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Fnassa I.

AEACTBUTEJIbHBIE YACIIA

§ 1. PAUMOHAJIbHBIE YACNA

Yncsio sgBasercss BaxXHefIIHM MaTeMaTHue-
CKHM MNOHATHEM. DTO MOHSTHE BO3HHK/O ellie B NMepPBOGHITHOM 06-
uwectBe. HatypasbHble uyncia NOSIBHJINCh B CBSI3H C NOTPeGHOCTHIO
cuera mpeamertoB. IlocTenenHno Jwoau oco3HalH GECKOHEUHOCTb MHO-
JKecTBa HaTypasabHbiX uHcesn. Cefiyac B MaTeMaTHKE MHOXeECTBO
HaTypa/bHbBIX YHCEeJ BBOIMTCS aKCHOMaTHUeCKH. MHOXecTBO HaTy-
panbHpiX uncen 1, 2, 3, 4, 5, ... 6ynem o6o3nauath GykBoit N. Ha
3TOM MHOXECTBE ONpeAe/SIOTCs JBe ONepalHi: CI0XKEeHHe H YMHOXKe-
nue. HartypasbHule unciia MOXHO CK1aibiBaTh, MPHYEM CyMMa ABYX
HaTypa/ibHHIX YHCEJ €CTb YHCJIO HaTypajbHOe, NOITOMY TOBOPST,
4TO omepauus caoxkeHus Ha MHoxecTBe N BoimojsHuMa. HarypaabHbie
YHC/Ia MOXHO mepeMHoxXaTb. [IpousBeneHHe AByX HaTypasbHbIX Y-
ceJ — HaTypaJibHOe YHCJIO.
Onepanun cj10XXeHHsI H YMHOXKEHHS] HATYpaJbHHIX YHcea 061analoT
CJEAYIOUIHMH CBOHCTBaMH:

1) a+b=b+a — nepeMeCTHTeJbHHI 3aKOH
: CJIOKEHHS;

2) a4+ (b+c)=(a+ b)+ ¢ — couerateJbHH 3aKOH CJO-
JKEHHS;

3)a-b=0b-a — mnepeMeCTHTeJbHH 3aKOH yM-
HOXKEHHS;

4)a-(b-c)=(@@-b)-c — COYeTaTeJbHBIT 3aKOH YMHO-
JKeHHS;

5) a-(b+c)=ab+ ac — pacnpelesHTeJbHHA  3aKOH
YMHOXEHHSI OTHOCHTEJIBHO
CJIOXKEHHSI.

B MHOXecTBe HaTypaJIbHBIX YHCE CYIIECTBYET TaKXkKe €AHHHIA,
Takoe yucao l,utoa+ 1l =1.a=a.

B ocHoBe Bcex BHIUMCJEHHH Ha MHOXXECTBE HATYPaJbHHIX YHCEN
JIeXKaT npHBeJeHHLIe BEHIIIe 3aKOHHI.

IlepBbIM pacmnpenueM NOHATHS HATYPaJbHOrO UYHC/IA SIBHIOCH
NpHCOEAHHEHHE K MHOXECTBY HaTypaJbHHIX YHCeJ APOOGHHX YHCEJ.
BosHuKHOBeHHe APOGHBIX YHCes GbIO BLI3BAHO HEOGXOJHMOCTBIO H3-
MepATh BeqHYHHH. M3Mepenne kakofi-HHGYAb BeTHYMHB 3aKII09aeTCs
B CPaBHEHHH ee C APYrodl KaueCTBEHHO OJHOPOAHOMH C Hell BeJHUHHOM,
NpHHHMaeMo¥ 3a eqununy. Hanpumep, npu HamMepeHHH JJIMHH AaHHOIO
OTpPe3Ka Ha HEeM OTKJIaJblBalOT MOC/JeJ0BaTeJbHO APYrod OTPE3OK,




NPHHATHHA 32 exMHHNY AJHHBE (1 cM, 1 M H T. 1.). Tak ¢ noMowpblo ome-
PalMH <OTK/IAAbIBAHHS» €IHMHHLbl H3MEPEHHSI H CUETAa NPOHU3BOAST
M3MepeHue JIHHbL. SICHO, YTO He BCerna eIMHHYHBINA OTPE30K YJIOMKHTCS
f1a U3MepsieMOM OTpesKe mejoe uuciao pas. [losTomy Bo3HHKaeT Heol-
XOJHMGCTh paccMaTpuBaThb APOGH — MOJOBKHY, TPeTb, YeTBEPTb H
JApYTHe JO/IH eIHHHLbI H3MepEeHHs. .
.C pasBuTHEM apH(PMETHKH — HAayKH O UHCJAAX U ONepalHsaX Haj
HHMH — JIIOJM CTaJld paccMatTpuBaTh APOGHbIe uuciaa (MauM ApPobH)
JIIOGBIMA HAaTypaJbHEIMH 3HAMEHaTeIsIMH H JPOGHOE UHC/IO MPEACTAaB-
JATb KaK YaCTHOE OT JEJIEHHS ABYX HATYPaJbHBIX UHCEJN, U3 KOTODPHIX
AenuMoe HaUe10 He JeJHTCA Ha AeuTesb. Boo6ie ke 06bIKHOBeHHOMH

ZIpoG6bI0 HAa3BIBAIOT YHCJIO BHAA L:-, rjie m ¥ n — HaTypaJbHbIE YUCJA.

a 4

JIBe npo6u — ¥ — HashIBAIOTCH DABHLIMH, €CIH @ - d=b-.c.

ITosbsysicb STMM ompelesieHHeM, HETPYAHO KOKA3aTh, YTO APOGH
-Z— H Z - Z TaKxke paBHb. OTciofa cefyeT OCHOBHOE CBOHCTBO ApOGH:
€CJIH YHC/IHTEIb H 3HAMeHaTelb APOGH YMHOXKHTb (MJIH Pa3fesHTb)
Ha OJHO M TO XK€ HATypa/ibHOe YHCJIO, TO MOJY4UTCH Apo6b, paBHaS

a a -

5 Z [To ocHOBHOMY CBOMCTBY APOGH OXHO H TO XKe

ApoGHOE YHCJIO MOXHO NPeJCTaBHTb I10-PAa3HOMY PaBHLIMH OGLIKHO-

IaHHOH:

3 6 30

Hasbneiinlee pacuiipeHse MOHSTHSI O yMc/ae GbLIO BBI3BAHO TO-
TPeGHOCTSIMH CaMOH MaTeMaTHKH. B CBsi3M ¢ pelleHHeM JHHEHHBIX
YPaBHEHHi € OJHOH NepeMeHHOH CTajl0 HeOGXOAHMBEIM BBEIEHHE OT-
pHUAaTe/NbHbIX uHCesl. B KOHKPETHBIX 3afauax OTPULATE/bHbI OTBET
HCTOJIKOBLIBAETCSI KaK 3HaueHyue HanpaBJieHHOH BeJMUYHHbI {[OJOXKH-
TeJIbHBIC H OTPHLATENbHEIE TeMIEPATYphl, NepeBHKeHHe B HanpasJe-
HHH, TIPOTHBOIOJIOXHOM BbiGPAHHOMY, HPHObIb — HOAT H T. IL.).

