
lating the first derivative of a function of one variable in the 
point x has the following form:

工〃冷 +■-/(%()), 

h
where h — is very small real number. It means it is possible 
to take small number instead of h . For example, we can take 
0,00001 instead of h .

Solution.
1. Enter the given argument u3*pi/14J, into the cell C2. 

Enter small argument increment into the cell C3. For example, 
it can be 0,00001. Calculate the sum C3=C1+C2 in the cell C4.

2. Enter the following formula for calculating derivative 
into the cell E3:

=((SIN(1+1/C4)厂 2-(SIN(l+l/C2)『2)・
3. After pressing Enter we will obtain an value of a deriv­

ative which is equal to 0,000021
А В C D E

X 0,673198 derivative
Ax 0.00001 0,00002133215415
x+Ax 0,673208

Example 4.4. Find the second derivative of the function 
у = 4x3 - 2x2 in the point x = 2. Note that the second derivative 
of the reduced function in the point x = 2 equals 40. It was
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calculated by analytical approach. This is the value we will 
need to verify the result that was obtained by calculating the 
numerical method in the spreadsheet.

It is known from mathematics that expression for calculat­
ing second derivative of a function of one variable on the point 
x has the following form:

Г(х0) = /о2)(хо，Л)=表(/(*o + 力)- 2/(&) + f(%o - 力))• 

where Л — is small finite number. It means we can take small 
number instead of h . For example, we can take 0,00001 in­
stead of h.

Solution.

1. Enter given argument value “2” into the cell C2. En­
ter small increment into the cell C3. For example, it can be 
0,00001. Calculate the sum C3=C1+C2 in the cell C4.

2. Enter the following formula for calculating the second 
derivative into the cell E3:

=(1/(C3 人 2))*(4*C4 人 3-2*C4 人 2-2*4*C2 人 3+2*2*C2 人 2+ 
4*(С2-СЗГЗ-2*(С2-СЗГ2).

3. After pressing Enter we obtain 44,00003917 (see the 
figure).

4 A

3
<

X 2 derivative
h 0,00001 44,00003917
x+h 2,00001

Derivative of a function defined by a table

In case of a function defined by table we have: a discrete set 
of an argumenfs value (看)is matched by the set of values of 
function (y：), 协 =f(%i), i = 0,1,2,...,n. The increment is 
a difference between neighboring argument values, Ax =九, 
constant.

The derivative of a function y； in a knot x = xr can be found 
using finite differences in several ways:
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/ Left differences:厶力 = У1 - Уо，Ах = Xi - х0 =儿

叭工Е1^；

/ Right differences: Ay】= У2 ~ Vi, Дх = x2
У1 工-："1 ；

/ Central differences:八场=砲 一 Vo，△% = &

与=儿

-х0 = 2力,

Note that the formula for calculating the second derivative 
is:

〜於-2%+ %

Example 4.5. Find the derivative of a function defined by 
the table. The function у = 6x4 - 4x2 , where 
x = 0,5; 1,5;2,5..... Find the derivative in the point x2 = 2,5.

The formula for the derivative of the function defined by 
the table:

Solution.
1. Enter argument value%】 equal to 1,5 into the cell C3. 

Enter argument value x2equal to 2,5 into the cell C4. Enter ar­
gument value x3 equal to 3,5 into the cell C5. Find 2力 by for­
mula C6=C5-C3 in the cell C6.

2. Enter the following formula into the cell D3: 
=6*C3 人 4-4女C3 人2.

3. Copy this formula into the cell D5.
4. Enter the following formula for calculating derivative 

of the function in the point x2 into the cell: (D5-D3)/C6.
5. After pressing Enter the result is 415,00 (see the fi­

gure).
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Exercises for independent work

1. Find the first derivative of у = 3cos3(x) in the point 
n X =—.
2

2. Find the first derivative of у = 21g2(x) in the point 
x = 10 . Get the result in two ways.

3. Find the first derivative of the function 
у = ln3(x) + 3x2 - log2(^) in the point x = 8. Get the result 
in two ways.

4. Find the second derivative of у = 3cos3(x) in the point 
л x =—.
2

5. Find the second derivative of у = 21g2(x) in the point 
x = 10.

6. Find the second derivative of 
у = ln3(x) + 3x2 - log2(^) in the point x = 8.

7. Find the derivative of a function defined by table. 
Function у = 3x2 + 2x3 , where x = 1,2,3,......Find the deriva­
tive in the point x3 = 4.

8. Find the derivative of a function defined by table. 
Function у = 2х, where x = 1,2,3,...... Find the derivative in
the point ”2=3.
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5. Tangent line

Introduction
Let's refer to the problem, related with finding of the tan­

gent to the graph of the function /(x) in the point x0 :
У = f(&) + 〃(&)(% - x0).

Lefs consider the function f(x) = xe~x in the point 
x0 = 0,5 as an example. It is not hard to get the exact (analyt­
ical) finding equations of tangent here:

/(%o) = f(0,5)= 0,5e~°，5

/z(x) = (%0-") = (x) e-x + %(e-%) = 8-" + %e一工(一1)
/'(%) =「(I - x)

〃(%o)=广(0,5)=产(1-0,5)
In the end, the equation of the required line takes the form: 

у = 0,50-°，5 + 小，50 _ 0,5)(x - 0,5).
Then, after opening the bracket, we, finally, get:

у = 0,3 + 0,3(x - 0,5)= 0,3x + 0,15.
Let's use MS Excel for the visualization of the meaning of 

the tangent.

Example 5.1. Building a tangent line to the graph of the 
function with the use of the exact value of the derivative.

Let's choose some neighborhood of the point x0 = 0,5 , for 
instance, x w [-1;4]. Enter the corresponding values into the 
cells of the MS Excel worksheet. Find points on the graphs of 
the function and its tangent line, using the functions men­
tioned above, then call the scatter chart with smooth curves 
and after pointing out the necessary references to columns of 
data and get the desired form (look at the fig. 5.1).
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As usual, cells with text explanation, which cannot be 
calculated in MS Excel but only serve to clarify further pro­
grammed formulas, are highlighted by yellow color. In the 
first group of such “explaining" highlighted cells C4:D6 we in­
dicated the function, its accurately calculated derivative and 
the formula for calculation of the ordinate у of the tangent for 
the graph:

C D

4 f(x) = хел(-х)

5 f") = eA(-x)*(l-x)

6 y = f(xo)+f'(xo)*(x-xo)

We advise you to comment your calculations and color such 
cells for more comfortable further usage.

In the next group of cells C8:D10 we indicate the value 
of touch point x0 and now we can calculate the value of the 
function f(%o) and its derivative /(%()) according to the for-

(Absolutely accidentally the values o"(0,5)and "(0,5)in 
this example match, even though we calculated them using dif­
ferent formulas.)

Next we indicate parameters of display of graphs: the be­
ginning and the end of the considered range [a9b] of changings
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of x, quantity of N splitting of the segment to generate 
points of the graph of the function and the resulting increment

Now we should generate the sequence of values x, which 
runs through all the segment from a to b in increments A and 
calculate them in the resulting points of function and tangent 
value (cells C18:E118):

C D E

X f(x) У

18 -1,00 -2,72 -0,15

19 -0,95 -2,46 -0Д4

118 4,00 0,07 1,36

Here we should pay attention to the “programming" of 
cells x • The first value in the column x , of course, becomes 
as a reference to the beginning of the segment a , but next ones 
are programmed as a reference to the previous value x《plus» 
a step A:

76



C D E

X f(x) У

18 =D12 -2,72 -0,15

19 =C18+$D$15 -2,46 -0,14

20 =C19+$D$15 -2,21 -0,12

Do not forget to press button F4 freezing values of A after 
the link to the cell D15 (a step A) to further copy of the formula 
to be correct. Remember that for this we need to drag the pro­
grammed cell downwards by the left mouse button pressed on 
the special cross which will appear in the right bottom corner 
of the cell after hovering over it with the mouse cursor.

Other cells of values of /(x) and у are calculated by stand­
ard way according to the formulas mentioned above:

C D E

X f(x) У

18 =D12 =C18*EXP(-C18) =$D$9+$D$10*(C18-$D$8)

19 =C18+$D$15 =C19*EXP(-C19) =$D$9+$D$10*(C19-$D$8)

And also do not forget to fixate the values in cells f(x0) 
and /'(%()) during the calculations of the ordinates of the tan­
gent у •

The last step is to create the corresponding diagram to plot 
the function and the tangent. For that we should highlight the 
entire numeric range of the last three columns with data with 
the left mouse button and choose in Insert —» Charts —» The 
scatter charts —> The scatter charts with smooth curves (look 
at the fig. 5.2).
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Fig. 5.2.
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We are close to the end. Changing callings of the inscrip­
tions is left. It is done in the following way: highlight the di­
agram with graphs, pointing out free (empty, free from the 
graphs) place on the diagram, then click the right mouse but­
ton and press “Select data..." (look at the fig. 5.3). If you miss 
and point out not the free place of the diagram but, for in­
stance, the grid line or label area of the chart legend, then 
other options menu will appear. Also pay attention to the fact 
that after pressing the right upper cross of the diagram we get 
into the menu of the visual settings of the diagram, where it is 
mentioned: whether to display the text explanations.

Fig. 5.3.

After calling the “Select Data... ” the dialog window opens 
where we can choose to modify, enter or delete various data 
(look at Fig. 5.4)
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Fig. 5.4.

and edit the data ranges and their labels (look at the fig. 5.5)

Fig. 5.5.
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Example 5.2. Construction of a tangent line to the graph 
of the function using approximate values of its derivative.

There are such cases, when the accurate calculation of 
the derivative is impossible or cannot be done from a computa­
tional point of view. The cases of the first type are those when 
the value of the function is not done analytically and the in­
formation about the values of the function is available till the 
fixed value of the argument (often till the fixed moment of 
time), for example, when there are new processes, which are 
evaluating at current time. The cases of the second type of the 
irrelevance of the analytical calculations of the derivative are 
those huge difficult functions, which we need to program tedi­
ously to fight for the absolutely tiny increase of accuracy.

We see the exact repeat of the previous argumentations 
which only differ in the calculation of the derivative of the 
function / '(%) (look at the fig. 5.6)

X叫闻________
Hm 仲Н(хОМ*мО) 
тсОМ(хО)・(х хО) 一

4,00

100,00 
0,05

0,5000000000000000
0,5000000001000000) 
6,3032653298563170 

1),3032653298866430 ； 
S,3O326572O7S6728O|

Fig. 5.6.

There is no accurate (analytical) calculation of the deriv­
ative. Instead of this, the definition of the derivative is men­
tioned:

〃(&) = Hm E皿二也■, 

x->xq X — Xq
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Which is changed to the approximate equality if the values 
of x and x0 are really closed

小°) = Um ■—=在―
工T*0 x - x0 x - x0

C D

4 f(x) = хел(-х)

5 f(x) ~ (f(x)-f(xo))/(x-xo)

6 y = f(xo)+f,(xo)*(x-xo)

Thus we need to give not only the value of the x0 but also 
close to it the value of the x. For example:

x = x0 + 0,0000(X)0001 ・
10 decimals

After the re-programming the calculation of the derivative 
of the function we get:

C D

8 xo = 0,5000000000000000

9 X = 0,5000000001000000

10 f(xo) = 0,3032653298563170

11 f(x) = 0,3032653298866430

12 f'(xo)= 0,3032657207567280

Al ter natively, in MS Excel code:

C D

8 xo = 0,5000000000000000

9 x = =D8+0,0000000001

10 f(xo)= =D8*EXP(-D8)

11 f(x)二 =D9*EXP(-D9)

12 f'(xo)= =(D11-D1O)/(D9-D8)

We can compare with the exact value of the derivative 
from the previous task, mentioning the same precision to 16 
characters in the format of the cells (click on the right button 
of them in the item uthe format cells”)：
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Exact /'(к。) = 0,3032653298563170 
Approximate 〃(％。) = 0,3032657207567280 
(the difference is about four tenmillionths).

Then it all goes as in the previous example. In the end we 
get the same picture (look at the fig.5.7).

Fig. 5.7.

Remark. In the cases when it is necessary to calculate the 
close value of the derivative of the function for which next val­
ues are unknown (it is about the forecast), the calculations of 
x close to x0 are held according to the next formula:

x = x0 - 0,0000.000].
10 decimals

Also, it should be mentioned that during the usage of the 
close values of the derivative it is necessary to look at the 
smoothness and regularity of the function. If the function is 
irregular and/or singular (explosive, abrupt, unlimited and 
etc.), the derivative should be calculated analytically.
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Exercises for independent work

1. Depict the function x3 - 3x2 + x - 8 with its tangent 
at the value 1,5. Instruction: the derivative should be calcu­
lated analytically exactly, take the segment [-1;4] as the 
neighborhood of the point 1,5 .

2. Depict the function xx with its tangent at the value 2. 
Instruction: the derivative should be calculated closely, take 
the segment [0,l;3] as the neighborhood of the point 2.

3. * How much times does the tangent to the function 
x2 + 8sinx - 10 , held in point 2, crosses the whole graph?

4. ** Compare the results of the previous exercises №1-3 
using the exact and close values of derivatives of the func­
tions.
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6. Local Extrema

Monotonicity and the searching for local 
extrema of a function

Introduction
Increasing, non-increasing, decreasing and non-decreas­

ing functions on the set D are called monotonic on this set, and 
increasing and diminishing functions are strictly monotonic. 
The intervals, in which the function is monotonic, are called 
monotonicity intervals.

Necessary conditions for increasing (decreasing) func­
tion. If the differentiated function f(x) on the interval (a;b) 
increases (decreases), it will be /'(%) > 0 (/'(%) < 0)for each 
x e (a；b)・

Sufficient conditions for increasing (decreasing) func­
tion. If the function / (%) is differentiable on the interval (a;b) 
and /'(%) > 0 (/'(%) < 0)for any x g(G；b), then the function 
increases (decreases) on the interval (a;b)

Example 6.1. Find intervals of monotonicity of 
/(x) = x3 - 3x - 4.

Solution. The function is defined on the entire real axis: 
x e (-оо；-н»)・

Lefs find the derivative of the function: /'(%) = 3x2 - 3 = 
=3(x - l)(x + 1) /'(%) > 0 and x g (-oo；-l) u (l;+8)and 
/(%) <0 at x e (-1;1)

The answer: The function increases on the intervals 
(一8；-1) u (l；+8)and decreases in the interval (-1;1).
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The point x0 from the domain of the function /(x) is called 
minimum (maximum) point of this function, if there is such 
a 3-neighborhood (x0 - 8;x0 + 5) of the point x0 , which is for 
all x ^ x0 in this neighborhood the inequality /(x) > /(x0) 
(/(x) < /(x0)) is satisfied.

The minimum and maximum points are called extrema 
points and the function values at these points are called ex­
trema of the function.

The concept of extremum is always connected with a cer­
tain neighborhood of the point from the domain of the func­
tion. Thafs why the function can have got extremum only at 
internal points of the domain. If the function has several ex­
tremums, they are called local (relative).

The necessary condition for extremum. If the differen­
tiable function у = /(x) has an extremum at the point x0 
then its derivative at this point equals to 0: /'(%()) = 0.

Geometrically, the equation /'(%()) = 0 means that at the ex­
tremum point of the differentiable function у = /(%) the tan­
gent to its graph is parallel to the Ox axis.

However, the converse is not true, i.e. if /'(%()) = 0, it 
doesn't mean that x0 — an extremum point. For example, for 
the function у = x3 its derivative is: yf = 3x2 and equals 
to zero at x = 0 , but x = 0 isn't the extremum point (this can 
be seen from the graph of the function).

There are functions that don't have a derivative at extre­
mum points. For example, the continuous function у = |x| at 
the point x = 0 doesnH have a derivative, but the point x = 0 
is the minimum point (you can also see it from the graph of the 
function).

Thus, a continuous function can have an extremum only at 
points where the derivative of the function is zero or does not 
exist. Such points are called critical points.

A sufficient condition of the extremum. If the continu­
ous function у = /(x) is differentiable in some 8-neighbor- 
hood of the critical point x0 and when passing through it 
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(from left to right) the derivative /'(%) changes the sign from 
plus to minus, then x0 is the maximum point, if from minus 
to plus, then x0 is the minimum point.

To study the function at an extremum means to find all its 
extrema.

The rule for the study of the function at extremum:
1. Find critical points of the function у = f(x);
2. Choose from them only those which are internal points 

of the domain of the function;
3. Explore the sign of the derivative / '(%) to the left and 

right of each of the selected critical points;
4. In accordance to the sufficient condition for the ex­

tremum, write out the extremum points (if any) and calculate 
the values of the function in them.