Oco6eHHO 0TYeTJIHBO NPOSBHJCH CMBIC/ MOHSITHSI OTPHIATENbHOTO
YHuc/aa ¢ BBEJACHHEM KOOPAHHATHOH NPSAAMOH M KOOPIHHATHOM MJIOCKO-
CTH. BaskHBIM MOMEHTOM B MareMaTHKe SIBUJIOCh BBeJEHHE 4YHCJa
HYJb.

MHOXKecCTBO nHesbIX yHces (MOJOXKHTENbHBIX, HY/IS H OTPHIATEb-
HbiX) 6yneM o6o3HauaTh GyKBOH Z:

Z={(.,—5 —4 —3 -2 —1,01,2345.}

O6bennHenre MHOXECTBA LEJbIX M MHOMXECTBA APGOHBIX UYHCE
Ha3bIBAIOT MHOXECTBOM DallHOHAJIbHHIX YHceJ. MHOXKeCTBO pamuo-
HaJIbHBIX 4YHces o6o3HavaloT 6ykBoit Q. JlaTuHckoe cjoBo ratio 03-
HauaeT OTHOLIEHHe.

Besikoe pauuonanbHoe YMCIO MOXKHO NPEACTaBHTb B BHAE APOGH

BEHHBIMH JPOGSIMH, HanpUMep

-;L, TAe p H g — uejble YHca1a (KaK MOJIOXKHTEJbHEIE, TaK H OTPHIA-
TeJIbHbIE), npHueM ¢ = 0.
4

Ha MHOXeCTBe pauHOHaNBHKEIX YHCEN ONpeneseHb ONePaLUH CIIC-
MEHUHA, YMHOXKEHHsl, BbHIUMTAHHA H JeNeHHsl (KpoMe JeJeHHS] Ha
Hylb, KOTOpOE He HMeeT CMbICJa). ITO 03HAYaeT, uTO pPe3yJbTar
BBINOJTHEHHSI Ha3BaHHbLIX ONepalHi HaJ ABYMS PalHOHAJbHbIMH YHC-
JIaMH €CTb ONATb YHC/IO PalMOHaNbHOe. YKa3aHHbe onepalnHH 06sa-
JaI0T CAeAYIOLIHMH CBOMCTBAMHU:

1) a+b=0b+a — MnepeMeCcTHTeJbHbIH 33KOH
CJIOXKEHHUST;

2) a+(b+c)=(a+b)+ ¢ — coueraTenbHBIi 3aKOH CJIO-

: JKeHHs,;

3) a+0=a — CYyHIeCTBYeT uHcao Hyab (0);

4) a4+ (—a)=0 — CyMMa  [POTHBOMNOJIOXKHBIX
4HCeJ paBHa HYJIO;

5) a-b=b-a — INepeMeCTHTEeNbHbIE  3aKOH
YMHOK€eHHSI;

6) a-(b-c)=(@-b)-¢c — COYeTaTeJbHbIH 3aKOH YMHO-
JKEeHHUS;

7y a-(b+c)=ab+ ac — pacnpejesHTeJNbHBIH 3aKOH
YMHOXEHHSI  OTHOCHTEJIbHO
CJIOKEeHHS;

8) a-1=a — CYIIeCTBYeT YHCJIO eIHHH-
ua (1);

— IMpou3Be/leHHe ABYX B3aHMHO
o0OpaTHLIX yYucesa paBHO |;

— npousBejeHue Jo60ro yucia
Ha HyJb PaBHO HyJIO.

9) a~—‘11—=], rie a=0

10) a-0=0

B ocHoBe Bcex BbIUMC/IEHHI HA MHOXeCTBE PAaLiHOHANbHHLIX YHCE
JIeXKaT Ha3sBaHHble BBIIIE 3aKOHBI.

MHOXeCTBO palHOHANbHBIX YHCEJN YIMOPSAOYEHO OTHOCHTENbHO
NOHATHHA «GoJblie» H «MeHblie». [ToguepKHeM eule OAHO CBOHCTBO
PAUHOHA/ILHBIX YHMCEJ: MeXAy JIOGHMH JIBYMSi PasjiHuUHBIMH DalHO-
HaJBbHBIMH UHC/IAMH HAaXOLHMTCSH GECKOHEYHO MHOrO PalHOHAaJBHBIX
4YHCeJI. TO CBOHCTBO HA3LIBAIOT CBOACTBOM IVIOTHOCTH PaLHOHAJBLHBIX
unces. JIeACTBHTENbHO, €CIH @ H b — pas/uuHble pauHOHAJBHbIE

yucesaa H a << b, 1o paunHoOHaJIbHOE YHUCJIO0 a—-2L£ HaXOIHTCS MexXAy

a+4b
HHMH: a << —-;— << b. HOCTYIIaﬂ adHaJIOTHYHO H JAajee, MOXKHO JOKa-

3aTh, 4TO MeXAY @ H b GECKOHEYHO MHOro DPalHOHAJBHHX YHCe.

Kaxnomy pauuonanbHOMy uueny COOTBETCTByeT emMHCTBeHHas
TOYKa KOODAHHATHOH NPSIMOH, NPHYEM ABYM PasJHYHHM PaLHOHAMb-
HbIM UHUC/iaM COOTBETCTBYIOT Pa3/iMUHBle TOYKH KOODAMHATHOH mpsi-
Moi. OGpaTHoe e yTBepXKIeHHe HeBepHO. Jlpyrumu CJIOBaMH,
HECMOTPsl Ha TO 4YTO palHOHAJbHBIE YyHCaAa 06JafaloT CBONCTBOM
IVIOTHOCTH, OHH BCE XK€ He «3aNOJIHSIOT» BCIO KOOPAHHATHYIO NPSIMYIO,
T. €. CYWECTBYIOT TOUKH NMPSAMOH, KOTODLIM HE COOTBETCTBYIOT HH-
Kakue palHOHa/IbHBIE YHCJIA.



Oco60 BaxHyI0 poJib B MaTeMaTHKe H B NPAaKTHYECKHX pacyeTax
HrpaioT JecATHYHBle APoGH. Ecau pasnoxkeHue 3HaMeHaTenss OGHIK-
HOBEHHOH JAPOGH Ha MPOCThHIE MHOXHTEJNH COCTOHT TOJNBKO H3 JBOEK
H MATEPOK, TO TaKyio APo6b MOXKHO 3aMHCaTh B BHAE KOHEYHOH aecsi-

THYHOH Apo6u. Hanpumep, ':— = g-—; = % = 0,6; 57(—)- = -2—;—3 =

Ecan xe nannas oGLIKHOBeHHast APOGb HECOKPAaTHMa M PasJo-
JKEeHHe ee 3HaMEHaTeJsl Ha MPOCThIe MHOXKMHTENH COAEPXKHT UHCJIa,
OTJIHYHbIE OT ABYX H NATH, TO TaKylo JpoGb MOXXHO 3amHCaTh B BHJE
6GEeCKOHEYHOH nepHONHYECKOH AeCATHYHOH APO6H, T. €. TaKOH JecATHY-
HO#l ApOGH, y KOTOPOH YHCJIO JEeCATHYHLIX 3HAKOB GECKOHEYHO H OfHa
HJIH HECKOJIbKO LH(]P Mmocjie 3anATOH MOC/aeJ0BaTeNbHO MOBTOPSIOTCS.

IpencraBuM, Hanpumep, OﬁbIKi-IOBeHHYIO Apo6b %- B BHJIe jaecs-

THYHOI1 Apo6H. Bynem nenntsb uncso 2 Ha uncio 3, nonyuum 0,66666... .
ATy GECKOHEUHYIO IECATHYHYIO APOGh HA3LIBAIOT NEPHOAHUECKOH; H(D-
py 6 Ha3HIBaIOT nepHOAOM 3TOM APOGH. [I/1si KPATKOCTH 3aMHCH NepHO-
JAHYECKHX Npo6ed MepHoj 3amHCHIBAIOT TOJNBKO OAHH pas, 3akJiouas

ero B Kpyranle cko6ku. Hampumep, % = 0,66666... = 0,(6) (uuraior:

«HYJb LeJBbIX H WecTb B nepuone»). Ilepnon y apo6u moxer Hauu-
HaTbCs HE cpasy nocje 3ansaToll M coaepKaTb He OJHY, a HECKOJIbKO

unép. Hanpumep, 2 ;ig- = 2,3(5); -15’1- = 0,(45).

YcI0BHINCH AecATHYHEIE JPOGH ¢ nepuogoM 9 3aMeHATb ApOGsaMH
¢ nepuonoM O, T. e. KOHEUHBLIMH HeCATHUHBIMH Apo6Gsamu. Hanpumep,
2,45(9) = 2,46(0) = 2,46. ITosromMy mecsiTHYHbIe APOGH C NEPHOLOM
-9 MBl B manabHeHiieM paccMaTpHBaThb He Gynem. Huke B Kypce Mbl

nojApoGHee 03HAKOMHMCS C AEeCATHUHBIMH NMEPHOJHYECKHMH APOGSMH.
Cefiyac BaXKHO 3aMOMHHTb CjlefylolLee:

1) moGoe panuoHaNbHOE YHC/IO NMPEACTABHMO B BHAE GECKOHeu-
HOH NepHOJHYeCKOH HecATHYHON ApOGH;

2) n06y10 NECATHYHYIO NMEPHOAHUECKYIO APOGb MOXHO Npeacra-
BHTb B BHJI€ OOLIKHOBEHHOH ApPOGH, T. €. Ji06ass AecATHUYHAST MepHo-
AHyeckas Apo6b €CTb YHCJIO pallHOHAJbHOE.

ITospuee 6Gyner nokasaHo, KaK 3TO MOXKHO caenatb. Ceiuac
o6panienrHeM OGLIKHOBEHHOH APOGH B NEPHOAHYECKYIO IPOBEPLTE Npa-
BHJBHOCTb TaKHX Ipeo6Gpa3oBaHHil:

3,8)=32; 4,521)=432L,

=2__ 8. 220
0.24) = 99— 33’ 999’
__572—5_ 567 __ 63 . __oB13—51 462 577
0.5(72) = =55~ = 50 = o s 2910 =2~ =2 55215

Coopmyanpyem Ge3 [OKasaTesqbCTBAa NpPaBHJIO O6GpalleHHs aecs-
THYHOH nepHOJHYeCKOH IPo6GH B OGLIKHOBEHHYIO: ApPO6GHAas 4YacTh
NepHOAHYECKOH APOGH paBHA TaKoH OGLIKHOBEHHOH ApOGH, Y KOTOPO#H

YHCJINTEJIb €CTh YHCJIO, CTOslee MeXAY 3ansiToi )
M BTOPHIM MEPHOAOM, MHHYC YHCJIO, CTosllee

MeX/y 3ansTofi W nepBLIM MEPHOAOM, a 3Ha-

MeHaTe/lb — YHCJIO, COCTOsiliee MOC/AeA0BATENbHO

H3 CTOJbKHX LHGD 9, ckoibKo uudp B nepuose,

H CTOJIbKHX HyJIeH, CKOJbKO UHDp Mexnay

3anaToil M NepBbIM MEPHOIOM. :

Hanpuwmep, 0,2(31) = % = g—;g—; Puc. |
756 — 75
3.75(6) =3 =555—=3 gg(l) :

OTO mpaBu/O 3ay4yHBaTb He CJEAyeT, HM MOXHO MOJb30BaTbCH
KaK CIpaBOYHBIM,

B sakiiouenne Ha pucyHke 1 B BulIe KPyroB NpHBELEHO COOT-
HOUIEHHEe MeXIYy YHMCJIOBBIMH MHOXxecTBaMu: N — Z < Q.

Knaccupukanuio MHOXECTBA pPalHOHANbHBIX YHCEJ MOXHO MpO-
BECTH MO pacCHOJIOXKEHHIO HX Ha YHCJIOBOH NPSAMOH OTHOCHTEJbHO
Hyns. Takasa knaccudukauusi 6yaet BHINIAAETb TaK:

PanuonanbHble uncaa

v v \

OTpuuare/bHbe Tonoxurenbune
qHCaa qHcaa

Hyab

Ynpaxnenusn

1. CocraBbTe Te3HCH H3yyeHHOro maparpada.

2. TlpuBenuTe npuMepbl YHCe: a) HATYPaNbHLIX, 6) LENHX, B) pa-
UHOHA/MbHBIX. Kakue yHc/1a Ha3bIBAIOT PalHOHAJNbHBIMH?

3. Paspewinmo sin ypaBHeHHe a + x=0b, r1e a H b — uHcaa,
X — NepeMeHHasi, Ha MHOXEeCTBe: a) HaTypaJ/bHbIX YHCed; 6) LeabiX
YHCeJ; B) palHOHAJbHLIX yHCcesa?

4. Paspemrnmo Jsiu ypaBHenue ax=2>b, rae a u b — yucaa,
X — nepemeHHasi (a % 0), Ha MHOXeCTBe: a) HaTypaJbHBIX YHCEJ;
6) ueabiX uuces; B) paUHOHANBbHBLIX YHCea?

5. IlpeacraBbTe ApOGH B BHAE NECATHUHEIX: a) -;-(77; 6) —
26 . 9
B) _IT’ r) 5%'
6. IlpencrasbTe Npo6u B BHIe OGLIKHOBEHHHX ApoGeil: a) 0,(3);
6) 0,2(5); B) —7,(36); r) 7,2(25).
7. Haiigure 3HaueHHsi BHIpaXKeHHIl:

a) 0,(3) + 4
6) (2.(1)+3,(12)):0,5;

8.
25°




B) 13,7 - 0,1 + (1622 . 05 — 13 . 9) 4 19,89 : (4,75 +
23, .
B.23) 7
17 41 . .1 .
r) Ggg— 135 231 4+04-(1525: L —988:325) +

+ 4,15 - 0,4.