Example 6.2. Find the extremum of the function 
y =王一疟 
，3

Solution. Obviously,Z)(i/) = R (i.e. entire real line).
We find the derivative of the function 

丄 一 2 = 1.1-2
3 3 • Vx 3 皈

The derivative does not exist at 修 =0 and equals to zero at 
x2 = 8 . These points divide the entire domain into three inter­
vals (-°°；0),(0；8),(8;+8). Note the signs of the derivative on 
the left and right of each one of the critical points:

+ .
/ 0

+*------------- ►
8 >r x

Therefore, xt = 0 is the maximum point, r/max = y(0)= 0

and x2 = 8 is the minimum point, i/min = y(8)=--.
3

Sometimes it is convenient to use another sufficient condi­
tion of the existence of an extremum, based on the determina­
tion of the sign of the second derivative.
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The second sufficient condition for extremum. If at the 
point x0 the first derivative of the function / (%) is equal to zero 
f '(%o) = 0, and the second derivative at the point x0 exists and is 
different from zero (Юо) A 0), then for /〃(&) < 0 at the point 
x0, the function has a maximum and a minimum at /"(%()) > 0.

One of the more effective ways to find the approximate 
value of the root is the tangents method.

Example 6.3. Using the graphical method, find the inter­
val [a;b] on which the actual root x* of the function 
x3 + 4x - 3 = 0 is located. Using the Newton's method, obtain 
an approximate value of the root with accuracy 0,001.

The short geometric essence of the method consists in the 
following: firstly, choose one end of a segment with the help of 
a special criterion. This end is called the initial root approxi­
mation, in our example: x0 = 1. Now draw a tangent to the 
graph of the function /(x) = x3 + 4x - 3 at the point with ab­
scissa %o=l (blue dot and violet tangent):

This tangent crossed the X-axis at the yellow point, and 
note that at the first step we have almost “hit the root”！ This 
will be the first approximation of the root xP Further, construct 
the yellow perpendicular to the function graph and “get" the or­
ange dot. Through the orange dot, we again draw a tangent that 
will cross the axis even closer to the root! And so on. It is not 
difficult to understand that, using the tangents method, we are
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approaching the goal quite quickly, and it will take literally 
several iterations to achieve an accuracy of £ = 0,001.

Solution. The first step is to reveal the root graphically. 
This can be done by plotting the function / (%) = x3 + 4% - 3.

Thus, the desired root belongs to the interval [0;l] and is 
approximately equal to 0,65.

At the second step, select the initial approximation x0 of 
the root. This is usually one of the segment ends. The initial 
approximation must satisfy the following condition: 
/(№)• Г(х0) > 0.

Lefs find the first and second derivatives of the function 
f(x) = r3 + 4x - 3

Л(х) = (x3 + 4x - 3) = 3x2 + 4, 广⑺=(3x2 + 4)= 6*.
As the initial approximation, we choose x0 = 1.

At the third step, each subsequent approximation of the 
root %〃+i is calculated on the basis of previous data using the 
following recurrent formula:

外&)

< e isThe process terminates when the condition

met, where e is the predetermined accuracy of the calculations. 
As a result, the approximate value of the root is taken as the 
“几"approximation: x* = xn.

In practice, it is convenient to enter the results of calcula­
tions into a table, while in order to somewhat shorten the re-

f(X )cord, the fraction is often denoted by hn = 》 
f &)

〃 •i 、〃q） r（”）

0 1 2 7 0,28571
1 0,71429 0,22157 5,53061 0,04006
2 0.67422 0.00338 5,36373 0.00063

The calculations are carried out in MS Excel — it is much 
more convenient and faster.
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Determine the areas of increasing and 
decreasing functions. Study the function at local 
extremum. Critical points.
Example 6.4.
Find the points of local extrema and the areas of increasing 

and decreasing of the function
у = x e x •

Solution.
Derivative of the function:

.=0-/ - 2%2e-- = 0 - 2%2)c--.

у' = 0 at х = ±^-之 ±0,707.
2

Construct a graph of the function and its derivative on 
an Excel sheet:

1. Fill Al to DI as follows — i, Xi, f(Xi), f'(Xi)・
2. Fill the A2-A18 — values from 1 to 17
3. Put in the sell B2 the value 0
4. Then fill the sell B3 with =B2+0.1 and drop till B18
5. Write down =$B2*EXP($B2*$B2*-1) into C2 and drop 

it to the C18
6. Draw a graph by selecting sells B2:C18 then tap the In­

sert bottom and then press the Insert Line.

Fig. 6.1.1. Constructing the graph.
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From the table it's seen that % = — = 0,707 is the maxi- 
2

mum point. As this function is odd, then x = -— = -0,707 is
2

the minimum point.

Therefore, the interval of increasing function 3,卜

the intervals of decreasing function -8,
-4И 拳 +8)

Below, we will consider two ways of more accurate determi­
nation of the values of the extremum points.

From the figure 6.1.1 one can see that the maximum point 
is between 0,7 and 0,8. Choose the range B10: D19 and move it 
down by 10 lines, then on the empty space in column В we set 
the values of x with step 0.0001 and calculate in columns C and 
D the values of the function and its derivative. Doing the same 
procedure number of times, we determine the values of the ex­
tremum point with the required accuracy.
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Fig. 6.1.2. Finding the extrema points.
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2nd method.
Using the Newton's method (the method of tangents) for 

solving equations allows us to solve this problem.

0.7 0.012252528 -1.73251 0.7070721^6 0.00707214
0.70 70 72136 5.9436^ 05 -1.71561 0,70710678 3・^4$E・05
0.70710678 1.45583E-09 -1.71553 0.707106781 8.4862E-10

0.707106781 LM6 77E16 1.71553 0.70 7106 781 0

Fig. 6.1.3. Tangents method to determine the zero of derivative.

It is required to find the root of the derivative of a given 
function 广(％) = 0.

If x = 0,7 is the initial approximation, then, as a result of 
the iterative process, the following approximations are found 
by the formula:

4+i = 4 -/'(/) /广(/) •

The condition of the end of the process
|/+i f I = 0 

with computer precision.
In cell J34 there is the initial approximation xk, in cell 

K34 is the calculated value of Г(%。，in cell L34 is the value of 
f"(4), in cell M34 is the value of xk+1 = 4 一 /'(/) / f〃(4), 
in cell N34 — the value |xA+1 - хл |, in cell J35 the value хл+1 
is copied for the next iteration. The process terminates by the 
condition: the value in cell N34 is 0. In this task

办+1 =0,707106781.

3rd method.
This task can be solved by using the MS Excel tool uGoal 

Seek”.
To do this, follow these steps:
1. Place the initial approximate value (x0) in the first cell.
2. In the second cell, place the formula that calculates the 

value of /(x0).
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3. Call DATA What-If Analysis Goal Seek
4. Set the values of arguments as follows.
Set in cell: Address of the second cell
Value: 0
Changing the value of the cell: The address of the first cell.
Consider the use of this tool on the example of this task.
It is required to find the root of equation

(1 - 2%2)e-/ 二 °,

The initial approximation is x=0,7.
In cell B3 put the value 0,7; in the cell B32 calculate the ap­

propriate value (1 - 2x2 )e~x2 • Then turn to the Goal Seek pro­
cedure as it is shown above.

0,7 0,007506222

1， в c____ L
15 0,7076 0,42888 Г34 5,00万
16 0,7077 0,428881641 -0.00277
17 0,7078 0,428881530 9,00324
18 0,7079 0,428881403 -0,00371
19 0,8 0,421833939 -0,53101
20 0,9 0,400372260 -1,3937
2i I 0,367879441 -2,71828
22 1,1 0,328017007 4,76195
23 U 0,284313310 -7,93491
24 13 0239875381 -12,8984
25 1,4 0,197201789 -20,73
26 и 0,158098837 -ЗЗД071
27 1,6 0,123687585 -532956

口

Fig. 6.1.4. uWhat-lf Analysis" for determining the zero of derivative.

Set the arguments according to the following:
j Goal Seek ? X

卜 0 ce№ $C$2 j]
I To x^lue： 0

1 By ^hanging cell： 5BS2 1至
1 1 °K J Cancel

The result will be presented in the indicated cells as it is 
presented in the figure 6.1.5.
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136

』 A i в c E

23 22 1.1 0.328017007 -0,42344
24 23 1,2 0.284313310 -0.445424
25 24 1.3 0.239875381 •0.439156
26 25 1.4 0.197201789 -0.411307
27 26 1.5 0.158098837 9.368897
28 27 1.6 0.123687585 9,318496
29

30

31 0.707 0.0001832

Fig. 6.1.5. The result of “Goa/ Seek".

It should be mentioned that the procedure “Goal seek" 
allows us to calculate the selected value with the accuracy of 
0,001. Therefore, if it's necessary to get the value with higher 
accuracy, it's better to use the Newton's method.

Example 6・5・
Find the local extrema and intervals of increasing and de­

creasing of the function у = xlnx.
Solution.
For the function у = xlnx the domain is x > 0. Calculate 

the table of values at x = 0,01 + nh, where й = 0.05, 
九=0,1,2,...,32 •

1. Enter the numbers 1,2, ..., 33 into the range of cells 
A2:A34 of a MS Excel worksheet. In cell B2 enter the number 
0,01. In the cell B3 enter the expression B2 + 0,05. Copy the 
formula to cell B34.

2. In cell C2 enter the formula = B2 * LN(B2). Copy the for­
mula to the cell C34.

3. Select the range of cells B2:C34. Choose the INSERT/ 
CHARTS command, as shown in the figure.

Create the graph of the function and its derivative in the 
MS Excel worksheet.
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Therefore, the interval of increasing is （丄；+8）, and the

interval of decreasing is （0;丄）.The minimum point of the 

function is x = 0,367879441.

Example 6.6.
Find points of local extrema and the areas of increasing 

and decreasing of the function у = V^・
Construct the function and its derivative in anew MS 

Excel worksheet.

w...n «
^
.
^
H
-
w
.
-
n
-
^

1,w
 ̂
 a
 B

期。
1.5928 

1,4852 
137367 
1,25742 
i,lS”l 
1.00666 
0S6S94 
0.71926 
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0 3305
0533a 

0 70345 
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石k332 

112296
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136227 
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Fig. 6.3.1. Constructing a graph of the function and its derivative.

Example 6.7.
Study the function /（x） = |cosx| for local extrema. Find

the points of local extrema and the areas of increasing and de­
creasing of the function у = |cosx|.
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Solution.
This function is even and periodic with a period equal to 冗. 

Therefore, it is sufficient to explore it on a segment of length 
equal to a half of the period.

Using the definition of the module, you can get another 
representation of the function:

/[cosx, for cost > 0,
〈
[-cosx, for cosx < 0.

Therefore, the derivative of this function is determined 
as follows

、 f-sinx, for cosx > 0, 
f lx)=〈

[sinx, for cosx < 0, 
or

/'(%) = -sgn(cosx) • sinx.
From the last formula it follows that the derivative /'(%) 

turns to 0 at the values яп, n e N. Moreover, at each of these 
points, the derivative changes the sign from plus to minus, 
which means that these points are the maximum points at 
which the function reaches values equal to 1. In addition, at 
points — +nn,n g ^, the derivative has points of the first kind 

2
of discontinuity (jump), at which its value changes from -1 to 1 
(jumps in the derivative), thus, at these points the function 
reaches minima equal to 0. Using MS Excel, this problem can 
be solved as follows. In the MS Excel worksheet, we set the ta­
ble of values of the function and its derivative on the interval
[-1,8; 3,2], containing the period of this function. Let the val­
ues of the argument x increase with the step A = 0,02. At the 
range B9: B259, we have the indicated values of the argument, 
in the C9:C259 range, calculate the corresponding function 
values using the formula ABS(COS(B9)), then continue to the 
other cells in the range, in the range D9: B259, in the range 
E9: E259 — the corresponding values of the function sinx, in 
the range of F9: F259, calculate the corresponding values of 
the derivative of the function using the formula IF (COS (B9) 
<0, SIN (B9), — SIN (B9)). After that, we construct the graphs 
of the function and its derivative (see Figure 6.4.1).
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Fig. 6.4.1. Graphs of the function and its derivative

In Fig. 6.4.2. and Fig. 6.4.3 there are graphs of the func­
tion and its derivative. It is seen from the graphs that the 
function is continuous, but its derivative has points of discon­
tinuity of the first kind (i.e. jump).

-3-2-101234

Fig. 6.4.2. The graph of the /(x) = Icosxl.
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Fig. 6.4.3. The graph of the derivative /'(%) = -sgn(cosx) • sinx

Analyzing the graphs and taking into account the periodic­
ity of the function, we conclude that at the points x = nn, 
n e N, the function reaches its maximum values equal to 1,
and at the points — + nn, n e N its minimum values equal 

2
to 0. Moreover, the points — + ли, n e N are the corner 

2
points of the graph of the function, since at these points the 
derivative of the function suffers a discontinuity. It should be 
noted that when you go through all these points, the derivative 
changes the sign.

Exercises for independent work

1. Find the points of local extrema and the intervals of in­
creasing and decreasing of the function

二(%+ 4)(%+ 2)(%-1)(%-5)
' / + 16 *

2. Find the points of local extrema and the intervals of in­
creasing and decreasing of the function у = %丿4 - x2.

3. Find the points of local extrema and the intervals of in­
creasing and decreasing of the function у = Invl + x2.
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7. Concavity

Numerical study of a convexity of a function 
and finding its points of inflection.

Introduction
The graph of a differentiable function у = /(x) is called 

concave upward (convex, or convex downward) in the interval 
(a;b), if it is located higher than any of its tangent lines on this 
interval. The curve chart у = /(%) is called concave downward 
(concave, or convex upward ) in the interval (a;fe), if it is lo­
cated lower than any of its tangent lines in this interval.

The point of the graph of the continuous function у = /(x), 
separating its parts of different convexity, is called the inflec­
tion point.

The condition of a concavity in the interval. If the func­
tion у = /(x) at all of the points of the interval (a;b) has 
a negative second derivative, that is, / "(%) < 0, then the graph 
of the function on that interval is convex upward. If f 〃(％) > 0 
at all of the points of the interval(Q；b), then the graph is con­
vex downward.

A sufficient condition for the existence of inflection 
points. If the second derivative f "(*) changes its sign, when 
passing through the point x0 , at which it is equal to zero or 
does not exist, then the point of the curve chart of a function 
with an abscissa x0 is the inflection point.

Example 7.1. Study the graph of the function in order to 
find convexities and inflection points.

у = *5 一 ％ + 5.
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Solution. Find the first and the second derivatives:
/ = 5x4 - 1, y" = 20x3. The second derivative exists at 

all of the numerical axis p 〃 = 0 at % = 0 ・
у " > 0 at % > 0 and у 〃 < 0 at % < 0 • Therefore, the curve 

chart of the function г/ = x5 - x + 5 on the interval (一叫0)— 
is convex upward, while in the interval(0;+8)— is convex 
downward. The point (0; 5) is the inflection point.

Finding areas of concavity and convexity of 
a function. Inflection points.

Example 7.2. Find inflection points and areas of concavity 
and convexity of the function:

f(x) = x • e~x2.
Solution.
Lefs find the first derivative of the function:

「(％) = 1 •。-避 + X • £-』• (~2X)= £-■ • (1 - 2/) •
Then find the second derivative of the function:

Г(х) = (I .(i-2%2))'=

=-2x ・6-/ • (1 - 2x2) + с-— • (-4%)=
=-2%.(3-2%2)/2.

Therefore,
ГИ = 0

at Xi = 0 and x2j3 = ±J1・5 .
Let's find values of the function in an MS Excel worksheet: 

/(x) = x • с-/
And its second derivative:

广(％) = -2%・(3-2/)・产，

After that lefs construct its graph (look at the Fig. 7.2, 
7.3).
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Fig. 7.1. The initial worksheet.

y = f" (x)

Fig. 7.2. The graph.

Fig. 7.3. The graph of the second derivative of the function.
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It can be seen from the graphs that the marked points are 
inflection points. In the Fig. 7.4 there is a graph of the second 
derivative in the reduced scale.

Fig. 7.4. The curve chart of the second derivative of the function.

Any of approximate formulas can be used to calculate the 
second derivative of a function while solving the assigned task.

6
7
8
9
w
u
u
^

8 D E F G

X _x+dx x*2dx f(x+2dx) f(x+dx) 倣）
1.224[ 1.22401] 1.22402 0.273601 0.273605 0.27361

1.2241 1.22411 1.22412 0.273556 0.273561 0.273565

1.2242 1.22421 1.22422 0.273512 0.273516 0.273521

1.2243 1.22431 1.22432 0.273467 0.273472 0.273476
1.2244 1.22441 1.22442 0.273422 0.273427 0.273431

1.2245 1.22451 1.22452 0.273378 0.273382 0.273387

1.2246 1.22461 1.22462 0.273333 0.273338 0.273342
1.2247 1.22471 1.22472 0.273289 0.273293 0.273298

1.22471 1.22472 1.22473 0.273284 0.273289 0.273293
1 ”411 1 1XTM С ЛТЭПО С -11Э1ОЛ c •»-«•»on

н
dx 0.0000100000

Hx) 

-0.001967315 

-0.001700862 

0.001432188 

-0.001164624 

-0.000896505 

-0.000627831 

-0.000360822 

-9.32587E-05

-6.4948E-05 
，ООСТОГ ЛС

0.00015

0 0001

渔SB f

Fig. 7.5. Calculating the second derivative of the function, using approximate formula.

Comparing the results of calculation applying the exact 
and approximate formulas, make sure that they match to­
gether (look at the Fig.7.6).
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y = f” (x)

Exercises for independent work

1. Find the inflection points and areas of concavity and 
convexity of the function:

у = e * • cos cos x •
2. Find the inflection points and areas of concavity and 

convexity of the function:
у = —% + 8 - ■% - 1.