8. Kakne onepauuu onpenesiensl Ha MHOXecCTBe: a) HaTypaJbHbIX
unces, 6) uesablx yucesa, B) pauHoOHaNbHbLIX YHCes?

9. Cchopmyanpyiite uaBecTHbie BaM CBOICTBa onepauui, BbIIOJ-
HHMbIX Ha MHOXKEeCTBE pallHOHAJIbHbIX UHCeJ.

10. Pacckaxkurte o knaccCHPHUKAUMH PalMOHANbHBIX YHCEJ.

11. TToxaxuTe, UTO MEeXAY UYHCIaMH % H éé- CYLUIECTBYIOT pa-

fHoHaJabHble yHucaa. Hasosute TPH TaKHX YHCJA.

§ 2. IPPALUMOHANBHBIE YACNA

Ilpouecc wusmepenusi npuBen K NpeACTaBJEHHAM HE TOMLKO O
APOGHBIX UHC/IAX, HO M K MPEACTaBJICHHAM O HOBbIX YMCJAX, OTAHUHBIX
OT pauxoHa/bHbIX. PaccmoTpum mnpouecc u3mepeHuss orpeska AB
(puc. 2). [lna HaxoxIeHHs AJHHBI 3TOrO OTPe3Ka HEOGXOAMMO Bbi-
6path APYroil OTPe3oK B KauecTBe eAHHALbI ANHHbI. 32 eAHHHILY [JIHHbI
NpHMEM CTOPOHY KBajpaTa, AJA KOTOpPOro orpe3ok AB sBJsietcs
Avaronaneio. DBynem Tenepb musmepsTb oTpesok AB  oTpe3kom
AC (JAC|=1).

Wamepenne 1. Ornoxum otpesok AC Ha orpeske AB oT Tou-
ki A. Ha ortpeske AB orpesok AC yJOXKHTCH TOJNbKO OLHMH pas:
|AK|=|AC|. Ha orpeske KB eaunuuna namepenns (orpesok AC)
Gonbule He ynoxutcs. [103TOoMy nmpu TOYHOCTH M3MepeHHs, paBHOI
1, nnuHa otpeska AB paBha su6o 1 (c HenocTaTKoM), H60 2 (¢ H3-
GLITKOM) .

Mamepenne 2. YBernuuMm TouHOCTb M3MepeHHs. B KauecTse
€[HHHNbl H3MepeHHs Bo3bMeM 0,1 yacte orpeska AC. OrioxuM 31y
HOBYIO eMHHLly Ha oTpe3ke KB. Herpynno sameruts, uto Ha oTpeske
KB ynoxutcsi ueTbipe HOBble €IHHHLbI H3MEDEHHS; NPH 5TOM B Ka-
YecTBe OCTaTKa OCTAHeTCs OTpe3ok MB, mjMHA KOTOPOro MeHbLie
0,11AC|. osromy nnuna orpeska AB pasna qu6o 1,4 (c Hexocrar-
KOM), au60 1,5 (c H36bITKOM) npu TouHOCTH M3mepeHus 0,1.

Msmepenne 3. B Hawem wiyuae npo-

¢ uecc HM3MEpeHHsl He OKOHUYEH, MO03TOMY HPOAOI-

12 N1 XKHM  €ro, YyBEeJHUHB TOUHOCTb H3MEpEeHHS.

\ B kauectBe eanHuubl u3MepeHusi BosbMem 0,01

A w3f uactb orpeska AC n GyneM OTK/IaablBaTb 3Ty
AN //M €IMHULY H3MepeHHs Ha ortpe3ke MB. Ilpu no-
N7 CTaTOYHO AaKKypaTHOM BbIMOJIHEHHH H3MEPEeHHH

2 MOXHO 3aMeTHTb, YTO Ha oTpe3ke MB ynoxutcs
_ TOJNBKO OAHH oTpe3ok aauHoit 0,01JAC| u ocra-

Puc. 2 HETCSl OCTATOK, AJIHHA KoToporo MeHblue 0,01 |AC|.

[Tostomy nauna orpeska AB pasHa au6o 1,41 (¢ Hemocratkom),

an6o 1,42 (c u3boiTkoM) npu TouHOCTH M3Mepenus: 0,01.
AHasnord4HoO BBIMOJHHM H3MepeHHe 4, BLIGpAaB B KauecTBe eNHHH-

bl uamepenns 0,001 wactb orpeska AC. JlocTaTouHo TOYHBIE HU3-

MepeHusi napyt pesyabTtar: |AB|= 1,414 (c HemocraTkoM) HJH

|AB |~ 1,415 (c u36biTKOM) npH TOUYHOCTH H3Mepenus 0,001,
PesyabTaThl H3MepeHHsl 3aHeceM B TaGJHLy:

Hauna orpeska AB (npn eannuue uamepenus |AC|)
Ne namepenus TourocTs M3Mepenus
C HeaOCTaTKOM € H36HTKOM
1 1 1 2
2 0,1 1,4 1,5
3 0,01 1,41 1,42
4 0,601 1,414 1,415

IIpakTuyecku npouecc H3MepeHHs IPEpBETCsd, KAKUMH Gbl TOUHLIMH

" HHCTPYMEHTaMH MBbl HH NO0/1b30Bajuch. OHAKO TEOPETHUECKH MOMKHO

NPEANONOXKHUTb, YTO 3TOT mpouecc GyaeT GECKOHEUHBIM H C YBeJH-
YEeHHEM TOUHOCTH H3MepeHHH Mbl GyAeM INOJyuyaTb BCE HOBHIE H
HOBbIe JeCAATHYHblE 3HAKH 3HAUCHHUA NJHHBI oTpeska AB.

Takum o6pasoM, TeOpeTHUECKH MOXKHO MNPEANOJIOKHThH BO3MOX-
HOCTh CJeAyIOLIUX TpeX cJayuaes: !) pnuna ortpeska AB Gynder
BbIDAXKAThCs KOHEUHOH NeCATHUHOH Apo6blo (ecH mpolecc usMepe-
HHs1 mpepBercd); 2) ajauHa orpe3ka AB GyneT BhHIpaKaTbCsi lI€pPHO-
IHyecKod GecKOHeyHOH JecsiTHUHOH Apo6blo; 3) mjauHa orpeska AB
Oyner BbIpaxKaTbCsl HENMEPHOAHYECKOH GECKOHEUHOH JeCATHYHOMH
ApoGbio. B nepseIX JABYX cayyasix JJIHHA OTpe3Ka Bbipa)kaercsl pa-
IHOHAJbHHIM YHCJOM, TaK KaK KOHeuHasl JecATHYHas H OecKoHey-
Hasi JeCATHYHas MepPHOAHYecKass Apo6H eCTh 4HC/]a palHOHAa/bHbIE
(cm. § 1). B Tperbem ciyuae (ecqH OH BO3MOXKEH) AJMHA OTpes3Ka
BEIpAXKaeTcsl GeCKOHEYHOH [eCATHYHOM HelNepHOLHYECKOH APOGbLIO.
Ho ¢ takumu uncnamu MBI 10 CHX Nmop He BeTpedanuch. CyllecTBYIOT
au ouu? Ilpumep umcna a=0,101001000100001... mokaseiBaer cy-
IIeCTBOBAHHE GCCKOHEUHBIX MAECATHYHBIX HeNepHORMYECKHX apobeit
(B 3amucH uymcao HyJel, CAeAyOIHX 33 eNHHHLEH, KaXIblH pas3
yBenuyusaercsi). Ilo aToMy ke NpPHHUMNY MOXKHO IMOCTPOHTL H
Apyrue umcnaa: 2,7171171117...; 0,8383383338... .

HokaxeM, yto aauHa ortpe3ka AB Takke Bhipa)aercsi Gecko-
HEYHOH JeCATHYHOH HenepHOAHYECKOH ApOoGbI0, €C/aH eNHHHIeH
uaMepeHus1 ca1yxXuT oTpe3ok AC. ITonb3ysic Teopemoii ITudaropa,
3 A ACB mnaiizem KBagpar mauHel ortpeska AB: |AB|?=2.
Hokaxem Tenepb, YTO CpelH PpaUHUOHANbHBIX YHCeN HET TaKOro
yKuciaa, KBaApaT KOTOPOro paBeH 2.

Teopema. He cywecrsyer payuonassnozo wucae, xeadpar
KO0TOpO2O pasen 2.

HokasatenbcrBo. Ilpexae uyeM [0KaskBaThb TeopeMmy,
3aMeTHM, YTO €C/IM KBajpaT HeKOTOPOro YHCJa — YETHOe YHCJO,
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TO H CaMO 3TO YHCJO 4eTHoe (ZOKa)KHTe camocrosTesnbHo). Jloka-
3aTe/IbCTBO TEOpEMbl NPOBEAEM METOJOM OT mnpoTHBHOro. Ilpexmo-
JIOXXHM, YTO CYUIECTBYeT DalHOHAJbHOE YHCJIO, KBAAPAaT KOTOPOro
pasen 2. Torna 310 YKHCJI0 MOKeT GBITb NPEACTABJEHO B BHAE OGLIKHO-

BEHHOH HECOKpaTHMON APOGH -;L, rae p, g € N u uicsia p ¥ ¢ B3aHMHO
npocruie. .

IMpeanonoxum, uyro (—z—) =2. W3 npeanonoxenus caenyer,
4TO

2
2=};L’ , 22 =p
Tak kak 2¢* — uerHoe umcy0, To M p? — yeTHOe HHCIIO, II03TOMY H
p — 4eTHOe uncjo. Ecau p — yerHoe umcio, TO €ro MOXHO mpes-
CTaBHTb B BHIe p=12n, rge n € N. 910 3HaueHHe p MOACTABHM B
paBenctBo 2¢°=p®, noayunm: 2¢®=(2n)?, 2¢°=4n?, ¢°®=2n.
ITocnennee paBeHCTBO O3HauaeT, 4TO ¢ — uHCJO ueTHoe. [loayuman

NpPOTHBOPEYHe: MBI NpEANONAarald, 4TO ApOGhb -;L HECOKpaTHMa, a
NPHULIH K TOMY, YTO €e YHCJHMTeJb H 3HaMeHaTe/b — YeTHble YHCHa.
Cile0BaTe/bHO, Hallle NPENOI0KEHHE O TOM, YTO ( —;’—)2 = 2, JIOXKHO.

D10 03Hauaer, YTO CPelH PalHOHANbHBIX YHCEN HET TAKOro, KBaJpar
KOTOpOro paBeH 2.

Bosspamasch k 3afaue u3Mepenus otpeska AB, MH MoxeM 3a-
KJIOYHTb, YTO Hallle TEOPETHUECKOe MNPEeAIOJOKEHHE ONpaBLaNoCh:
€C/IM B KayecTBe e/HHHILI M3MEDeHHsl BHIGpaThb CTOPOHY KBajpara,
TO JJIMHA €ro JHaroHajJd He BBbIPa)KaeTcsi pPalHOHAJbHBIM YHCJIOM,
a Bblpax<aeTcsi GECKOHEYHOH JeCATHYHOH HeNepHOLHYECKOH APO6BIO:
|AB| =y 2=1,4142135... .

Onpenenenue. Yucao, KOTopoe MoXKeT GHTb NPENCTABICHO
B BHJAE GECKOHEYHOH NecATHYHOH HenepHoaMuECKO# APOGH, Ha3bBaeT-
CSl HPPAUHOHAJBHBIM YHCJOM.

Briwe 66110 N0Ka3aHO, KAK MOXKHO KOHCTPYHPOBATb HPPALHOHAJb-
Hple yucna (Hanpumep, 0,5050050005...). Bouio Takke K0Ka3aHO, YTO

2 — 4YHCJIO MppalMOHa/IbHOEe. AHAJIOrHYHO MOXHO JO0Ka3aTb, UTO
KOpeHb KBaJpaTHbIH M3 JIIOGOr0 HaTypaJbHOrO YHC]a, He SIBJSIOLIe-
rocs TOYHBHIM KBaJpaToM, €CTb YHCIO0 HppalHoHaibHoe. IlostoMy
V3, V5 Ve Vi, V8 V10 urt n— HppaIHOHaJbHbIE YHCJA.
[IpumepoM HppamHOHAJBHOrO 4YHCIA CAYKHT H  YHGIO 1=
= 3,1415926535... , BIpaxaloliee OTHOLICHHE JIMHBI OKPYXHOCTH K
CBOEMYy auaMerpy ([LoKa3aTejqbCTBO HPPalMOHAJBHOCTH uYMCAa I
J0BOJIBHO ciioxkHOe). Takum o6pa3oM, eciH 3a eQUHHIY H3MEpPEHHS
NPHHATb AHAaMeTP OKPYXKHOCTH, TO ee AJHHA GydeT BbIPaxKaTbCsl
HPpAaIlHOHAJbHBIM UHCJIOM.

ITp umep. JJokaxkeM, 4TO He CYLIECTBYET PallHOHAJBHOTO YHCJA,
KBajapaT KOTOpOro paBeH 5.
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Pemenne. IlpexnonoxuM, 4YTO CymecTByeT HeCOKpaTHMas
ApoGb -g-Taxaa, uTo 5 = (%-)2, rae p, q € Nupu g — udcna B3aHMHO

2
npocTee, Toraa 5 =-;L2 , 5g®> = p®. Tak Kak p? meanrcs Ha 5, T0 M p

JeJHuTcs Ha 5, 3HauuT, p = 5n, rae n € N. [loacrasus 310 3HaueHHe g)
B paBeHcTBO 5¢° = p?, nonyuum: 5¢% = (5n2)2, 5¢% = 25n?, ¢%=>5n°.
H3 nocaegnero paBeHcTBa moJyuaeM, 4TO ¢° AeJNHTCS Ha 5, a moToMy
H g peautcsl Ha 5.