3. Find inflection points and areas of concavity and convex­
ity of the function:

If _ x2 - x - 20

% — /
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8. Absolute extrema

Introduction
Local (relative) extremum is a point in which function has 

the greatest (smallest) value in comparison with its values in 
all other points of the vicinity. An interval may contain many 
local extrema so you should be careful in order not to choose 
the first one as a solution of the task.

Global (absolute) extremum is a point in which function 
has bigger (smaller) value in comparison with any other point 
of the domain. Thus, global extremum is the optimal solution 
for the domain.

The task for a function of one variable can be set as follows. 
Let values of a variable x be concluded in an interval [a; b]. We 
call an uncertainty interval an interval of values x in which 
search of an optimum of criterion function is run. At the be­
ginning of optimization process this interval has b-a length. 
It is necessary to define values of an optimum of function with 
a margin error e, that is to find in an interval [a; b] point x, 
such that

f(x - e) < /(x) > f(x + e) — when looking for maxi­
mum, 
or

/(x 一 £)>/(x)</(x + £)— when looking for minimum.
Thus, we need to have the action plan which is inevitably 

leading to definition of a point x* with an accuracy e where this 
point wouldn't lie in the field of search. The methods consid­
ered further are also such action plans for search of optimum 
of functions.

Obviously, the most natural and easy way to narrow an in­
terval of uncertainty for one-dimensional function is its divi­
sion into several equal parts with the subsequent calculation of 
values of function in knots of the mesh.
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Example 8.1.
Find the absolute extrema of the function

/(x) = 10e~°,01x2sinx.
Solution.
Let's plot a function graph using MS Excel. To do this, we 

look through the range B7:B107 where we set values of indew 
pendent variable, in the range C7:C107 we calculate correh 
sponding function values:

2 10・m(4)a1m2).й内
3 |f Xl фС)

-10 2,001341823
•9,5 0,304778755
用 4333342324

£5 -3,876949535
』 >5,216811081

•7,5 -5344562764
•7 4 02487331

-6,5 -1,409909856
-6 1,949415782

5 5 5,213 720678
-5 7,46810976

Y,5 7383356334
< 6.4490454s9

-3,5 ЭД03399929
•3 1,289739762

2 5 5,622125499
•2 5736433647

-1,5 9,753019572
-1 £330982086

QS 4,782284717
0 0

0,5 4.782 284 717
1 8330982086

13 9,753019 5 7 2
2 8,736433647

4
5
6
7
8
9
w
n
u
H
U
U
W
W
U
W
M
M
M
M
M
»
^

Graph 10«eA{-O,0lxA2)*5lnxf(XI)

Fig. 8.1.1. Finding the absolute extrema visually.

When analyzing the graph, we see that the global maxi­
mum is located in the neighborhood of point x=l,5. For more 
detailed definition of point of the global maximum in the 
range B7:B107 we should put between 1,5 and 1,6 such va­
lues as 1,51, 1,52, ..., 1,59. In the range C7:C107 compute cor； 
responding function values. Then we understand that deriv­
ative becomes 0 between values 1,543 and 1,544 (look at the 
fig. 8.1.2). Doing the same necessary number of times, you can 
get the extrema point value with needed accuracy. Process de­
scribed above (step-by-step approximation) could be seen on 
figures from 8.1.2. till 8.1.9. As a result, we get the value of 
the global extremum: x0= 1,54000594190.
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fic 72■B31，EXP⑴n001”3m2)七剧电3中10*0(p(1内©01♦831”)・85但31)D31

A В C D Formute Bar

22 19 -1 -8,330982086 5Д8264244
23 20 ©5 4782284717 8,70609061
24 21 0 0 10
25 22 0,5 4J82284717 8,70609061
26 23 1 8,330982086 5,18264244
27 24 1,5 9,753019572 0,39904328
28 25 1,51 9,756510997 0,29924529
29 26 1,52 9,759004569 0,19947465
30 27 1,53 9,760500618 0,09974231
31 1 28 1,54 9,76099958| 5,9214E-05〔
32 29 1,541 9J60994656 -0,009906
33 30 1,542 9,760979768 -0,0198705
34 31 1,543 9,760954916 -0,0298345
35 32 1,544 9,760920099 -0,0397978
□c 33 1 СЛС Q 7СЛ0"7СаЭ _C ЛЛО7СПС

Fig. 8.1.2. Specification of the value for the absolute extremum 
(1,540 < x0 < 1,541).

D2 ： 衣《■O,2・B2・EXP(1)a(@oi・b2a»・sim82R1O・EXP(]№0]・B2a2)・8S(B2)

A В C D
1 i xi 碗） wi
2 1 1 1,50000000000 9,75301957246| 0,39904]
3 2 1,51000000000 9,75651099709 0,29925
4 3 1,52000000000 9J5900456946 0,19947
5 4 1,53000000000 9,76050061779 0,09974
6 5 1,54000000000 9,76099957982 0,00006
7 6 1,54010000000 9,76099953591 -0,00094
8 7 1,54020000000 9,76099939235 -0,00193
9 8 1,54030000000 9,76099914914 -0,00293
10 9 1,54040000000 9,76099880627 -0,00393
11 10 1,54050000000 9,76099836375 •0,00492
12 11 1,54060000000 9,76099782158 ■0,00592
13 12 1,54070000000 9,76099717976 •0,00692
14 13 1,54080000000 9J6099643828 -0,00791
15 14 1,54090000000 9,76099559716 -0,00891

Fig. 8.1.3. Specification of the value for the absolute extremum 
(1,5400 < x0 < 1,5401).
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А В C DEFGH

1 1
2

1 1,53999500000 f(x1) f(xl)
1 1,53999600000 9,76099957950 0,00010

3 2 1,53999700000 9,76099957959 0,00009
4 3 1,53999800000 9,76099957968 0,00008
5 4 1,53999900000 9,76099957975 0,00007
6 5 1,54000000000 9J6099957982 5,92 E-05 -> you can use scientific way of formatting
7 6 1,54000100000 9,76099957987 4,92E95
8 7 1,54000200000 9,76099957992 3,92829E-05
9 8 1,54000300000 9,76099957995 2,93175E-05
10 9 1,54000400000 9,76099957997 l,9352E~05
n| 10_ 1,54000500000 9,76099957999| —9,39ЕЧ)б]
12 11 1,54000600000 9,76099957999 -5,7899E-07
13 12 1,54000700000 9,76099957999 -l,05445E-05

Fig. 8.1.4. Specification of the value for the absolute extremum 
(1,54000 < x0 < 1,54001).

A В c ■и
1 I Xi Kxl) "xi)
2 1 1,50000000000 9,75301957246 0,39904
3 2 1,51000000000 9,75651099709 0,29925
4 3 1,52000000000 9,75900456946 0Д9947
5 4 1,53000000000 9,76050061779 0,09974
6 5 1,54000000000 9,76099957982 5.92E-05
7 6 1,54001000000 9,76099957991 Ч04Е-05

8 I 7 1,54002000000 9,76099957901 -0,0001401
9 8 1,54003000000 9,76099957711 -0,0002398
10 9 1,54004000000 9,76099957421 -0,0003394
11 10 1,54005000000 9,76099957032 -0,0004391
12 11 1,54006000000 9,76099956543 -0,0005387
13 U 1,54007000000 9,76099955955 -0,0006384

н

-> you can use scientific way of formatting

Fig. 8.1.5. Specification of the value for the absolute extremum 
(1,540005 < x0 < 1,540006 ).

A В C D E F G

3 2 1,53999700000 9,76099957959 0,00009
4 3 1,53999800000 9,76099957968 0,00008
5 4 1,53999900000 9,76099957975 0,00007
6 5 1,54000000000 9,76099957982 5,92E*O5 -> you can use scientific way of
7 6 1,54000100000 9,76099957987 4,92EQ5
8 7 1,54000200000 9,76099957992 3,92829EQ5
9 8 1,54000300000 9,76099957995 2.93175E-O5
10 9 1,54000400000 9,76099957997 l,9352E>05
1" 10 1,54000590000 9,76099957999[ 4J8E4)7|

12 11 1,54000600000 9,76099957999 -5,79E-07
13 12 1,54000610000 9,76099957999 -1.58E-06

Fig. 8.1.6. Specification of the value for the absolute extremum 
(1,5400059 < x0 < 1,5400060).
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W1 ； fx M)/2wBllaEXP(lH'0,01eBllA2rSIN(BllhlO,EXP(ir(-0,01*BllA2)*COS(Bll)

A В C D E F

3 2 1,53999700000 9,76099957959 0,00009
4 3 1,53999800000 9,76099957968 0,00008
5 4 1,53999900000 9,76099957975 0,00007
6 5 1,54000000000 9,76099957982 5,92E-05 -> you can use scientific м
7 6 1,54000100000 9J6099957987 4,92E-05
8 7 1,54000200000 9,76099957992 3,92829E-05
9 8 1,54000300000 9J6099957995 2,93175E-05
10 9 1,54000400000 9,76099957997 L9352E-05
11 | 10
12 11

1,54000594000 9,76099957999] l,89E-0 司
1,54000595000 9,76099957999 -8ДЕ-08

13 12 1,54000596000 9,76099957999 -l,8E-07
14 13 1,54000597000 9,76099957999 28E-07
15 14 1,54000598000 9,76099957999 38E-07
16 15 1.54000599000 9.76099957999 -4.8E-07

Fig. 8.1.7. Specification of the value for the absolute extremum 
(1,54000594 < x0 < 1,54000595 ).

017 : G 7,2・B17・EXP(lK©01・Bb2)・$ 叫 817RlO・EXP(irHM)l・8l7A2)・COS(317)

A В С D E F (
0 4 !,□□»»»/UUUUU n,，ou>> 力，>>> u,uuuu^
4 3 1,53999800000 9,76099957968 0,00008
5 4 1,53999900000 9,76099957975 0,00007
6 5 1,54000000000 9,76099957982 5,92E-05 -> you can use scientific way
7 6 1,54000100000 9,76099957987 4,92 E-05
8 7 1,54000200000 9,76099957992 3,92829E-05
9 8 1,54000300000 9,76099957995 2,93175E-05
10 9 1,54000400000 9,76099957997 l,9352E-05
11 10 1,54000594100 9,76099957999 8,97E-09
12 11 1,54000594200 9,76099957999 -9,9E-10
13 12 1,54000594300 9,76099957999 -1Д0Е-08
14 13 1,54000594400 9,76099957999 -2ДЕ-08
15 14 1,54000594500 9,76099957999 -3,09E-08
16 15 1,54000594600 9,76099957999 -4ДЕ-08
17 | 16 1,54000594700 9,76099957999[_ -5,08E-08|
18 17 1,54000594800 9,76099957999 -6ДЕ-08
19 
w >

18 1,54000594900
Sh<xrt2 +

9,76099957999 -7,08E-08

Fig. 8.1.8. Specification of the value for the absolute extremum 
(1,540005941 < x0 < 1,540005942).
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A 11А12

A В C D E F G
5 4 1,53999900000 9,76099957975 0,00007
6 5 1,54000000000 9,76099957982 5,92E-05 -> you can use scientific way of
7 6 1,54000100000 9,76099957987 492E95
8 7 1,54000200000 9,76099957992 332829E-05
9 8 1,54000300000 9,76099957995 233175E-05
10 9 1,54000400000 9J6099957997 13352E-05
11 10 1,54000594100 9,76099957999 &97E~09
12 11 1,54000594180 9J6099957999 IE-09
13 12 1Д40Ж94200 9,76099957999 -9,92E-10
14 13 1,54000594300 9,76099957999 -1Д0Е-08
15 14 1,54000594400 9J6099957999 -2ДЕ-08
16 15 1,54000594500 9,76099957999 -3r09E-08
17 16 1,54000594600 9,76099957999
18 17 1,54000594700 9,76099957999 £08E>08
19 18 1,54000594800 9,76099957999 <6,1EQ8
20 19 1,54000594900 9,76099957999 -7,08E-08

Fig. 8.1.9. Root value x = 1,54000594190.

Thus, when computing this certain example, it is possible 
to use either precise derivative values, which are calculated us­
ing this formula:

Л(х) = 10 • (cosx - 0,02 • x • sinx) • exp(-0,01x2), 
or approximate, computed by the formula:

〃(/) = (/，％ + △%)-/(%)),

where Ax = 0,000000001.
One more way of solving this problem is based on using 

method of tangents (also called as Newton's method).
As

Л(х) = 10 • (cosx - 0,02 • x • sinx) • exp(-0,01x2), 
equation「(％)=0 is equal to

cosx - 0,02 • x • sinx = 0.
It is possible to take as the first approximation of the root 

of this equation x = 1,5 (the process of obtaining this value is 
depicted in fig. 8.1.1.)

Let g(x) = cosx - 0,02xsinx, so
g'(x) = -1.02sinx - 0.02 cosx.
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More detailed description of the algorithm of solving equae 
tions using method of tangents is written in previous chapters. 
Results could be seen in the table 8.1.

Table 8.1.
Finding the root f(x)=0 By using method of tangents

Xk g (Xk) g' (Xk) Xk+1 dXk

1,50000000000 0,0408123520696 -1,019567002 1,540029103 0,040029103

1,54002910252 -0,0000236346008 -1,02046476 1,540005942 -231606E-05

1,54000594190 -0,0000000000003 -1,020464731 1,540005942 -ЗД93Е-13

1,54000594190 0,0000000000001 1657,377773 1,540005942 0

From the table it is obvious that the value of the root with 
high accuracy is got by 3 iterations.

Exercises for independent work

1. Find absolute extrema of the function: 
/(к) = x4 + 5炉 一 Юх.

2. Find absolute extrema of the function: 
f(x) = Vx • //.
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9. Numerical study of a function

Introduction
It is advisable to conduct the analysis of the function 

у = /(x) in a certain order.

Algorithm
1. Find the domain of the function.
2. Find (if possible) the points of intersection of the graph 

with the coordinate axes.
3. Find the asymptotes of the function graph.
4. Find the extrema of the function and the intervals of 

monotonicity.
5. Find the intervals of convexity and inflection points of 

the function graph.

Based on the conducted study, draw the graph of the func­
tion. If the graph is not entirely clear, it is possible to plot sev­
eral points of the graph additionally and identify other fea­
tures of the function (periodicity etc.). Sometimes, it is expe­
dient to accompany the operations of analysis with a gradual 
plot of the function graph.

Example 9.1. Investigate the function у = ------ - and

build its graph.
Solution.
1. The function is undefined at x = 1 and x = (-1). Its domain 

consists of three intervals: (一°°; -1) о (-1; 1) u (1; +8), 
and the graph has three branches.

2. If x = 0, then у = 0, and the graph intersects the Ox and 
Oy axes at the point (0; 0).
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3. The lines x = 1 and x = -1 are vertical asymptotes. Try 
to find an oblique asymptote:

k = lim 1 — / = Hm —?—- = 0.
XT8 X x->oo 1 - %/

(к = 0 at % т +8 and at % т -8),
b = lim (—^―у - 0 • %) = lim —= 0.

%T8(1_%Z 丿 工 ТОО】- %"

Therefore, there is a horizontal asymptote у = 0. The line 
у = 0 is an asymptote at % 一 +8 and at % 7 -°°.

4. Find the intervals of increasing and decreasing of the 
function

=f x Y = >(1-Jr (a)二」+i 
丿 (1-/)2 (1-x2)2*

In that case, / > 0 in domain, and the function is increase 
ing on each interval of its domain.

The critical points are 修=1 and x2 = -l,but they do not 
belong to the domain of a function. The function has no ex­
trema.

5. Examine the function for concavity (convexity). Find 
the second derivative:

[■ +1 ] = 2%(1-%2)2 一(> +1)2(1-%2)(一2%)=

2х(х2 + 3)

The second derivative equals zero or does not exist at the 
points Xi = 0, and x2 = -1, x3 = 1. The point (0; 0) — is the 
inflection point of the graph. The graph is concave down in the 
intervals (-1; 0) and (1; + oo); concave up in the intervals 
(-oo； -1) and (0; 1).
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Lefs draw the function graph:

Example 9.2.
Perform a full study of the function and graph it:

J 一 2% + 2
x - 1 •

Solution.
1. The domain of the function £)(/) = (-°°; 1) u (1; +8), 

since the formula that defines the function is meaningful for 
all values of x except for the point x = 1, which is an infinity 
discontinuity point of the function. Identically,
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lim % - 2% + 2 二 _叫
XT1-О X - 1

since the numerator takes a positive value in the vicinity of 
x = 1 and the denominator tends x to zero, in the left side, re­
maining negative. Similarly,

lim %? 一 2% + 2 = +8.
xtI+O X — 1

In that case, x = 1 is the vertical asymptote.
2. The only point of intersection of the function graph with 

the axis Oy: (0; -2). Obviously, there are no intersections with 
the axis Ox, since the numerator of the fraction is strictly pos­
itive.