IMonyunnu: p nenurcs Ha 5 W ¢ meaHTCs Ha 5, ciaefoBaTeNbHO

Rpo6b £ coxpatuma, uro MPOTHBOPEYHT HallleMy NPEAMOONKEHHIO.
3HauuT, NPEANON0XKEHHE O TOM, YTO ( -s-) = 5 10xH0. D10 03Hauaer,

49TO Cpeau pauHoOHAJbHHIX YHCEJ HeT TaKoro, KBaApaT KOTOPOro
paseH 5.

Tenepp Ham cTajMH SICHH NPHYHHH BBEJEHHUS HPPAlHOHAJbHBIX
yuces. OnHa H3 3THX NMPHUYHH 3aKJIIOUAeTCs B TOM, YTO palHOHAJb-
HBIX YHCeJ HeJ0CTaTO4YHO /IS H3MepeHHs IJHH oTpe3koB. Hampumep,
BHIlIe GBHIJIO NMOKa3aHO, YTO JJIHHA JHaroHalu KBajpaTa He Bblpaxa-
€TCsl pallHOHa/JbHbIM 'UHCJOM, €C/H 3a eJHHHIY H3MEepPEHHS NMPHHATb
CTOPOHY 3TOro KBaapara. Jlpyras mpuuHHa BBeJeHHS HPpPalMOHAJb-
HBEIX YHCeJ 3aK/JI04aeTcs B TOM, YTO Ha MHOXKECTBE PalHOHAaJ/bHBIX
YyHCeJ MHOrue ajnre6paHuecKHe YpaBHEHHS € DaUHOHAJIbHBIMH (B
TOM 4YHC/JIe H [eJbiMH) KO3(p(pHUHEHTAaMH He HMEIOT pelIeHHH.
Hanpumep, ypaBnenns x>=2, x>=3, x>=5, x>=6 u 1. n. Ha
MHOKECTBE pallHOHAJIbHbIX YHCeJ pellIeHHA He HMeloT, Belb YHC-

aa Y2, V3, V5, V6, kak Mu Teneps 3HaeM, HppaLHOHAJbHbIE.
Ilpu usyuennu Kypca Mbl 4acTo GyHeM BCTpPeuaThCsl ¢ HPPaIHO-
Ha/IbHLIMH YHC/IaMH (3HAQ4Y€HHsl KODHeH ypaBHEHHH, 3HAUeHHsl TPHUTO-
HOMETPHYECKHUX, JIOrapuPMHUECKHX H APYrHX (YHKIHIL).
Hppaunonanbuele YHC/Ia MOTYT GHITb KaK NMOJOXHTEJNbHEIMH, TaK H
OTPHIATEIbHBIMH.

Ynpaxcrenus

1. CocraBbTe KOHCHEKT maparpada.

2. CoopmyanpyiiTe onpeaeseHHe HPPAIHOHANLHOTO YHCA.

3. Kakue H3 npuBefleHHBIX HHXKe YHCeJ palHOHAJbHLIE, a KaKHe
HppAaIHOHAJIbHBIE: %; 7; ;/_‘7-; 0; —vV 2, 4; 0,(8); 5,7(3);
2,13113111311113... (uncjo eauHMl mMOC/]e KaxkAO0H TPOHKH yBeJH-
YHBaeTcs) ?

4. TlpuBennuTe mnNpHMEepH NONOXKHTENbHHIX M OTPHUATEJbHBIX
HppalUHOHAJBHEIX UHCEJ.

5. JlokaxHTe, YTO CPelM PallHOHAJDbHLIX UHCEJ HET TaKOro yucJaa,
KBaJpaT KOTOpPOro paBeH 3.

6. IlokaxuTe, 4TO CpelH PalHOHAJbHBIX YHCEJ HET TAKOro YHCJa,
KBajpaT KoToporo paseH 8.
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7. B KxauecTBe eAMHHIH H3MEPeHHS BO3bMHTE IIPOH3BOJIbHBINA
orpesok. [TocTpolite OTpe3oK, AJIMHA KOTOPOro BhIpaxKaercsi: a) pa-
LLHOHAJbHbIM YHCJIOM; 6) HPpallHOHAJbHBIM YHCJIOM.

8. Jlanu gasa orpeska |[AB|=2 cm u |[CD|=3 cm. [lpunsas
orpe3ok CD 3a HOBYIO €[HHHIly H3MEPeHHsl, HalauTe NJHHY OTpe3Ka
AB. KakuM uHCJIOM BBIpa)kaercsi HCKOMasi JAJIHHA?

§ 3. AEACTBUTEJIbHBLIE YACIA

O6beavHeHHe MHOXeCTBA @ pauHOHAJNbHBLIX YHCEN M MHOXECTBA
MPPALMOHAJbHBIX YHCEJ] HAa3bIBAlOT MHOXECTBOM JE€HCTBHTEJbHBIX
uynces. MHOXeCTBO [eHCTBHTENbHBIX uHceal oGo3HaualoT GyKBOH R.

MexXny MHOXECTBOM JefCTBHTENbHBIX 4YHCEN H MHOXECTBOM
6eCKOHEUHBIX JIECATHUHBIX Jpo6eil cyiiecTByeT B3aHMHO OJHO3HayHOe
cooTBeTcTBHe. JleficTBHTENbHO, Kaxaasi GeCKOHeuHasl epHOAHYecKas
JecsiTHUHAas ApoGb ABJIsSIETCSA NPeJCTaBJeHHEM HEKOTOPOro palHoHa b-
HOro umciaa (HanOMHHaeM, YTO Mbl HCKJIIO4aeM H3 pPacCMOTpPEHHS
nepuognueckue apo6H ¢ mepuomoM 9). Kaxxnas GeckoHeuHasi He-
nepuogHuecKas AecsiTHYHAsA APOOb ABJIAETCS MPEACTaBJIEHHEM HEKO-
TOPOro HppanHoHa/bHOro ynciaa. TakuM o6pasom, Kaxaas 6eckoHey-
Hasi JeciTHYHas JApPo6b sIBNSieTC MPeACTaBJEHHEM HEKOTOpOro
neilicTBuTesqbHOro uHcaa. C Apyroil CTOPOHBI, KaXKAOMY HEHCTBH-
TEJbHOMY YHCJY COOTBETCTBYET €JHHCTBeHHasi 6eCKOHeuHas AecsATHY-
Has ApoGb: palHOHAJbHOMY YHCJY — NEpHOJAHYEeCcKasi AeCATHUHAA
Apo6b MM KOHEYHasi, KOTOPYI0 MOXXHO NpeACTaBHTb B BuAe Gecko-
HeyHoH JecATHYHOH npo6u ¢ mnepuogoM O; HPpaNHOHAJLHOMY
upcny — GeckoHeuHasi HellepPHOAHUecKast AecATHUHAsA 1po6b. [TosTomy
JeHCTBHTENbHOE UHCJIO MOXHO ONpefeJHTb KaK YHCJIO, KOTOpoe
MOXeT GbiTb BbIpa)KeHO GEeCKOHEUHOH NeCATHYHOH APOGBIO.