3. We will investigate the function for the presence of 
oblique asymptotes using MS Excel. In the range B4: B20, we 
will place values of the independent variable from 1000000000 
to 10000000000, in the range C4: C20 the corresponding val­
ues of the function, in the range D4: D20, we will calculate val-

ues of the coefficient k = v ■ , in the range E4: E20, we will 
x

calculate the values of the coefficient b = f(x) - kx. As can be 
seen from the calculations, a = l,b = -1. In that case, the equa­
tion of the right oblique asymptote: у = x-1.

Similarly, we can derive the equation of the left oblique
asymptote:

y = x-l.
В

1
A

№) 

1E+09 

1E+09 
1E+09 

1E+09 

1E+09 
1E+O9 

1E+09 
1E+09 

1E+09 

1E+09 
1E+09

1
1

1

Fig. 9.1. Finding the equation of the oblique asymptote.
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4. Calculate the first derivative of the function: 
,一 ％(%-2)

У - - 1)2 •

From the last formula it follows that the 1st derivative 
equals zero at the points: Xj = 0; x2 = 2. Using MS Excel, we 
determine whether the function has extrema at these points.

Fig. 9.2. Building a graph in a vicinity of critical points.

A В C D E F (3 H 1 J
1
2
3 i
4

X
1.5

胸

2.5 •5
5 1.55 2.36818 -3.52292
6 1.6 2.26667 -2.51852
7 1.65 2.18846 -1.81293
8 1.7 2.12857 -1.30321
9 1.75 2.08333 -0.92593
10 1.8 2.05 -0.64062
П ： 1.85 2.02647 -0.42072 EZZ1
12 1.9 2.01Ш •0.24829
13 1.95 2.00263 -0.11095
14 2 2 0.88E-16
15 2.05 2.00238 -0.09081
16 2.1 2.00909 0.166041
17 2.15 2.01957 0.229062

y=f(x)

Fig. 9.3. Graph of the function near the extremum point.
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Fig. 9.4. Graph of the derivative of the function in a vicinity of the extremum point.

As can be seen from the graphs given at the point x2 = 2, 
the function reaches its minimum at the point of /(2)= 2・ 
Similarly, it can be shown that at the point 修 = 0 the function 
reaches a minimum at the point of f(0)= -2.

5. Calculate the second derivative of the function: 
2(.3)

У - -------  
(x - 1)

The second derivative appeals to zero at the point x = 3. 
Using MS Excel, we will determine whether this point is 
a point of inflection for this function.

一遅 A В С D E
4 i X f(x) 夕仅）

5 1.5 2.5 -12
6 1.6 2.26667 -7.77778
7 1.7 2.12857 -5.20612
8 1.8 2.05 -3.75
9 1.9 2.01111 -2.71605
10 2 2 -2
11 2.1 2.00909 -1.4876
12 2.2 2.03333 -1.11111
13 2.3 2.06923 -0.8284
14 2.4 2.11429 -0.61224
15 2.5 2.16667 -0.44444
1 c *» и 1 tic -С Э1 nc

Fig. 9.5. Calculation of the inflection point.
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Y=f(x)

У=Г(х)

Fig. 9.7. Plotting the derivative of the function in the vicinity of inflection point.

As can be seen from the provided graphs, the point x = 3 
is the inflection point of the function. Obviously, that the 
graph of the function is “divided" into two parts relatively 
to the vertical asymptote x = 1. Plot the graphs of the “left" 
and “right” parts of the function.
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Fig. 9.8. Line with markers of the left side relatively to the vertical asymptote

Fig. 9.9. Line with markers of the right side relatively to the vertical asymptote.
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Fig. 9.10. General view of the function graph.

Exercises for independent work

1. Conduct a complete study of the function and plot its 
graph: у = e~x cosx.

2. Conduct a complete study of the function and plot its 
graph: у =也 + 8 -爽 - 1・

3. Conduct a complete study of the function and plot its 
且呻比 x^-x-20

120



10. Approximation by Taylor 
expansion

Introduction
It is known from calculus, that if a function f(x) has 

(几 + 1) derivative in some point's neighborhood, than here the 
Taylor's formula with center of the expansion x = a is held:

"%) = f(a) + ^^(% - a) + ^-^(x - q『+ ...
(Ю.1)

- a)" + R〃+i(%), 

where4+i (%) — residual term, practically always approaches 
zero with increasing n.

In the particular case when a = 0 formula (10.1) is called 
the Maclaurin's formula:

小)"(0)+嘗"+響/+ 

+ С°)" + яп+1(х).
n\

(10.2)

Right part of decomposition (10.2) is polynomial of n-th 
degree

2(%)"(0)+零“ +乌*/+...+w"， 
1! 2! n!

which, if we forget about residual term, approximates initial 
function f(x) in zero neighborhood:
〃)M⑴"(0)+ 〃(叽 + Мб/ + + M%〃 (10.3)

1! 2! и!
Remark. If we leave in decomposition (10.1) only the com­

ponents up to the first derivative, then in fact we get function
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approximation by its tangent, which we have already consid­
ered it the previous chapter:

/(x) = /(a) + f(a)(x - a).
Example 10.1. Consider /(x) = sinx. Its derivatives in 0 

are following:
/(1)(x) = cos(%)= /(1)(0)= 1;
/(2)(x) = -sin(x) = f(2)(0)= 0;
/(3)(x) = -cos(x) = /(3)(0)= -1;
/(4)(x) = sin(x)=> /(4)(0)= 0 .
Then derivatives always repeat as in a circle. Then follows, 

that when x = 0, derivatives of even order are equal to 0, then 
odd derivatives change their sign from "+" to “-"•

Using formula (10.3), we get an approximate equality:
• X3 X5 X7 \n %2n+l
sinx н %-------1----------------+ ... + (—1) • 7--------------.

3! 5! 7! ' ， (2n +1)!

Approximate sinx in neighborhood of zero by polynomial 
of the first degree 月⑺=x, so we get

sinx = x.
Lefs create MS Excel workbook «Maclaurin», and on 

a separate worksheet lefs fill out three columns. First of them 
is an argument value (lefs say, with step 0,1 in the interval 
[-2,2]), second column — with according values of sine func­
tion, which could be calculated by MS Excel function “SIN”， 
and the third column — corresponding values of identical lin­
ear function /(x) = x. Let's enter formula in higher row cell, 
stretch the values of the column down, getting values in the 
cells quickly (the technique «drag and drop» is one of the most 
essential features in MS Excel). We highlight all three col­
umns using INSERT - RECOMMENDED CHARTS - 
UNE, getting two lines on the same axises: blue colour for 
y=sin(x) and orange colour for 2(%) = x. Evidently, graphs 
differ too much, approximation couldn't be called «good 
enough» (Fig 10.1).
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Fig. 10.1.

Now we are going to approximate sinx in a neighborhood 
of 0 by cubic polynomial l^(x) = x----- : 

3!
• x3

Sinx "%--------- •3!
Let's create a new worksheet and repeat all steps as before:

sinx P3(x)

Fig. 10.2. Approximation of sin(x) by a cubic polynomial

Approximization of sin by cubic polynomial
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Obviously, approximation is much better now, functions 
differ only at their tails. Well, lefs approximate sin(x) in 
some neighborhood of 0 by 5th degree polynomial

R(x)…計—

We are creating a new worksheet and repeat the same steps 
as before. We get:

2

A

Fig. 10.3. Approximation of sin(x) by 5th degree polynomial

Well, now we see that the approximation is pretty good, 
graphs are about the same (have a slight difference at the ends 
of the interval).

Exercises for independent work

1. Expand /(x) = 0-” according to the Maclaurin's for­
mula. Using MS Excel, approximate this function by partial 
sums of Maclaurin's series — using polynomials of 1,2,3,4,5 
degree. Consider intervals [-1; 1] and [-3; 3] with steps 0,1 
and 0,03. For which intervals and steps approximation error is 
the most obvious?
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2. Expand f(x) = ln(l + x)according to the Maclaurin's 
formula. Using MS Excel, approximate this function by partial 
sums of Maclaurin's series — using polynomials of 1,2,3,4,5 
degree. Consider intervals [-0,5; 0,5] with steps 0,05 and 0,01. 
*What is the area of convergency?

3. Expand f(x) = cos(r) according to the Maclaurin^ for­
mula. Using MS Excel, you can approximate this formula by 
particular sums of Maclaurin's terms — using polynomials of 
2,4,6 degree. Consider the interval [-4; 4] with steps 0,04 and 
0,01. *What is the area of convergency?

4*. Calculate the value of number e , expanding the func­
tion ex using Maclaurin's formula till 20th degree and then 
substitute the point x = 1. Compare the result with function 
«ЕХР» or an ordinary calculator.

5. Graph of the sin(x) function on several periods, for in­
stance, on the interval [0;6冗]• What degree of Taylor's poly­
nomial Pn (x) should be taken, to have sin(x) be well approxi­
mated overall chosen interval [0;6л] ?
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11 ■ Linear Programming

Introduction
In general, the linear programming problem (LP problem) 

can be written as:
Z(x) = % + q%i + q*2 + …+ cnxn т max (min) (11.1) 

011"1 + °12"2 + …+ °1几*几—"1，

%%1 + 色2& + …+ %% W 仇，
-入 (11-2)

气+1)产1 + g(2+1)2*2 + …+ %+1).& - %+1)，

。叫看+0照32 +…+0m./《%

Ху > 0; j = 1,2,..」；t < п (11.3)
This entry means: find the extremum of the objective func­

tion (11.1) and its corresponding variables X =(修,…,％^) 

satisfying the system of constraints (11.2) and non-negative 
conditions (11.3). Non-negative conditions are also called tri­
vial constraints.

To solve the problem of linear programming by means of 
MS Excel, it is necessary to do the following:

1. Create a screen form to enter the condition of the task: 
variables, objective function (OF), constraints, boundary con­
ditions;

2. Introduce the raw data into the screen form: OF coeffi­
cients, variable coefficients in constraints, right-hand parts of 
restrictions;

3. To introduce the dependencies from the mathematical 
model into the screen form: a formula for calculating the OF, 
formulas for calculating the values of the left-hand parts of
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the constraints; set the OF: a cell with the objective function 
and the direction of optimization of the OF;

4. Enter limitations and boundary conditions: cells with 
values of variables, boundary conditions for tolerable values of 
variables, relations between right and left parts of constraints;

5. Set the parameters for solving the problem;
6. Run the Solver to get the solution;
7. Select the output format of the solution.

Example 11.1. Find the solution of the following linear 
programming problem.

/(xp x2,x3,x4) = Xj + 3x2 + 2%з + 4x4 t max
3%i + 2x2 + 勾 + %4 < 150,
4勺 + 5x2 + 2x3 + 2x4 < 100,
5%i +不 + 3%з + 2x4 < 300,
%i > 0,x2 > 0, x3 > 0, x4 > 0.

It is necessary to create a screen form for typing the prob­
lem statement.

33

29 Sisn bi

Fig. 11.1.
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In the presented form each variable and each coefficient of 
the task is set in accordance with the MS Excel cell:

/ The variables x19x29 x3,x4 correspond to the cells D14, 
E14, F14,G14;

/ The coefficients of the objective function f(x19x29 x3,x4) 
correspond to the cells D22, E22, F22, G22;

/ The coefficients of the constraints correspond to the 
cells D19, E19, F19, G19, D20, E20, F20, G20, D21, 
E21,F21,G21;

/ Right parts of the constraints correspond to the cells 
130,131,132.

Then the input of the initial data into the screen form is 
carried out: OF coefficients, coefficients at variables in con­
straints, right parts of constraints.

In the cell D26, which will display the OF value, it is neces­
sary to input the formula

f(%i，%2, x3,x4 )= 5%i + 3x2 + 2x3 + 4x4 —» max, 
by which this value will be calculated.
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Using the designation of the corresponding cells in Excel, 
the formula for calculating the OF can be written as the sum of 
the products of each of the cells, assigned to the variables of the 
task (D14, E14, F14, G14), on the corresponding cells, allocated 
for the OF coefficients (D22, E22, F22, G22, G22) as follows:

/ Place the cursor in cell D26;
/ Click the button «厶》and call out the window «Insert 

function»;
/ Select the category «Math&Trig»;
/ In the table «Choose a function» select the function 

«SUMPRODUCT» and click the button «ОК»;
/ In the appeared window «SUMPRODUCT», in the line 

«Array 1» you need to input expression D$14:G$14, 
and in the line «Array 2» — expression D22:G22.

After inputting the cells into the lines «Array 1» and «Ar­
ray 2» in the window «SUMPRODUCT», there will appear nu­
merical values of typed-into arrays (see fig. 11.3) and in the 
screen form in cell D26 will display the current value, calcu­
lated by the entered formula, that is 0.

The symbol “$" before the line number means that when 
you copy this formula to other places in the Excel sheet, the 
line number 14 will not change.

The symbol “:” means that all cells between the cells indi­
cated on the left and right of the colon will be used in the for­
mula (for example, B10:E10 indicates cells BIO, CIO, DIO and 
E10). After that, the target cell will have 0 (zero).

Fig. 11.3.



The left-hand parts of the problem constraint are the sum 
of the products of each cell, allocated for the values of the vari­
ables of the task (D14, E14, F14, G14) to the corresponding 
cells allocated for the coefficients of the specific constraint:

/ D19, E19, F19, G19 — constraint 1;
/ D20, E20, F20, G20 — constraint 2;
/ D21, E22, F23, G24 — constraint 3.
The formulas corresponding to the left-hand side of the re­

striction are presented in the table.
Table 1

Left parts of constraints Formula Excel
3%1 + 2=2 + %3 + %4 =SUMPRODUCT(D19:G19;$D$14:$G$14)
4%i+ 5x2 + 2%з + 2x4 =SUMPRODUCT(D20:G20;$D$14:$G$14)

5%i + & + 3*з + 2=4 =SUMPRODUCT(D21:G21;$D$14:$G$14)

Formulas, specifying the left-hand parts of the problem's 
constraints differ from each other and from the formula in tar­
get cell D26 only by the line number in the first array. The row 
number of the second array is defined by the row, in which the 
restriction is written in the screen form. That is why, it is suffi­
cient to copy the formula from the target cell to the cells on the 
left of the constraint to specify the dependencies for the left.

Fig. 11.4.

130



For further stages of solving the problem, it is necessary 
to install the MS Excel t<Solver,, add-in, as follows.

1. In the “Option” menu, select “Add-ins”；
2. In the uAvailable add-ins,, box, select the <<Solver,, check 

box, and then click “OK”. If the “Solver” add-in is miss­
ing from the uAvailable Add-ins" list, click “Browse" 
to find it. If you receive a message that the “Solver" 
add-ins is not installed on your computer, click “Yes" 
to install it;

3. After downloading the “Solver" add-in, the “Solver” 
button becomes available on the “Data" tab.

After the configuration is complete, you must call “ Solver” 
and do the following:

1. Put the cursor in the field “Optimize the objective func- 
tion";

2. Enter the target cell address $D$26 or make one left 
click on the target cell in the on-screen form — this 
will be equivalent to entering the address from the key­
board;

3. Enter the optimization direction of the OF, by left-click­
ing on the “Max” selector button once.

In the “Solver" box in the “by changing Variable Cells" 
field, enter $D$14:$G$14 addresses. The required addresses 
can be entered into the “Change cells" field and automatically 
by selecting the corresponding cells of the variables directly in 
the screen form.

Set Objective: $Df 2d t ;

T。： ⑥ M取 О Mg QYalueOf: '。

gy Changing Variable Cells: 

$D$14:$G$14 全：

Fig. 11.5.
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In the field «Subject to the constraints» you must select 
the button《Add», which is followed by appearing the window 
«Add Constraint».

Fig. 11.6.

In the field «Cell Reference», enter the cell address of the 
constraint $D$30. It can be done both with the keyboard, and 
by the mouse highlighting all cells of variables directly in the 
screen form. In the sign box, open the list of suggested charac­
ters and select “v=”. In the “Constraint" box, enter a cell ad­
dress of $I$30.

Fig. 11.7.

Similarly, you should enter the $D$31<=$I$31 and 
$D$32<=$I$32 constraints, and then confirm all the above 
conditions by pressing the “OK" button.

The "Solver" window after you enter all the parameters of 
the task is presented below. If you want to modify or remove 
some constraints or boundary conditions when you enter a task 
condition, you do so use the “Edit" or “Delete” buttons.
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$D$3O<- $I$3O 
$F$31 <-«31 
$G$32<=$I$32

Set Objective: $B2& 国
T。： <•) м»х О Min Oy«lueOft 。
gy Changing Variable Cells: 

$D$14^G$14 土 ；

Subject to the Constraints:

Change

Delete

Beset All

Load/Save

回 Make Unconstrained Variables NorvNegattve

Select a Solving GRG Nonlinear v( Options
Method:

SoMng Method

Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the IP 
Simplex engine for linear Solver Problems, and select the Evolutionaiy engine for Solver 
problems that are non-imooth.

Help Solve Qae

Fig. 11.8.

In the condition of the task there are constraints 
欠i > 0,x2 > 0,x3 > 0,x4 > 0, it is necessary to set the flag in 
«Make Unconstrained Variables Non-negative» box in the 
«Solver Parameters». In the window “Select a Solving Method" 
you shoud choose the option “Simplex LP".

After you enter the whole task condition, you should start 
the solution process by pressing the button “Solve”. In the 
appeared window «Solver Results» you should select “Keep 
solver solution^^ and press “Ok"
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Fig. 11.9.

After all the described actions in the screen form will be 
the optimal solution of the task and the optimal value of the 
objective function.

25

26

21

200function

28

Fig. 11.10.

13
14

15
16

20

Input values
Ml 以 м3 x4

0 0 0 50

i(xl, x2. x3, x4) = cl*xl+c2*x2»c3*x>c4*x4 Direction
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Remark. If the condition of the task assumes a number of 
variables, press the “Add" button in the “Solver” window and 
specify in the window that appears:

> In the “Cell reference" field, the address of the cells of 
the task variables, with the integer requirement.

> In the field of the constraint sign input «int»;
> Push the button «ОК»;

Cjll Reference: Constraint:

QK

± j .OSH у;

Add

integer

Cancel
----------"-----------

Fig. 11.11.

Example 11.2. The enterprise needs to select 5 business 
partners to sign a contract for the supply of goods worth up 
to 5 million rubles, determining the volume of the transaction 
with each of the partners and ensuring the maximum profit, 
taking into account that the expected amount of risks from the 
transactions will not exceed the amount of expected profit. The 
profit value 力，risk rz, i = 1,5 and the maximum amount of the 
ТГц transaction with each of the partners is shown in the table.

Table 2

Option
Business-partners

ООО 
♦Vector»

ОАО 
«Lutch»

ип 
«Semenov»

ООО 
«Fenix*

ООО 
♦Vostok»

m,, rub 1 000 000 1 450 000 500 000 1 320 000 1 780 000

力，% 15,5 12,2 10,6 16 11,1
Г/,% 13,2 7,34 10,34 8,4 10,3

Lefs create a mathematical model of the problem. Let 
看 一the sum of the transaction with the i-m partner, S — the 
total possible amount of the transaction, then the objective 
function is the sum of the products of profit for each business
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partner profit, will be written as follows:
]5

Constraints (non-trivial and trrivial):
5

£/ « S, 
i=l

5 5

，力8<»看， 
i=l i=l

0 < xf < m^ i = 1,5.

You must create a screen form to enter the task condition:
/ Cells B31:F33 enter data from the table in the task con­

dition;
/ Cell values B37:F37 correspond to variables % , i = 1,5 ;
/ Cell values B38:F38 reflect the lower constraint from 

the problem model
0 < х^ < тпр i = 1,5;

/ Cell B42 contains the objective task function;
/ Cell B44 contains the total amount of the transaction 

possible;
5

/ Cells C48:E48 meet the constraints £修 < S;
i=l

/ Cells C49:E49 correspond to the constraints 
5 5
»/V»円.
i=l i=l
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Fig. 11.12.

The formula corresponding to the left side of the constraint 
and the objective function are shown in the table.

Table 3

Cell Symbolic model formula Formula Excel

B42 5

i=l

SUMPRODUCT(B37:F37;B32:F32)/100

C48 5

i=l

SUM(B37:F37)

C49 5 SUMPRODUCT(B33:F33;B37:F37)

E49 5

i=l

SUMPRODUCT(B32:F32;B37:F37)
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【」y»lue Of:

Set Objective:

Change

Load/Swe

gy Changing Viriable Cells:

$B$37;$F$37

Subject to the Constraints: 
《湎《.痴支一一 

$C$37<-$C$39 
$С$48«・$ЕХв 
$C$49<-$EM9 
$D$37«・$D$39 
$E$37 «• $E$39 
$F$37 4-$F$39

Beset AH

® Ma" Unconstrained Variables Non-Negatlve

Select a Solving 
Method:

GRG Nonlinear Ofitioni

Solving Method

Select the GRG Nonlinear engine for Solver Problems thit are smooth nonlinear. Select the LP 
Simplex engine for linear Solver Problem}, and select the Aolutionaiy engine fbr Solver 
problems that are non-smooth.

Fig. 11.13.

After launching “Solver" in the screen form, we 
the optimal solution of the problem.

Fig. 11.14.
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Exercises for independent work

1. Three types of animal feed are used: A, В and C. Each 
animal requires at least 800 grams of fat, 700 grams of protein 
and 900 grams of carbohydrates per day. The content of 1 kilo­
gram of each protein and carbohydrate (gram) feed is given in 
the table:

Content of 1 Kg.
Mixed fodder

A В C

Fats 100+Юа 200 300
Proteins 170 100+Юа 110
Carbohydrates 380 400 100+Юа
Cost of 1 kg 31 23 20

How many kilograms of each type of feed must be taken 
for each animal to have a minimum cost? Create a mathemat­
ical model for this LP problem and solve it by MS Excel. Here 
parameter a is the variant number (or an ordering number of 
a student in the list of the academic group)

2. The dairy produces milk, yogurt and sour cream, packa­
ged in bottles. The production of 1 ton of milk, kefir and sour 
cream is required, respectively, 1000+a, 1000+a and 9400+a 
kg of milk. At the same time, the working time for 1 ton of 
milk and kefir spills is 0.18 and 0.19 machine hours. Special 
machines are used for 1 ton of sour cream for 3.25 hours. A to­
tal of 136,000 kilograms of milk can be used to produce whole­
milk products. At the same time, the working time for 1 ton of 
milk and kefir spills is 0.18 and 0.19 machine-hours. Special 
machines are used for 1 ton of sour cream for 3.25 hours. A to­
tal of 136,000 kilograms of milk can be used to produce whole­
milk products. The main equipment can be occupied for 21.4 
machine-hours and the packaging machines for 16.25 hours. 
The profit from the sale of 1 ton of milk, kefir and sour cream 
is equal to 30, 22+a and 136 rubles, respectively. The factory 
must produce at least 100 tons of milk per day, packed in bot­
tles. There are no restrictions on other products.
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It is necessary to determine what products and quantities 
should be produced daily by the plant in order to maximize the 
profit from its sales.

3. In the garment factory, the fabric can be cut in several 
ways to make the right parts of sewing products. Let the first 
version of cutting 100 m2 of fabric produce 6 parts of the 1st 
kind, 8 parts of the 2nd type, 16 parts of the 3rd kind, and the 
amount of waste in this version is 3 m2. In the second variant 
of cutting 100 m2 of fabric, 4 parts of the 1st form, 10 parts of 
the 2nd form, 8 parts of the 3rd type, and the amount of waste 
in this version is 5м2. In the 3rd version of cutting 100м2 of 
fabric 9 parts of the 1st kind, 8 parts of the 2nd kind, 6 parts 
of the 3rd kind, and the amount of waste in this version is 
2+a M?. Knowing that parts of the 1st type should be produced 
160+a pieces, parts of the 2nd type should be manufactured 
1104-a pieces, parts of the 3rd type should be manufactured 
180+a pieces, it is necessary to cut the fabric so that the nec­
essary number of parts of each type is obtained with minimal 
overall waste.
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12. Transportation problems

Statement of the transportation problem

At m dispatch stations 厶匕 A2, ... , Am is concentrated re­
spectively 劣，做，…am units of homogeneous cargo. The cargo 
should be transported to n destinations 3, B2, ... , Bn, and in 
each of the points it is necessary to wind respectively br, b2,..., 
bn of cargo units. The cost of shipping a unit of cargo from & 
(i = 1,/n) to Bj (j 二 l,n) specified and equals % (i = l,?n, 
у = l,n). The total cargo stock at all dispatching stations is 
considered equal to the total cargo requirement at all destina­
tion stations:

(12.1)

It is necessary to draw up a transport plan in such a way 
that the total cost of all traffic will be minimal.

All data will be summarized in the table 12.1.
Table 12.1

The points of 
^^-.destination

The points 
of departure

凡 в2 斗 Reserves

厶1 c12 С1「 旬
… …

A G1 42 … cin 4

… • ••

°ml °m2 cmj cmn am

needs 匕2 勿 2句=2供
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Denote by x^ the number of units of cargo to be sent from 
4 to Bj. Then the quantity of cargo that is planned to be deliv­
ered to 乌 from all points of departure is

m
%lj + %2j + …+ 欠向=£州，1< j < П

Since the cargo requirement of the destination By is bj 
units, then the equality must be fulfilled

2电=%, i ^ у <n-

In its extended form, the latter equations are a system of n 
linear equations with m unknowns:

^11 + %21 + …+ ^1 =与， 

工12 + %22 + …+ %m2 =匕2，

Xln + X2n + …+ Хтп = Ьп.
On the other hand, the total quantity of cargo sent from 4 

to all points Bj, is the amount

/I +/2 +…外 =2电=%，1< i < m- 
j = i

Thus, similar to a system of equations above, we get a sys­
tem of m linear equations with n unknowns:

^11 + *12 + …+ %1〃 = %，

x21 + x22 + …+ x2n = a2.

%ml + 巧n2 + + ^тп — ^m*

The obtained systems of equations shall be now combined 
and written as a system of 九 + ?n linear equations with nm un­
known:

zn

£%〃 =", 1 < j < n.
i = l

九

X xo =%， 1 < i < m.
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If the values 为 are combined into the table 12.2, then 
we will get a transport matrix in which the ratios are easily 
checked: the sum of the elements xzy, located in the i-th line 
is equal to the stock 七 at A； the sum of the elements %〃 of col­
umn j equals the b, point By.

Table 12.2
The points 

^^\of destination 
The points 
of departure

Bl B2 巧 斗 Reserves

A Qi
勺1

°12
%12 f・

Cl" 
xln

。1

°21
%21

°22
%22 陷

•••
°2〃 
%2〃

。2

• ••
生2 
勺2

•••
cin 
xin

厶m … ...

needs cml cm2 
%m2

cmj 
xmj

…
cmn 
xmn

It follows from the terms of the task that the cost F of all 
traffic is equal to the sum

m 儿
F = GMii + c12x12 + …+ SjXij + …+ 〜几％碗=22G产〃•

i = 1 j = 1

Since the cost F should be minimal, naturally we come 
to the following problem of linear programming: among all 
non-negative solutions of a system of equations, find one in 
which the objective function F reaches the lowest value.

Example 12.1. From three warehouses, it is required to de­
liver homogeneous goods to stores. Let there are 50 units of 
cargo in the warehouse An 40 units in the warehouse A2, and 
20 units in the warehouse A3. The specified goods need to be 
shipped to the 4th consumers: B】,B2, B3, B4, whose needs are 
respectively 35, 25, 30, 25 units of goods. The cost of transpor­
tation from a warehouse to consumers is presented in the table:
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Table 12.3
Bi B2 B3 B4

Ai 3 2 4 6
A2 2 3 1 2
A3 3 2 7 4

It is necessary to draw up a transportation plan that will en­
sure minimum transportation costs. You must create a screen 
form to enter the task conditions.

In the presented form, each variable and each task coeffi­
cient is matched with a MS Excel cell:

/ Task variables ^n，x12,...,x34 correspond to cells 
E17:H19;

/ The capital OF coefficients correspond to cells E26:H28;
/ Left parts of the constraint system correspond to cells 

117:119 and E20:H20;
/ Right side of the constraint system corresponds to cells 

K17:K19and E22:H22.
Then the data is entered into the screen form: transport 

tariffs, stocks, requirements.
The left part of the system of constraints for the transpor­

tation problem

£ “и = 4 ’ i < j w 4,

= ai9 1 < i < 3 
j = i

are the sum of the cells for each row and column, assigned 
to the values of the task variables (E17:H19):

/ 117 — constraint 1;
/ 118 — constraint 2;
/ 119 — constraint 3;
/ E20- constraint 4;
/ F20- constraint 5;
/ G20- constraint 6;
/ H20- constraint 7.
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Using the notation of the corresponding cells in MS Ex­
cel, the formula for the constraint system can be written as the 
sum of the cells of each row and column, assigned to the task 
variables (E17:H19) as follows:

/ Click the cell 117;
/ Click the " fx ” and invoke "Insert function»;
/ Choose in the field "Category" category “Math";
/ In the "Select a function0 select "SUM" and click "OK,J;
/ In the appeared window "Function Arguments*', in the 

line "Number 1” enter the expression E$17:H$17.

17
18

the value of the 
objective function

30
31
32

33」

34
35
36
37：
38

39
40

Changing cells

ES17:HSlR ± = {0\0\60)Numbed

Number?

Function Arguments

Adds all the numbers in a range of celts.

Number 1: numb eri; number^... are 1 to 255 numbers to sum. Logical values and 
text are ignored in cells, included if typed as arguments.

Formula result = 0

Help on this function Cancel

Fig. 12.3.

After entering the cells in the line "Number 1" in the 
"SUM”，a numeric value 0 will appear— the current value 
computed with the entered formula (see Fig.12.3).

Repeat the same steps for column amounts:
/ Place the cursor in cell E20;
/ Click the ”fj and invoke "Insert function»;
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/ Choose in the field Category" category “Math";
/ In the ”Select a function" select “SUM” and click “OK”；
/ In the appeared window MFunction Arguments", in the 

line "Number 1” enter the expression E$17:E$19.

SUM - X •負 =SUM(E$17:E$19)

the value of the 
otHectlvefwictioft

Ж о
Adds all the numbers in a range of ceils.

Number 1: number1;number2;... are 1 to 255 numbers to sum. logkii v»tu«3 and 
text are ignored in ceHs# induded 许 typed as vguments

31
32:

34
35
36
一37'
38-.:
39
4n

Formula result，0

Hek) on this function О, J C»n<*l

Fig. 12.4.

After entering the cells in the string "NumberIм in the 
"SUM” will be a numeric value (see Fig. 12.4), and in the screen 
form in the 120 cell the current value calculated by the entered 
formula, that is 0, will appear. For cells F20 - constraint 5; 
G20 - constraint 6; H20 - constraint 7; the formula entered 
in E20 can also be stretched by columns.

In cell D34, where the value of OF will be displayed, enter 
the formula

m 几
F = G1%11 + C12%12 + …+ Gj% + …+ Cmnxmn = 22G产廿，

i=lj=l 

for which this value will be calculated.
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The formula for calculating the OF can be written as the 
sum of the products of each of the cells of the task variables 
(E17:H19), in the corresponding cells, the OF coefficients 
(E26:H28) are as follows:

/ Click the cell D34;
/ Click the ”/「and invoke "Insert function ”；
/ Choose in the field "Category” category "Math";
/ In the "Select a function" select “SUMPRODUCT” and 

click “OK”；
/ In the appeared window “SUMPRODUCT” in the line 

«Array 1» enter the expression E$17:H$19, and in the 
line «Array 2» — expression E26:H28.

After entering the cells in the string uArray 1" and uAr­
ray 2” in the window “SUMPRODUCT” will be a numeric value 
typed arrays (see Fig. 12.5), and in the screen form in cell D34 
the current value calculated on the entered formula, 0 will ap­
pear.

=SUMPRODUCT(E$17:H$19;E26:H28)

XFunction Arguments

SUMPROOUCT

± н {0\0\0\e<A0\6660W}Amyl E$17：H$19

E26:H28|

Qj Xif

$19；E26:H28)
thevelueofthe 
objective function

30

31
32

+ c12x12 + *•■

33

“I
35

Array2

Arr”3

± “(3\A4\6;K3\1\2;3\2\7\4}

± -

Returns the sum В the products of corresponding ranges or arrays.

ArrayZ: array1;array2;... are 2 to 255 arrays tor which you want to multiply and 
then add components. All arrays must have the same dimensions.

Formula result - 0

HetD on th" function Cancel

Fig. 12.5.
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Formulas for the transportation problem are presented in 
the table 12.4.

Table 12.4
The object of the mathematical 

model Expression in Excel

The variables of problem E17:H19
The formula in the target cell E13 =SUMPRODUCT(E17:H19; E26:H28)
constraints on rows in cells
117
118
119

=SUM(E17:H17)
=SUM(E18:H18)
=SUM(E19:H19)

For the implementation of further stages of solving the 
transport problem, it is necessary to call “Search for a solu- 
tion" and take the following actions:

/ Put the cursor in the field “Set Objective»;
/ Enter the target cell address $D$34 or make one left 

click on the target cell in the on-screen form — this will 
be equivalent to entering the address from the keyboard;

/ Enter the direction of optimizing the fit by clicking once 
the left mouse button on selector button the ”MIN”.

Enter $E$17:$H$19 in the ”By Changing Variable Cells” 
field. The required addresses of the corresponding cells can be 
entered into the "Changing cells" field and automatically by 
selecting the corresponding cells of the variables directly in 
the screen form.

Solver Parameters

Set Objertwe

T。： О Max ⑥ Min

SDS34 工

О Value Of: 冋

動 Changing Variable CeM

；$ES173Hsi《

Sgject to the Constraints;

Fig. 12.6.
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In the field "Subject to the Constraints", select the ”Add” 
button, then the window "Add Constraint" will appear.

Add Constraint

Constraint:

X

Cfll Reference:

Fig. 12.7.

In the “Cell Reference” field, enter the cell address of the 
restriction system $I$17. This can be done both with the key­
board, and by the mouse highlighting all cells of variables di­
rectly in the screen form. In the sign box, open the list of sug­
gested characters and select the sign “="• In the “Constraints” 
box, enter the cell address $K$17・

Add Constraint

Qll Reference： 

$l$17

QK

Constraint: 

堂= J? $KS17| Э

Add Cancel

Fig. 12.8.