Tenepb CTaHOBHTCSI MOHATHBIM, UYTO JEHCTBHTEJNBbHBIX YHCEI
JIOCTaTOYHO I/ M3MEPEeHHsl JJIMH OTpe3koB. B camoMm jnene, B § 2
610 NOKa3aHO, YTO JJIMHA MOXeT OhThb BhIpaxkeHa JHGO palHo-
HaJbHBIM, JH60 HPPAUHOHANbHLIM YHCJIOM, T. €. GECKOHeuHOH jecs-
THUHOH npo6blo. A KaXnasi GecKOHeyHas JecATHYHAsi APo6b ecTb
HeKoTopoe jedcTBHTe/bHOe uHcjo. IlpumeM 6e3 [0KasaTebCTBa
yTBEpX/eHHe: KaXKAOH TOouKe KOODJAHHATHOH MNPSIMOA COOTBETCT-
ByeT onpeiejeHHoe AeHCTBHTeNbHOE (palHOHA/bHOE HJIH HPpalHo-
HasabHoe) uuciao. CrnpaBenyuBO M oGpaTHoe YTBepiKIEeHHE: BCSIKOE
JeliCTBHTE/NIbHOE UHCJIO OlNpefessieT OAHY H TOJbKO OJHY TOYKY
KOOpJAHHATHOH NpPSIMOH.

3TO COOTBETCTBHE YCTAaHABJHBAETCA TaK:

a) ecau ToukKa A NMPUHAJJIEXKHT MOJOXKHTEJIBLHOMY Jydy, TO 3a ee
KOODAHHATY X MPHHUMAIOT AJHHY oTpe3ka OA;

6) ecau TOuKa A NMPHHANJIEKHT OTPHIATEJbHOMY Jydy, TO 3a X
NPHHHMAIOT OTPHILATeJNbHOE YHCJIO0, MOAY/b KOTOPOro paBeH MIJIHHE
otpe3ska OA;

B) ecaM Touka A COBIajaer ¢ HauaJoM oTcyera — Touko# O, TO
x=0.

12

IMpu 3THX YCJAOBHAX KaXIOH

Touke A KOOpAHHATHOH MPsIMOH 0 7 x
COOTBETCTBYET HEKOTOpPOe UHCJIO
X, Ha3bIBaeMoe KOOpAHHATOH TOU- Puc. 3

ku A (puc. 3). 3anuch A (x) o3Ha-
yaeT, YTo Touka A HMeeT KOOPAHMHATY X.

TakuMm 06pasoM, MEXKAY MHOXECTBOM [eHCTBHTE/NbHLIX UHCEe] H
MHOXECTBOM TOYeK KOOPAHHATHOH NPAMOH YCTaHOBJIEHO B3aHMHO
oJiHO3HauHOoe cooTBeTcTBHe. Kak usBectHo (cm. § 1), ToukH, cooTBer-
CTByIOIlMe PALHOHANbHBIM UHC/IAM, HE 3aMOJHSIOT BCedi KOOpAMHAT-
Hoi npsiMoii. Ha mpsiMoii MMeIOTCSl TOYKH, KOTOPbIM He COOTBET-
CTBYIOT HHMKaKHe palMoHajbHble uucna. Kaxpoii Takoil Touke
COOTBETCTBYET HEKOTOpce HppalHoHanbHoe uucio. C  BBeleHHeM
JefiCTBHTE/IbHbIX YHCEs KOOpIHHATHAsi MPsIMasi CTajia HempepbiBHOM.

Ha pucynke 4 noxasaHo, KaK Ha KOOPIMHATHOH MPSIMOH MOXHO
NOCTPOHTb TOYKH, COOTBETCTBYIOLIHE HEKOTOPHIM HPPaLHOHAIbHBIM
YHC/IaM — KBAJPATHBIM KOPHSIM M3 HaTypaJbHBIX HHCe], He siBJsIo-
uxcsl TOUHbIMK KBajapaTamu. Crioco6 mocTpoeHusi pasGepure camo-
crositeibio  (OABB, — kBaipaT; u3 A OBB; naxoaum |0B| =
= /2, |0C,|=|0B{; Touke C, KOOpAHHATHOH npsMoil  COOTBET-
CTBYET YHCJIO V2).

MHOKeCTBO AeHCTBHTEAbHbIX YHce, KaK H MHOXKECTBO pallHOHaJlb-
HbIX YHCeJ, YIOPSANOYEHO OTHOCHTENbHO MOHSTHA «GOJIbIlie» H «MEHb-
me». IlokaxeM, KaK CpPaBHHBAIOT AefCTBHTe/NbHbie uucia. Jlas
Ka)Jioro AefiCTBHTEJNbHOTO YHMC/IAa MOXKHO YKa3ath fABa palHOHaJb-
HbIX YHCJA, MEXIy KOTOpbIMH OHO 3akmioueno. [Ipuuem 3TH pauuo-
HaJbHble YHCAA MOTYT OTJHYaTbCA JAPYr OT JApyra CKOJb YrOAHO
mano, Ha 1; 0,1; 0,01; 0,001; 0,0001 u 7. a. Takne pauHOHAAbHBIE YHCIA
HA3bIBAIOTCS JECSATHUHBIMH NPHONMKEHHAMH JaHHOTO AeHCTBHTE/bHO-
ro uWcaa NG HEZOCTATKy M MO M3GBITKY € YKa3aHHOH TOYHOCTBIO.

Hanpumep, B npeabiaylieM naparpage npy H3MepeHuH AuaroHaju
KBaZpaTa € MOMOILUBIO €r0 CTOPOHbI, MPUHSATON 3a eRMHHLY, HAMH

GblIM  MOJyuYeHB!  AEeCATHUHblE NPHONHXKEHUs!  JefCTBHTEJbHOTrO
yucna y 2. ’
1< 1/_2—<2 (¢ Tounoctelo mo 1),
1,4 < 1/—2_< 1,5 (¢ Tounoctsio mo 0,1),
A 8 c D E F
%5
1 z2 A3 ~
B’ 01 D1 E’ Ff N N
0 1 V2 32 5 B3 4 X
Puc. 4
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1,41 < }/_2— < 1,42 (¢ Tounoctei0 mo 0,01),
1,414 < }/_2—< 1,415 (c Tounocthi0 mo 0,001),

INoab3ysich Ta6auiefi KBagpaTHHIX KODHeH, 3anHIIeM JeCATHYHHE
npuGAHKEHHSI AeHCTBHTENbHOTO YHCJA V3:
l< y3<?2 (c Tounoctsio 1m0 1),
1,7<yY3<18 (¢ Tounoctbio o 0,1),
1,73< y¥3< 1,74  (c Tounoctsio a0 0,01),
1,732 < Y 3< 1,733  (c tounoctsio 1o 0,001),
[Ipu cpaBHeHHH ABYX NEeACTBHTEJNbHBIX HHCeJ o H [ GyaeM CUHTaTh
yucno a MeHbwe P (a<<B), a uucio B Goaepmwe a (B>>a), eciu
KaKoe-HU6yb NPHGJIHKEHHOe 3HaueHHe YHC/Ia o C HeJJOCTATKOM MEHb-
e COOTBETCTBYIOIIEro NPHUGJHKEHHOrO 3HaueHHs uHciaa B ¢ He-
JAOCTAaTKOM (CJIOBO «COOTBETCTBYIOILErO» 03HayaeT «B3SITOr0O C TOH XKe
ToyHOCTbIO»). Hanpumep, npu tounocts 0,1 npu6/HKEHHOE 3HAYEHHE

yucaa Y 2 ¢ HeZoCTaTKOM paBHO 1,4; nmpHOJHXKEHHOE 3HaAueHHe
yucaa ¥ 3 ¢ HemoCTAaTKOM mpH Toil ke TouHocTH paBHo 1,7. Tak

Kak 1,4< 1,7, To ﬁ< ﬁ HJTH }/T3_> ﬁ

3ananue 1. Cpasuure unucma: a) 3,14159265... w
3,141141114...; 6) 0, (6) u 0,6767767776... .