Similarly, you should enter all remaining string restric­
tions:

$I$18=$K$18
$I$19=$K$19

In the columns:
$E$20=$E$22
$F$20=$F$22
$G$20=$G$22
$H$20=$H$22

Then confirm all the above conditions by pressing the “OK” 
button.

The "Solver Parameters'* window after you enter all the pa­
rameters of the problem is shown below (see fig. 12.9). If you
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want to modify or remove any constraints or boundary condi­
tions, you can do so using the “Edit” or "Delete" buttons. In 
the condition of the task, there are restrictions x > 0 is neces­
sary in the "Options" check “Make unconstraint variables 
non-negative0. Choose “Simplex LP" in the window “Select 
a Solving Method".

After entering the entire condition of the problem, you 
should click “Solve”. In the "Solver results" window, select 
“Keep solver solution" and click ”OK”・

Solver Parameters X

Set Objective: SDS34

Om« ⑥Min

動 Changing Variable 3u

SES17:5HS19

Sytyect to the Constraints:

SES2。- $E$22 
$F$20 -纤$22 
$G$20 * SG$22 
$H$2。- 5HS22 
SHS2O - 5HS22
Я$17 - $K$17 
Sl$18 = $KS18
Я$19<- SKS19

史［j^e i^icen 击ained Vriables 诃onF疏 Ne!

Select a Solving GRG Nonlinear 
Method:

0 乂如 6：

Ofitions

Sohring Method

Select the GRG Noniinear engine tor SoKer Problems that are smooth nonlinear. Select the IP 
Simplex engine for Ппелг Solver Problems, and select the Evolutionary engine for Sohrer 
problems that are non-$mooth.

W Solve

Fig. 12.9.

After all the described actions, we will get the optimal solu­
tion of the problem and the optimal value of the objective func­
tion (see fig. 12.10).
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Exercises for independent work

1. The company，，Granit-holding，' produces crushed stone 
and has 3 quarries. The reserves of gravel at quarries are equal 
to 800, 900 and 600 thousand m3 respectively. Four construc­
tion companies, carrying out construction work on different 
objects of the same region, have ordered the supply of 300, 
600, 650 and 500 thousand m3. The cost of transportation of 
one thousand m3 of rubble from each quarry for each object is 
given in the table:

Table 12.5

quarry
Construction object

1 2 3 4
1 8 4 1 7
2 3 a 7 3
3 31-a 5 11 8

It is necessary to draw up such a transport plan (the amount 
of gravel transported from each quarry to each construction 
site) so that the total cost of transportation is minimal.

The value of the unknown parameter a is equal to an option 
number (for example, an ordering number of a student in the 
list of academic group).

2. The metal shop needs to fulfill an urgent order for the 
production of parts. Each part is processed on four machines 
Cl, C2, C3 and C4. Each machine can run any of the four work­
ers Pl, P2, РЗ, P4, however, each of them has a different scrap 
percentage on each machine. Records of the Quality Control 
Department show the percentage of defects per worker on each 
machine. It is necessary to divide the workers into machines so 
that the total percentage of the marriage (which is equal to the 
sum of the percentage of the marriage of all four workers) is 
minimal. What is this percentage?

The value of the unknown parameter a is equal to an option 
number.
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Table 12,6

workers
machines

Cl C2 C3 C4
Pl 2,3 l,9+a/20 2,2 2,7
P2 1,8+q/20 2,2 2,0 l,8+a/20
P3 2,5 2,0 2,2 3,0
P4 2,0 2,4 2,4-q/20 2,8

Identify asxu，i=l,2,3,4; j=l,2,3,4 variables that accept 
the values of 1 if the i-th works on the j-th machine. If this 
condition is not met, then x^ = 0. The target function is:

2,Зх11+(1,9+а/20)х12+2,2х1з4-2,7х144-(1,8+а/20)Х21+
+2,2x22+2x23+(1,8+a/20)X24+2,5x31+2x32+ 2,2x33+ 3x34+

+2x41+ 2,4x42+ (2,4~a/20)x43+ 2,8x44-» min.
Introduce constraints. Each worker can work on one ma­

chine only, that is
X11+ X12+ x13+x14=l;

X21+ X22+ Х2з+Х24=1；

X31+ X32+ Хзз+Хз4=1；

X41+ X42+ Х4з+Х44=1.

Moreover, each machine has only one worker:
X11+ X21+ x31+x41=l;
X12+ X22+ X32+X42=l；

X13+ X23+ Хзз+Х《з=1；
X14+ X24+ X34+X44=l.

In addition, all variables must be integer and non-negative: 
Xjj》0, Xjj — integers.
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13. Financial functions: PV, FV, 
FVSHEDULE

13.1. Overview and fundamental concepts

Mathematical finance, also known as quantitative finance, 
is a field of applied mathematics concerned with financial mar­
kets. Classic mathematical finance (or mathematics of credit) 
deals with interest calculations, promissory notes, certificates 
of deposit (CD), bonds, analysis of cash flows, loans, and in­
vestments. A lot of such problems, say, basic investment prob­
lems, can be effectively solved by Microsoft Excel (MS Excel) 
financial functions. Such skills are in great demand by employ­
ers and very useful in a career of financier.

The face (or nominal) value of money may not always be 
what it seems. A key consideration is the time value of money 
(TVM). This concept involves calculating the value of money 
in the past, present, or future. Ifs based on the premise that 
money increases in value over time because of interest earned 
by the money. In other words, a dollar invested today will be 
worth more tomorrow. For example, imagine that your rich 
uncle decided to give away some money and asked you to choose 
one of the following options:

• Receive $8,000 today.
• Receive $9,500 in one year.
• Receive $12,000 in five years.
• Receive $150 per month for five years.
If your goal is to maximize the amount received, you need 

to consider not only the face value of the money but also the 
time value of the money when it arrives in your hands.

The TVM depends on your perspective. In other words, 
you're either a lender or a borrower. When you take out a loan 
to purchase an automobile, you're a borrower, and the institu-
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tion that provides the funds to you is the lender. When you in­
vest money in a bank savings account, you are a lender; you are 
lending your money to the bank, and the bank is borrowing it 
from you. Several concepts contribute to the TVM:

Present value (PV): This is the principal amount. If you 
deposit $5000 in a bank savings account, this amount rep­
resents the principal or present value, of the money you in­
vested. If you borrow $15000 to purchase a car, this amount 
represents the principal or present value, of the loan. Pres­
ent value may be positive or negative. PV is an amount today 
that is equivalent to a future payment, or series of payments, 
that has been discounted by an appropriate interest rate. Since 
money has time value, the present value of a promised future 
amount is worth less the longer you must wait to receive it. 
The difference between the two depends on the number of com­
pounding periods involved and the interest (discount) rate.

Future value (FV): This is the principal plus interest. If 
you invest $5,000 for five years and earn 3% annual inter­
est, your investment is worth $5,796.37 at the end of the five- 
year term. This amount is the future value of your $5,000 in­
vestment. If you take out a three-year car loan for $15,000 
and make monthly payments based on a 5.25% annual inter­
est rate, you pay a total of $16,244.97. This amount repre­
sents the principal $15,000 plus the interest $1,244.97 you 
paid. Future value may be positive or negative, depending on 
the perspective (lender or borrower). In other words, future 
value is the amount of money that an investment made today 
(the present value) will grow to by some future date. Since 
money has time value, we naturally expect the future value 
to be greater than the present value. The difference between 
the two depends on the number of compounding periods in­
volved and the going interest rate. Thus, we can say, that the 
FV is related to increment — the process of the initial amount 
increasing because of the interest accumulation.

Payment (PMT): This is either principal or principal plus 
interest. If you deposit $100 per month into a savings account, 
$100 is the payment. If you have a monthly mortgage payment 
of $1,025, this amount is made up of principal and interest. If
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payments are made at the end of a certain period (month, quar­
ter, year, etc.), they are called postnumerando or ordinary. If 
payments are made at the beginning of each period, they are 
called prenumerando.

Interest rate (RATE): Interest is a percentage of the prin­
cipal, usually expressed on an annual basis. For example, you 
may earn 2,5% annual interest on a bank CD (certificate of de­
posit). Or your mortgage loan may have a 6,75% interest rate. 
Simple interest is generally used in short-term financial trans­
actions the deadline for which is less than a year.

FV=PV(1 ^i*n) 
PV= FV/(1 + i*n)

Here i is an interest rate, and n is a number of periods (e.g. 
3 years). Simple interest is calculated on the original princi­
pal only. Accumulated interest from prior periods is not used 
in calculations for the following periods. Simple interest is 
normally used for a single period of less than a year, such as 30 
or 60 days. Compound interest is used in long-term financial 
transactions with a maturity of more than one year:

FV=PV(l + i)n 
P0=FP/(1 +"

Compound interest is calculated each period on the orig­
inal principal and all interest accumulated during past peri­
ods. Although the interest may be stated as a yearly rate, the 
compounding periods can be yearly, semiannually, quarterly, 
or even continuously. You can think of compound interest as a 
series of back-to-back simple interest contracts. The interest 
earned in each period is added to the principal of the previous 
period to become the principal for the next period. The power 
of compounding can have an astonishing effect on the accu­
mulation of wealth. Unless otherwise stated, we think of com­
pound interest rate.

Period (PER): This represents the point in time when in­
terest is paid or earned (for example, a bank CD that pays in­
terest quarterly or an auto loan that requires monthly pay­
ments). TVM is based on the concept that a dollar that you 
have today is worth more than the promise or expectation that 
you will receive a dollar in the future. Money that you hold to-
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day is worth more because you can invest it and earn interest. 
After all, you should receive some compensation for forego­
ing spending. For instance, you can invest your dollar for one 
year at a 6% annual interest rate and accumulate $1.06 at the 
end of the year. You can say that the FV of the dollar is $1.06 
given a i=6% interest rate and a one-year period (i.e. PER is 
one year here). It follows that the PV of the $1.06 you expect 
to receive in one year is only $1.

Term (NPER) — the total number of payment periods: 
This is the amount of time of interest. A 12-month bank CD 
has a term of one year. A 30-year mortgage loan has a term of 
360 months. The variable 几 in TVM formulas represents the 
number of periods (NPER). It is intentionally not stated in 
years since each interval must correspond to a compounding 
period for a single amount or a payment period for an annu­
ity. The interest rate and number of periods must both be ad­
justed to reflect the number of compounding periods per year 
before using them in TVM formulas. For example, if you bor­
row $1,000 for 2 years at 12% interest compounded quarterly, 
you must divide the interest rate by 4 to obtain rate of interest 
per period (i = 3%). You must multiply the number of years by 
4 to obtain the total number of periods (n = 8).

You can determine the number of periods required for 
an initial investment to grow to a specified amount with the 
formula:

NPER 二 ln(FV / PV) / ln(l + i), where: 
PV = present value, the amount you invested 
FV = future value, the amount your investment will grow to 
i = interest per period

So, we have briefly reviewed five important variables, re­
lated to the concept of TVM. We can calculate the fifth value 
if we are given any four of: Interest Rate, Number of Periods, 
Payments, Present Value, and Future Value. Carrying out al­
most any financial transaction generates a movement of cash. 
Such movement can be characterized by the appearance of indi­
vidual one-time payments or set of time-distributed payments 
and receipts, i.e. is considered as a stream of payments or cash 
flow.
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Cash flow — sequence of payments distributed over time. 
Any financial transaction requires two streams of payments: 
inflow ——receipt (income) and outflow ——payments (expenses). 
In the financial analysis these flows are typically replaced with 
a bi-directional flow of payments, where cash inflows are con­
sidered to be positive, and outflows — negative. The simplest 
(basic) cash flow consists of a single outflow and subsequent 
inflow or single inflow with subsequent outflow, separated by 
a certain period (e.g., year, quarter, month, etc.). Examples of 
financial transactions with such flows of payments are depos­
its, loans, transactions with certain types of securities, etc.

Payment flows on the periodicity are divided into regular 
and irregular. Regular flow of payments is a flow with one-di­
rection payments (e.g., inflow), and with equal intervals be­
tween payments. Irregular flow of payments is a flow with pos­
itive payments (inflow) and negative payments (outflow). The 
intervals between payments in this case may not be equal.

The simplest example of a regular flow of payments is a fi­
nancial rent. Financial rent or annuity is defined as a flow of 
payments, so that all of them are positive and come in with 
regular intervals.

Before dealing with such problems in MS Excel, ifs help­
ful to consider some simple examples, which are easily solved 
arithmetically.

Example 13.1.1.
You borrow $10 000 for three years at 5% annual interest 

compounded annually:
interest year 1 =

p * i * n = 10 000 * 0,05 * 1 = 500
interest year 2 =

(P2 = Pi + ii) * i * n = (10 000 + 500)* 0,05 * 1 = 525 
interest year 3 =
(Рз = P2 + i2)* i * n = (10 500 + 525) *・05 * 1 = 551,25 

Total interest earned over the three years =
500 4- 525 + 551.25 = 1576,25

Compare this to 1,500 earned over the same number of 
years using simple interest.
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Example 13.1.2.
You can afford to put $10 000 in a savings account today 

that pays 6% interest compounded annually. How much will 
you have 5 years from now if you make no withdrawals?

Solution.
PV = 10 000
i = 0,06
n = 5
Therefore,

FV = 10 000*(1 + 0,06)5 = 10 000*(1,3382255776)=
=13382,26

Example 13.1.3.
Financial institution offers to pay 6% compounded semi­

annually. How much will your $10 000 grow to in five years 
at this rate?

Solution.
Interest is compounded twice per year, so you must divide 

the annual interest rate by two to obtain a rate per period of 
3% • Since there are two compounding periods per year, you 
must multiply the number of years by two to obtain the total 
number of periods.

PV = 10 000
i = 0,06/2 = 0,03
n = 5*2 = 10
So,

FV = 10 000*(1 + O,O3)10 = 10 000*1,343916379 = 13439,16

Example 13.1.4.
You want to buy a house after 5 years from now for 

$150 000. Assuming a 6% interest rate compounded annu­
ally, how much should you invest today to yield $150 000 in 
5 years?

Solution.
FV= 150 000
i =0,06
n = 5

PV = 150,000 [1/(1 + 0,06)5]=
=150 000*(1 / 1,3382255776) = 112088,73
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Example 13.1.5.
You find another financial institution that offers an inter­

est rate of 6% compounded semiannually (i.e. once in a half 
a year). How much less can you deposit today to yield $150 000 
in five years?

Solution.
Interest is compounded twice per year, so you must divide 

the annual interest rate by two to obtain a rate per period of 
3% • Since there are two compounding periods per year, you 
must multiply the number of years by two to obtain the total 
number of periods.

FV = 150 000
i = 0,06/2 = 0,03
n = 5*2 = 10

PV = 150 000*[l/(l +0,03)*10]= 
=150 000*(1 / 1,3439163 79) = 111614,09

Example 13.1.6.
You put $10,000 into a savings account at a 9,05% an­

nual interest rate compounded annually. How long will it take 
to double your investment?

Solution.
ln(20,000 / 10,000)/ln(l,0905) = ln(2) / ln(l,0905)= 

=0,69314 /0,08663 = 8 (years).

Let's move to MS Excel financial functions. Among the full 
range of financial functions, the following group used for in­
vestment analysis and estimation of credit and loan operations 
can be distinguished. (Table 13.1.1).

Table 13. LI
Format Purpose

FVSCHEDULE 
(principal, 
schedule)

Calculates the future value of an initial principal 
(investment) after applying a series of compound 
interest rates.

FV(rate, nper, 
pmt, pv , type)

Returns the future value о/ an investment based on 
periodic, constant payments and a constant inter­
est rate.
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Format Purpose
IRR(values, guess) Returns the internal rate of return for a series of 

cash flows represented by the numbers in values. 
These cash flows do not have to be even, as they 
would be for an annuity (income-positive values, 
costs-negative values); the cash flows must occur at 
regular intervals, such as monthly or annually.

NPER(rate, pmt, 
pv, fv, type)

Returns the number of periods for an investment 
based on periodic, constant payments and a con­
stant interest rate.

MIRR(values, 
finance_rate, 
reinvest_rate)

Returns the modified internal rate of return for a se­
ries of periodic cash flows. MIRR considers both 
the cost of the investment and the interest received 
on reinvestment of cash.

NOMINAL(effect_ 
rate, npery)

Returns the nominal annual interest rate, given the 
effective rate and the number of compounding peri­
ods per year.

CUMPRINC(rate, 
nper, pv, start_ 
period, end_ 
period, type)

Returns the cumulative principal paid on a loan be­
tween start period and end period.

CUMIPMT(rate, 
nper, pv, start_ 
period, end_ 
period, type)

Returns the cumulative interest paid on a loan be­
tween start period and end period.

PPMT(rate, per, 
nper, pv, fv, type)

Returns the payment o〃 the principal for a given pe­
riod for an investment based on periodic, constant 
payments and a constant interest rate.

PMT(rate, nper, 
pv, fv, type)

Calculates the periodic payment for a loan based on 
constant payments and a constant interest rate.

ISPMT(rate, per, 
nper, pv)

Calculates the interest paid during a specific period 
of an investment,

IPMT(rate, per, 
nper, pv, fv, type)

Returns the interest payment for a given period 
for an investment based on periodic, constant pay­
ments and a constant interest rate.

PV(rate, nper, 
pmt, fv, type)

Returns the present value of an investment; the 
present value is the total amount that a series of fu­
ture payments is worth now.

163



Format Purpose
RATE(nper, pmt, 
pv, fv, type, guess)

Returns the interest rate per period of an annuity, 
using iteration method.

XIRR(values, 
dates, guess)

Returns the internal rate of return for a schedule of 
cash flows that is not necessarily periodic.

XNPV(rate, 
values, dates)

Returns the net present value for a schedule of cash 
flows that is not necessarily periodic.

NPV(rate, values) Calculates the net present value of an investment 
by using a discount rate and a series of future pay­
ments (negative values) and income (positive val­
ues).

EFFECT (nominal_ 
rate, npery)

Returns the effective (factual) annual interest rate, 
given the nominal annual interest rate and the 
number。/ compounding periods per year.

The detailed description of financial functions arguments 
can be found in the Table 13.1.2.

Table 13,1.2
Argument Purpose

Dates 
(datel, ...,dateN)

Schedule of payment dates that corresponds to the 
cash flow payments.

Values 
(valuel, ...»val­
ue N)

Series of cash flows — costs and incomes (negative 
and positive values) that corresponds to a schedule 
of payments in dates.

Npery Number of compounding periods per year
End_period The last period in the calculation.
Nper The total number of payment periods in an annuity 

(function NPER).
Start_period The first period in the calculation.
Nominal_rate The nominal interest rate (function NOMINAL).
Principal (pv, in­
vestment)

Present value of an investment.

First_period Date of the end of the first period.
Per Period for which you want to find the interest and 

must be in the range I to nper.
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Argument Purpose
Schedule An array of interest rates to apply.
Pmt Payment made each period; it cannot change over 

the life of the annuity (function PMT).
Guess The guess for what the rate will be (assumed to be 

0,1%)
PV Returned present value of an investment, initial 

amount of a deposit ( function PV)
Rate Interest rate (function RATE).
Reinvest_rate Interest rate you receive on the cash flows as you re­

invest them.
Finance_rate Interest rate you pay on the money used in the cash 

flows.
Type The timing of the payment: О-payment at the end of 

the period (default), 1-at the beginning of the peri­
od.

Effect_rate Factual interest rate (function EFFECT)

It should be noticed that before solving these problems we 
should answer the following questions. Who is the owner of 
money? For example, in case of accumulation — is it depositor 
or bank? In case of a loan — is it debtor or creditor? In case of 
calculating value of the future payments — is it a buyer (pay­
ment for consumed product) or a seller (getting payments for 
a sold product)? How cash is received? If it is received by the 
owner, then it is a positive value; if they outflow —then it is 
negative. After responding to the given questions, we can use 
MS Excel financial functions for carrying out the effective fi­
nancial estimations and interpreting returned results in a cor­
rect way.

Remark. If you deal with a cash flow, and number of pay­
ments is not equal to the number of interest compoundings 
(per annum), then you should apply a general formula from 
Mathematical Finance, not MS Excel financial function.
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13. 2. Future value and present value

Example 13.2.1.
Suppose we deposit $37000 at an interest rate of 11,5%. 

Required: determine the deposit amount 3 years later with 
semi-annual compounding.

Solution.
Since we need to determine the deposit amount using a con­

stant interest rate, we shall use the FV (rate, nper, pmt, pv, 
type) function. Let us determine the arguments of this func­
tion. Due to semi-annual compounding, the rate argument is 
equal to 11,5/2 (%). The total number of periods of compound­
ing is 3*2 (riper argument). If we look at this problem as a de­
positor, the pv argument (the initial deposit amount), which 
is equal to $37000, must be entered as a negative number 
(-37000), because for the depositor this is considered as a cash 
outflow. But, if we look at it as the bank, this argument (pv) 
must be a positive number, since it is cash inflow for the bank. 
The pmt argument is not used since the deposit is not renewed. 
The type argument is equal to 0, because in these operations in­
terest is charged at the end of the period (given by default). 
Thus, by the end of the third year, we will have:

=FV(ll,5%/2;3*2;;-37000)=$51746,86 
to the depositor this is revenue,

=FV(ll,5%/2;3*2;;37000)=$-51746,86 
to the bank this is expense, because the bank has to return the 
funds to the depositor, see Fig.13.2.1.

In practice, depending on the terms, interest may be 
charged several times per year, e.g. monthly, quarterly, etc. If 
interest is compounded several times per year, it is necessary 
to determine the total number of compounding and the inter­
est rate for the period. Table 13.2.1 contains data for the most 
frequent compounding methods.
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A В С D Е F
1
2
3
4
5
6
7
8
9

Task. Determine the future value of the deposit

Deposit___________________
Periodical payment 

Annual interest rate 

Compoundings per year 
1nterest rate for the period 

Deposit period, years 

Number of periods

Pv 
pmt

rate

10 .Paymenttype
11 I Future value of the deposit

12
13
14

nper 

type 
fv

-37000 

0

11,50% 

2
5,75% 

3

6 

0
51 746,86 P：

Calculation using the FV function: 
=FV(C7；C9；C4；C3；C10)

51 746,86 ₽

Analytical calculation, using the formula:
=-(СЗ*(1+С7)лС9+С4*(1+С7*С10)*((1+С7)лС9-1)/С7)

Table 13,2,1
Fig. 13.2.1.

Compounding method Total number of 
compounding periods

Interest rate for the 
compounding period, %

Annually m i
Semiannually m*2 i/2
Quarterly m*4 i/4
Monthly m*12 i/12
Daily m*365 i/365

Example 13.2.2.
Determine the amount on a bank account if we annually 

add $20 thousand, for 5 years and the interest rate is 17%, 
compounded annually. Deposits are made at the beginning of 
each year.

Solution.
We must calculate the future value of fixed periodical pay­

ments, using a fixed interest rate, so we may use the FV func­
tion with the following arguments:

=FV(17%;5;-20000;;l)=$164 136,96
If the payments are made at the end of every year, the re­

sult would be:
=FV(17% ;5;-20000)=$140 288

In the function under consideration the pv argument is not 
used because initially there was no money on the account.
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Example 13.2.3.
Would a deposit of 85000 RUR be enough to buy a 160000 

RUR car in 5 years? Interest is compounded quarterly; the an­
nual interest rate is 12%. Investigate the problem and make 
calculations under different interest rates.

Solution.
Since we need to determine the future value of a deposit in 

5 years, we will use the FV function.
=FV(12%/4;5*4;;-85000;0)=153519,45 RUR

As we can see, the value is not enough for the transaction. 
To make our dream come true we have two options: initially de­
posit a larger sum of money or use a bank which offers a higher 
interest rate. We shall not consider additional payments.

To determine the required sum let us present the initial 
conditions of the problem in tabular form and then use the 
Goal Seek option in the Data tools tab. An illustration is pre­
sented in Fig.13.2.2.

А В C D E F G
1 Task3
2 ______________________
3 Initial payment 85 000,00 P
4 -Annual r>t・__________________ 12%
5 Torm, y・ars__________________________5
6 Compoundings per yur 4
7 Future value of the deposit 153 519,45 ₽

8 \
9 _ 一 _________ Д
10 =FV(B4/B6;B5*B6;;-B3;1)

Fig. 13.2.2

After we confirm the entered data, 160000 RUR will ap­
pear in the cell B7, while our result appears in the cell B3, 
which is 88588,12 RUR. We may also use the Goal Seek option 
by changing the cell that contains the interest rate. But to an­
alyse the way the interest rate influences the future value for­
mula (which is dependent on it) we shall use another tool, the 
Data Table from the same Data Tools tab.

In addition to the initial conditions, which are presented 
in tabular form, let us determine the outline of the future 
data table; let us name the cells, enter the interest rates in the
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range D9:D16 and enter the future value formula into cell E8. 
Afterwards we shall start the data table tool and address the 
cells with the interest rates. The illustration of the MS Excel 
screen after the setting of data table parameters are presented 
in Fig.13.2.3.

A

Task3

Initial payment
Annual rate
Term, years 
Compoundings p・r y・ar 
Futur。valg of the deposit

85OOO,OO₽

=FV(B4/B6;B5*B6;;-B3；1)

Data Table

fiow input cell:

Column input ce<>: $B$《

153 519,45 百 Control figures 
153 519,45 P
139 282,40 0 

142 719,18下 
M6 236,42下 
149 835,90 6 
153 519,45, 

157 288,93万 
161146,22 5 

165 093,27万

Fig. 13.2.3.

After confirming the parameters of the data table, the re­
sults (which comply with the control figures) appear in cells 
E9:E16. We may make a conclusion that annual interest rates 
less than 13% are not sufficient for the deposit to grow to the 
required amount of 160000 RUR. A rate of 13% provides 
161146,22 RUR, while a rate of 13,5% provides 165093 RUR・

Example 13.2.4.
A bond with a par value of $50000 and 6-year term to ma­

turity has the following order of percent charge: at the first 
year — 10%, at the next two years — 20%, at the remained 
three years — 25%. Determine the future cost of the bond con­
sidering a variable interest rate.

Solution.
Even though the interest rate changes over time it is still 

constant throughout each period of the same duration. For cal­
culation of future value of an initial principal after applying 
a series of compound interest rates it is necessary to use the

FVSCHEDULE(principal; schedule)
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The illustration of the solution of the problem is presented 
in Fig.13.2.4.

BIO - X <Z /； xFVSCHEDULE(B3^4dB9) 

A '. ■ . . . £ , D , E F G : M J . К

1 Task: determine future value of the bond "2^二二《^< ' — i
2 

3 Principal: 50000
4 interest rate: 10%
5 20%
6 20%
7 25%
8 25%

9 25%
WjFuture value: RfvSCHEDULE(B3;B4 亨 9
11 

12 

13 

14 

15 

16

Fig. 13.2.4. FVSCHEDULE dialog box with data of the future cost of the bond

Answer to the task— $154 687,50— can be found with 
FVSCHEDULE function. The syntax for the FVSCHEDULE 
function should be entered in braces:
=FVSCHEDULE (50 000; { 0,1; 0,2; 0,2; 0,25; 0,25; 0,25 })= 

=154687,50
The following formula is used for calculation of future 

value with the FVSCHEDULE function:
FVSCHEDULE = P * (1 + %) * (1 + %) * …* (1 + 加)， 

where: FVSCHEDULE — the future value of an initial princi­
pal after applying a series of compound interest rates;

P — principal; 
n — number of periods; 
ik — interest rate at к period.
Calculation for the specified formula gives the same result: 

FVSCHEDULE = 50000*(1 + 0,1)*(1 + 0,2)*(1 + 0,2)* x 
x(l + 0,25)*(l + 0,25)*(l + 0,25)= 154687,50.

Example 13.2.5.
Calculate the bond face value that is issued for 6 years with 

the same compounded interest rates provided in the previous 
example, if it is known that its future cost is $154687,50.
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Solution.
For the solution of the task we can use Goal Seek (from 

What-If Analysis group). Let basic data of a task be entered in 
accordance with fig. 4.4: in cells B4:B9 put interest rates; the 
cell B3 should storage the face value of the bond; in cell BIO 
enter the formula

=FVSCHEDULE(B3;B4:B9)・
You should initiate procedure of goal seek and fill a dialog 

box in compliance with the data presented in fig. 13.2.5.
After confirmation of input 

data in selection of parameter we 
will receive the face value of the 
bond — $50000 in a cell of B3.

Example 13.2.6.
The company requires

$500000 in three years. Deter- Fig 13.2.5. Determining the face 

mine how much money it is neces- va,ue of the bond
sary to deposit now to receive $500000 at the end of the third 
year. Interest rate is 12% per annum.

Solution.
To calculate the amount of the contribution we must de­

fine the data into a table. Insert PV function and put all the re­
quired information from the task (fig. 13.2.6). We will receive 
negative result since the required amount must be deposited.

While entering the data, the same value of deposit is ob­
tained:

PV(12%; 3; ; 500000) = -3 55 890,12
吋oblem 1

：uture Value 5 000 000。 

merest rate____________12%
erm___________________3
—sent value »PV(B4;B5;;B3)

Fig. 13.2.6



Example 13.2.7.
The customer enters into a contract with a bank concern­

ing 5 thousand dollars annuity payment at the end of each year 
within a five-year term. What sum must be deposited at the be­
ginning of the first year by the client, to ensure that rent based 
on an annual interest rate of 20%?

Solution.
To calculate amount of the proposed investment based on 

the constant payments of 5 thousand rubles. Inserting the 
original data into PV function, we obtain:

PV(20%; 5; 5000; 0; 0) = -14 953,06.
Recall that the “minus" sign shows us that money should 

be invested first.
Calculation via analytical formula brings us the same re­

sult:
= 5000 5000

(1 + 0 ⑵ 2

+ 5000 + 5000 + 5000
(1 + 0,2)3 (1 + 0,2)4 (1 + 0,2)5

=14953,06.

Exercises for independent work

1. Find the value of the deposit if 8000 dollars invested in 
a bank for 29 months at 3% per annum and interest is com­
pounded quarterly.

2・ The annual interest rate is equal 3,4%. Initial capital 
is equal to $3000000. Find the value of the capital after three 
years if the interest compounded monthly.

3. At the beginning of every month the bank account is de­
posited by 11 thousand dollars. Determine the saved-up sum 
after 4 years at an interest rate of 4,1% per annum. Assume, 
that the interest is compounded monthly.

4. Bank suggests two options to invest money: on duration 
of 6 months with 14% interest rate per annum or on duration 
of 3 months with 13% per annum. Calculate which one will be 
more profitable for you if you plan to invest your money for 6 
months (once for 6 months or twice for 3 months)?
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5. The credit of 900 thousand dollars for the term of Jan­
uary 14th till April 14th of the year 2024 under 8,7% per an­
num is issued. Calculate the value of the payback.

6. Calculate future value of the bond of 200 thousand dol­
lars issued for 4 years with the following order of percent 
charge: in the first year — 4,2%, in the next two years — 
5,3%, in the last year — 5,7% per annum.

7. It is expected that the future cost of investment of 
160 thousand dollars by the end of the fourth year will be 
230 thousand dollars. Thus, for the first year the yield is 7%, 
for the second — 8%, for the fourth — 9%. Calculate the yield 
of investment for the third year, using the Goal Seek function­
ality of MS Excel.

8. Calculate the amount that needs to be put on deposit for 
6 years to get 10 million dollars for the different scenarios of 
interest: monthly, quarterly, semi-annual and annual. The in­
terest rate is 4,1% per annum.

9. An entrepreneur has received a bank loan at 6% per an­
num. What is the value of the loan, if the entrepreneur must 
transfer to the bank 253 000 dollars annually over 7 years?

10. To buy an apartment, a family plans in addition to their 
own savings of $12 000, take a bank mortgage loan for a pe­
riod of 20 years at 11,5% per annum. The family can pay no 
more than $700 monthly on a loan. Assume, that the interest 
is compounded monthly.

• On what credit can the family count on? What can be the 
cost of the purchased apartment?

• What might be the cost of the purchased apartment, if 
you take a bank loan with other conditions: a) for 10 years at 
10.5% per annum; b) for 15 years at 11% per annum?
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14- Financial functions: 
NPV, NPER, RATE, NOMINAL, 

EFFECT

Example 14.1.
Let the investment in the project by the end of the first year 

of its implementation will be $20000. In the next four years 
annual income is expected as follows: $6000, $8200, $12600, 
$18800. Calculate net present value of the project by the be­
ginning of the first year if the interest rate is 10% per annum.

Solution.
The net present value of the project for periodic cash flows 

of a variable matter is calculated using NPV formula. Solution 
is presented in the Fig. 2.3.1. NPVof the project is calculated 
as follows:

=NPV（10%;-20000; 6000; 8200; 12600; 18800）= 
=13216,93.

This result represents earnings from the investment of 
20 thousand rubles in the project if all costs are covered.

BU ，； К V 赤.*PV（B3；BS；B«：W）

.一匕 ■ . ■ 門 С ； О ； Ej^一F L G } И f I J 一上i, k M
1 Problem 3 
2 _______________ 
3 严ternst, year___________________10%
4 ：Yws_________ investm❷nt$/ln8m❷
5 ] ・20（X^

2 6 000,00p・
7T 3 8 200,00р.
8 i___________ 12600,00р.
9 : N 18800,00^

11 Ns Present vajueotthepoject 
繼 巨 PV（83；—；Bfi：—） J

Fig. 14.1. NPV window
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Analytical calculation of the problem gives the same result:
Npv = 20000 6000 8200

(l + 0,l)2 (1 +(Up

+
1880012600 +

(1 + 0,1)4 (1 + 0,1)!
у = 13216,93.

Example 14.2.
Investor considers 2 options of investing for 5 years:
• Option 1 — initial investment 550000 RUR, expected 

earnings for 5 years are 100, 190, 2 70, 300, 350 thousand 
RUR consequently;

• Option 2 — initial investment 650000 RUR, expected 
earnings for 5 years are 150, 230, 4 70, 180, 320 thousand 
RUR consequently.

Which of the options is preferable for the investor? Cost of 
capital is 15%.

Solution.
Assessment of the attractiveness of each option is executed 

by applying NPV function.
Since both projects involve an initial investment, sub­

tract them from the result obtained using the NPV function 
(please note that you shouldn't discount the initial invest­
ment). To make the analysis of the solution of the problem 
easier, the original data can 
be represented in a table; in 
the appropriate cell enter the 
value of the formula with 
the function of NPV (see fig.
14.2). As the result of calcu­
lations, we find that the net 
present value of the invest­
ment in the second option is 
almost 22,000 RUR higher 
than in the first. Manual cal­
culation gives the same re­
sults as the calculation using 
the NPV function.

Task"

4
5
6

8 
9
10

Investment

.Revenue:
_ Year 1

Year 2
Year 3
Year 4

]Year 5
12 ；
13 i Interest
14上

lOption 1 lOption 2 I
550,000 P 650,000 P

100,000 P
190,000 F
270,000 p 
300,000 p
350,000 F

150,000 P 
230,000 P
470,000 P 
180,000 P 
320,000 ₽

15%

15 ! Net Present Value 1203.69103-
16 i

2 25.39259

17 !

Fig. 14.2

|=XPV(Bi2；B7：Bh)-B4

|=yPV(Ci2；C7：CiD~C4

175



Option 1:
NPV(15%; 100000; 190000; 2 70000; 300000; 350000)-

-550000 = 203 691,03 RUR.
Npv = 100000 + 190000 + 270000 + 

(1 + 0,15)(1 + 0,15)2 (1 + 0,15)3

+ 3。卽「J + 350000 _ 550000 = 203691,03 RUR
(1 + 0,15) (1 + 0,15)

Option 2:
NPV (15%; 150000; 230000; 470000; 180000; 320000)-

-650000 = 225 392,59 RUR.
Npv = 150000 + 230000 + 470000 + 

(1 + 0,15)(1 + 0,15)2 (i + o,i5)3

+ 18QQ% + 320000 _ 650000 = 225392,59 RUR.
(1 + 0,15) (1 + 0,15)

Thus, the second option is more attractive for the investor.
To some extent, functions PV and NPV are similar. By 

comparing them, we can make the following conclusions:
1) Using function of PV, periodic payments assumed to be 

identical; in the NPV function they may be different;
2) Using function of PV bills and receipts occur both at the 

end and in the beginning of the period; NPV function assumes 
that all payouts are always equal and are made at the end of the 
period.

Example 14.3.
With two given options, choose one that is preferable for 

the investor. Cost of capital is 10%:
• Option 1 (Project 1) — initial investment 100 million, 

expected earnings for 2 years are 50 and 70 million 
consequently;

• Option 2 (Project 2) — initial investment 105 million, 
expected earnings for 3 years are 34, 40 and 60 million 
consequently.

Solution
To solve this problem, we pre-calculate the net present 

value of each option, using the NPV function and subtracting 
the initial investment. Then, considering the different dura-
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tion of each option, we calculate the values of the efficiency of 
option by the corresponding formulas.

3
4
5
6
7
8
9

A В C D F

10

12

13

Comparison of investment projects of different length

|-В10/(Н1+В4)л(-В5)) I

Project 1 Project 2

50
70

=810*(1/(1+84 尸侬*Bl 1)- 
1)/(1/1( 1-fB4)aB5-1

|-NPV(B4;B7:B8)-B3 |

19,048

Preliminary investment 
Interest rate 

Project duration 
incomeZexpenses (by year):

1

The effectiveness of the 
project (considering single 

execution) 
Number of repetitions of the 

project for 6 years

The effectiveness of the 
project (when repeated) 

The effectiveness of the 
project (when Infinitely 

repeated)

yJ»NPV(D4;D7:D9)-D3 |

=D10/(l-(l+D4)N-D5))

16,269

■D10*a/(l+D4)qD5*Dll”)/ 
(1/(14D4)aD5-1)

Fig. 14.3. Assessment of efficiency for different lengths

For a single option implementation, the preferred option 
is the second one. (NPV1 = 3,306; NPV2 = 4,046). But such 
a conclusion is premature (see Fig. 14.3). Calculation of the ef­
ficiency of each option for 6 years (even with their endless rep­
etition) gives a result completely opposite: more attractive is 
the first option (first project):

NPV1 (2,3) = 8,296 NPV1 (2, ) = 19,048
NPV2 (3,2) = 7,086 NPV2 (3, 8)= 16,269

Example 14.4.
Required: determine the net present value for the project 

for 5.04.2005, at a discount rate of 8%, if the cost of it for 
5.08.2005, will amount to 90 million, and the expected income 
over the next months will be:

10 million for 10.01.2006;
20 million for 1.03.2006;
30 million for 15.04.2006;
40 million for 25.07.2006.
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Solution.
Since in this case we deal with irregular variable expenses 

and income, to calculate the net present value of the project 
for 5.04.2005 you must use the XNPV function. The calcula­
tion of the net present value of irregular variable expenses and 
income using the XNPV function is performed by the formula:

XNPV = t——(14・4), 
片1(1 + rate) 365

where: XNPV — the net present value for a schedule of cash 
flows that is not necessarily periodic;

Rate — rate of discounting;
di — the initial date;
4 — the ith payment date;
Pi — the ith payment;
n — the number of payments and receipts.
In order to find the solution we will first build a table with 

initial data. In the next column we will calculate the number 
of days from the initial date to the relevant payment. Then we 
will find the desired result using the XNPV function or by us­
ing the formula (14.4). We will get the value — 4 267 559,31. 
The illustration of the solution you can see in the fig.14.4.

Direct input of the parameters into XNPV function gives 
the same result:

=XNPV (8% ;{0;-90;10;20;30;40}; B4:B8)=
=4,26755931 million.

The calculation by using the formula (14.4):
-90000000 丄 10000000 . 20000000 .XNPV =-------------------Т2Г +-------------------280- +------------------- ззо- +

(1 + 0,08)365 (1 + 0,08)365 (1 + 0,08)365

+ 30QOQ0% + 一49 喚％ = 4267559,31 RUR.
(1 + 0,08)365 (1 + 0,08)365

Remarks,
1. Writing XNPV function explicitly, you cannot directly 

indicate an array of dates in any valid format as parameters. 
Be sure to refer to the cell where the date is given.

2. Analytical calculations according to the formulas should 
be performed in MS Excel worksheet (not by a calculator).
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4267559,306

Annual rate

5

15.04.2006

25.07.2006

11 Net present value

12

4 267 559,31

lAnaMxal alcutetion according to the formub:
18 卜 B6/(l+$8$3)人(А&$А$5)/365+В7/(1ч4В$3)人(А7・$А$5)/365+в8/(1ХВ$3)人(А8»$А$5)/365+В9/(1ч4В$3)人(A%$A$5)/365.10/(l+$BS3)人(A10・$A$5)/365

Fig. 14.4. Illustration of XNPV function implementation

6

7

8

9

10

13

14

15

16

17

05.04.2005

05.08.2005

10.01.2006

01.03.2006

Cash flows 
~ООО 

90 000 000,00 

10 000 000,00 

20 000 000,00 

30 000 000,00 

40 000 000,00

|«XNPV(B3；B5:B10;A5:A10]

The number of days 

from the start date

*A10-$A$5

3



Example 14.5.
Calculate the period when a deposit of $100000 will be 

$1000000, if the annual interest rate of the deposit is 13,5% 
and is compounded quarterly.

Solution. The quarterly interest rate is equal to 13%/4. 
For determining the general quantity of payment periods for 
one sum of a deposit we use the function NPER with the fol­
lowing arguments: rate = 13%/4; pv = -1; fv = 10. Zeros in 
current or future sums can be not counted; it is enough to save 
proportions between them. The meaning of function NPER is 
the number of periods, which is necessary for operations, in 
this case the number of quarters. To recognize the number of 
years we need to divide the result by 4:

=NPER(13%/4;;-l;10)/4=18
The illustration for the solution of the task is given in the

Fig.14.5. It is easy to get the following formula for NPER:

NPER =
ln(l + rate) (14.5)

Substituting values, we will see the match of results:

NPER = =71,99393 q〃aters2,302585
0,031983

1000000)
I 100000 丿二 InlO 

ln(l + 0,0325)— lnl,0325

Fig. 14.5. NPER function and analytical formula for calculation of the number of periods
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Example 14.6.
For covering its future expenditures, a firm establishes 

a fund. Resources are invested in the form of constant annual
annuity. The value of each payment is $16000. Payments are 
discounted by the interest rate 11,2% annually. Find when the 
amount of fund will be $100000.

Solution.
To determine the general number of periods through which 

the necessary sum would be
achieved, it is needed to use 
the function NPER with ar­
guments: rate = 11,2%; pmt 
=-16; fv = 100. The result of 
the calculation is 5 years, in 
this time the amount of will 
achieve $100000:
=NPER(11,2% ;-16;;100) = 5

1 JTask 2

3 ； I merest rata

4 Payment____________

5 Future value
6 Quantity of periods [

11,20%

16 000,00p . 
100 000,00p〔

-FV(B3；B6；-B4)

God Seek 「犷旧汾

Sft celt $BS5 圖!
To plue: 100000

By ganging em SBS6| 匾「
f …OK ] [ Cancel ]

The illustration of the solu­
tion of the task is given in the 
Fig.14.6

Fig. 14.6. FV function and the method 
of selecting data for getting the number 
of periods

Example 14.7.
Assume that to receive 1 million dollars in 2 years, a firm 

wants to deposit 250 thousand dollars right now and after that 
pay 25 thousand dollars monthly. Find the annual interest rate.

Solution.
In the given problem, the total amount is 1 million dollars, 

formed by the first payment to the future moment of time and 
following fixed monthly payments.

To determine the value of the monthly interest rate 
through the function RATE, we include the arguments: 
NPER = 2*12 = 24 (months); PMT = -25; PV = -250; 
FV = 1000. Then:

=RATE(24;-25;-250;1000) = 1,05%
To calculate the annual interest rate, given by the function 

RATE, it should be multiplied by 12: 1,05% *12 = 12,63%. 
The interest of the deposit should be not less than this value.
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Illustration of application of function RATE in terms of 
formulas is given in the Fig. 14.7. Pay attention that the func­
tion RATE is calculated by the method of successive approx­
imation and may not to have a solution or may have several 
solutions.
B7 - : X ✓ Д =RATE(B6*12;-B4;-B3；B5)*12

1 Task 3.Calculate the interest rate

Deposit
Payments

250 000,00р.
25 0Q0,00p.

1000 000,00「
4
5
6

1
Future value of deposit
Periods, years
Annual interest rate,% »;-B4;-B3；B5)*12

■ r4-RATE(B6*12;-B4；-B3；B5)*12

Formula result = 12,63%

HefD on this function

Returns the interest rate per period of 
at 6% APR.

1000000

=0,010527011

Fv hthe future value, or a cash balance you want to attain efter the last 
payment is made. If omitted uses Fv«0.

-25000

-250000

凉・]I~~~ Camel

Fig. 14.7. RATE function

First, calculate the current volume of the investment with 
the rate, given by the argument of function RATE guess which 
is equal 10% • If the result is greater than 0, the value of the 
interest rate increases and the calculation of the current vol­
ume of investment repeats. If the result is less than 0, the next 
approximation of the value of the interest rate decreases.

The process concludes when the solution is within the ac­
curacy of 0,0000001 or the quantity of interpretations ex- 
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ceeds 20. In the last case it is considered that there is no solu­
tion (#NUMBER! if an error) and for the second search of the 
solution we should change the value of the guess argument. It 
can work if we add a value from the interval between 0 and 1 
in row of formulas or to shift a slider in the panel of function 
RATE, and in an appeared row to write a new value of argu­
ment g〃css.

Remarks.
1. We should remember that the results of functions NPER 

and RATE are numbers of periods and an interest rate of the 
current operations; that is why for annual results re-calcula- 
tions are needed.

2. We should also remember getting an appropriate result 
if we work with functions NPER and RATE, arguments PV 
and FV, we must use contrary signs. The given requirement 
follows from the economic meaning of such operations.

Often in practice, it is necessary to compare conditions 
of financial transactions involving different periods of inter­
est rate compounding. In this case, the adjusting of the re­
spective interest rates to their annual equivalent is used. 
Real rate of return of the financial contract with interest 
compounded a few times per year is measured by the effec­
tive interest rate, which shows what relative income could 
be obtained during the year from the compounding of inter­
est. Knowing the effective interest rate, it is possible to de­
termine the amount of corresponding annual nominal inter­
est rate.

For the calculation of these values the following functions 
are used:

NOMINAL (effect rate, npery)
EFFECT(nominal_rate, npery).

Example 14.8.
Calculate an effective interest rate if the nominal interest 

rate equals 9% with interest compounded:
a) Semiannually;
b) Quarterly;
c) Monthly.
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Solution.
For the calculation of an effective interest rate function 

EFFECT is to be used. Direct applying of arguments gives the 
following values:

a) =EFFECT(9%; 2) = 9,2%;
b) =EFFECT(9%; 4) = 9,31%;
c) =EFFECT(9%; 12) = 9,38%.
NOMINAL is related to EFFECT as shown in the following 

equation:
EFFECT = fl + 也也型=卫£(°" - 1

I Npery 丿

where Npery is the number of periods in a year when interest 
is compounded.

Applying this formula gives the same result. As an exam­
ple calculate an effective interest rate for b).

EFFECT = 11 + -1 = l,02254 - 1 = 1,093083-1 = 9,31%

Illustration of calculation is presented in the fig. 14.8.
С6 X Vх ^ =EFFECT(B6,A«)

―A В L C ： D E F_—G H
1 Problem 1. Determining the effective interest rate 
2 !

3 Periods Nominal rate Effective rate
4 2 9% 9.20%
5 4 9% 9.31%
• J 12 9% 后丑亜^^£]

Fig. 14.8. EFFECT function



Common Errors.
1. #NUM! — Occurs if the nominal rate argument is < 0 

or> 1, or if the npery argument is <1.
2. #VALUE! — Occurs if either of the supplied arguments 

is non-numeric.
3. #NAME? — Occurs when Analysis ToolPak add-in is 

not enabled in your MS Excel. You will need to enable 
the Analysis ToolPak if you wish to use the MS Excel 
Effect function.

Example 14.9.
Effective interest rate equals 16% and interest is com­

pounded monthly. Calculate nominal interest rate.
Solution.
Nominal interest rate is calculated using the function 

NOMINAL:
=NOMINAL(16%;12) = 14,93%

Exercises for independent work

1. Determine the net present value of the project if the dis­
count rate is equal to 7%. The project requires an initial in­
vestment in the amount of 3 million dollars. It is assumed that 
at the end of the first year the loss will amount to 600 thou­
sand dollars, and in the next 3 years expected income will be 
as follows: 1100 thousand dollars, 2300 thousand dollars and 
2800 thousand dollars, respectively.

2. Calculate the net present value of the project if:
• by the end of the first year its investments will amount 

to 31 thousand dollars, and the expected income in subse­
quent years will be: 4 thousand dollars, 13 thousand dol­
lars and 22 thousand dollars, respectively; annual rate 
is 9%;

• solve the task with the same conditions, but given the 
preliminary investment in the project of 10 thousand dol­
lars;

• analyze the resulting net present value of the project at 
various initial investment and different interest rates.
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3. A loan is $48000; interest is 12% per annum com­
pounded monthly; monthly payments are $2200. Calculate the 
period for paying off the loan.

4. Evaluate after how many years monthly payments which 
are equal 14000 dollars will bring the income of $400000 with 
the interest rate 7,9% a year. Assume that the interest is com­
pounded monthly.

5. There is a credit of 600 thousand dollars for 3,5 years. 
The interest rate is compounded semiannually. Determine the 
amount of interest rate for the period if we know that payback 
is 700 thousand dollars.

6. A client deposits $10000 in the bank and at the end 
of a year he is planning to get back $11000. Interest is com­
pounded monthly. Define the interest rate of a deposit.

7. The balance of your account 4 years ago was $23000. 
At the end of each year you added $4100. Today the balance is 
$65000. What was your interest rate?

8. Calculate an effective interest rate if the nominal rate 
equals 9% and interest is compounded:

a) 7000 times per year;
b) daily.
9. Effective rate equals 11%. Interest is compounded quar­

terly. Calculate nominal interest rate.
10. Interest rate for a bank deposit is 7% per year. Calcu­

late an effective yield if the interest is compounded:
a) monthly;
b) quaterly;
c) annually.
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Conclusion

Now, when we have a sufficient understanding of MS Ex­
cel in general, we can turn our attention to the true purpose 
in mathematical research of this splendid software environ­
ment —its use in data analysis.

It is possible to distinguish here several directions, where 
it is convenient to obtain both the results and their visual rep­
resentation. These are theoretical probabilistic modeling of 
events and processes; descriptive statistics and statistical hy­
pothesis testing; econometric methods, including the study of 
regression models; time series analysis, and more.

The spreadsheet processor MS Excel has a lot of capabil­
ities. The question remains only in choosing a scientific field 
based on one's applied interest.
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