Haj nefcTBHTE/bHBIMH YHCJIAMH BHIIOJHAIOTCA TakKHe Xe apud-
MEeTHYECKHE ONEepaluH, YTO H HajJ PalHOHAJbHLIMH YHCIaMH (cJa0XKe-
HHME, BLHIUHTAHHE, YMHOXK€HHe H JejeHHe). PaHee 3TH omnepaumuu
ONpeaessIACh TOJIbKO NMPHMEHHTEJIbHO K palHoHasibHbIM uHciam. C
NOMOIIbIO CNENHAJbHBIX ONpefeJeHHA MOXKHO YCTAHOBUTb HX CMbICI
JIJ151 IPOU3BOJIbHBIX JEACTBHTEJNbHBIX YHCE] (6ECKOHEUHBIX NeCATHUHBIX
apo6eit). IIpu BBeJeHHHM TaKHX OmepanHi 3a6OTATCA O TOM, YTOGHI
OHH HE MPOTHBOPEYHJH YK€ BBEICHHLHIM ONpPEIEeNEeHHAM TaKHX XKe
omepauuii AJs palHOHAJbHHIX YHceJ (NEPHOAHYECKHX ApoGed) H
BMECT€ C TeM o0GJajaju TeMH Xe cBoHcTBaMH. PaccMOTpHM, Kak
ONpeRe/sIOTCA JIMIIb JBe ONepalHH — CHOXEHHe H YMHOXeHHe
JeACTBUTENbHBIX uHcesa. IlycTb naHBl gBa AEHCTBHTE/IBHBIX 4HCIA
X H Y, a TaKKe HX JECATHYHbIE NPHOJIHXKEHHS MO HENOCTATKY X, H
Yn M 1O H3OGHITKY Xi M yn ¢ TouHocTbio a0 10~". Toraa BepHH He-
PABEHCTBA: X, K X << X7, Yn < Y < Yn.

Onpenenenne 1. CyMmMOH ABYX JAEHCTBHTEJbHBIX UHCe
Ha3biBaeTCs TaKoe J[eHCTBHTENbHOE 4YHCJAO, KOTOpPO€ He MeHbiue
CYMMBI JIIOGBIX AECATHYHbIX NPHOAHIKEHHHA 9THX HHCEN NO HEAOCTATKY,
HO MEHbIIE€ CyMMbi COOTBETCTBYIOUHX HX ACCATHYHBIX NPHGIHKEHHH
no H3GLITKY NpH Ji0GOH TOYHOCTH.

Mo onpepenennio x +y=2, eciH X»+ Yo <2 <<xn -+ yn NpH
touynoctu 10™", n € N.

Onpenenenne 2. MponsseneHnem JABYX HEOTPHUATENAbHBIX
AEACTBHTEJbHBX YHCEJ HA3biBACTCA TaKoe ACHCTBHTENAbHOE YHCJO,
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KOTOpOE HE MeHbllle NPOH3BeAeHHR JIOObIX AeCATHUHBIX NPHOAHXKenni
STHX YHCEJA MO HEAOCTATKY, HO MeHblle NPOH3BENEHHS COOTBET-
CTBYIOWHX HX RECATHYHBIX NPHORHIKEHHA NO H3OLITKY NpH A060H
TOYHOCTH.

[To onpemenennio x-y=2, €CNH Xn-Ya<2<<Xn-Ys TpH
TouHoctH 107", n € N.

MoxHOo poKasaTb, 4YTO JJS1 JIOGHIX JeACTBHTEJNIbHBIX YHCE
X M Yy MX CyMMa H NPOH3BeJeHHe CYLIECTBYIOT, H MPHTOM €JlHH-
CTBeHHbl. Mbl mpHMeM 3TO yTBepxKAeHHe 6e3 [0Ka3aTesJbCTBa.

ITpumep. JaHbl peficTBHTesqbHbIE uyHMcaa x=1,2121121112...
1 y=3,616616661.... Halinem aBa mecAATHYHLIX 3HAKA CYMMBI 3THX
YHcesl H TPH 3Hauaulde LHGPH HX NPOH3BENEHHS.

HanomHnM, 4To pmecsiTHYHBIMM 3HAaKaMM YHCJAA Ha3LIBAIOT BCE
€ro uudpel, cTosilMe CnpaBa OT 3amsATOd, a 3HAYalUMH uMdpamu
YHc/a1a — BCE €ro UMGpbl, KpOMe HyJeH, CTOAIHX caeBa (Hanpumep,
y udcaa 0,05081 nATb AeCATHUHLIX 3HAKOB M ueTbipe 3HauaLlHe
uuopsol).

Haiinem pecsiTHuHble MPHOJAHMKEHHSI UHCE X H Y C TOYHOCTbIO
mo 1, 107!, 1072, 1073

l<x<?2; I<y<4 (c Tounoctbio 00 1);
12<x<1,3; 36<y<37 (c Tounoctbio mo 10~');
1,21 < x < 1,22; 3,61l <y<3,62 (c Tounoctsio no 1072%);

1,212 <x < 1,213; 3,616 <y<<3,617 (c Tounoctbio g0 1079%).

Hajinem Tenepb cooTBeTCTBYIOLIHE AECATHUHbIE MPHOIHKEHHS CYM-
Mbl X - y ¥ NPOHM3BEJEHHSA X - y:

4<x+y<6; 3<xy<8;
48 <<x+y<5,0; 4,32 < xy < 4,81,
482 <x 4 y<<4,84; 4,3681 << xy < 4,4164;
4,828 < x 4 y << 4,830; 4,382592 < xy << 4,387421.

IMoayunm, uto x + y=4,82...; xy =4,38....

Ilnsi npou3BO/IbHBIX NEACTBHTE/NbHBIX YHCEA X H Yy CYHTAIOT, YTO
x-y=|x|-lyl, ecnn nanHble YHC/Ia OAHHAKOBOrO 3HaKa, H X « Y =
= —|x| « |yl, ecin OHM pa3HBIX 3HAKOB.

Onepauun BLIYHTAHHS H AeJEHHS] NEHCTBHTENbHBIX YHCeN ofnpe-
BeJISIIOTCA KakK onepaliH, COOTBETCTBEHHO
o6paTHble OMepauusiM CJOXKEHHS H YMHO-

XKEHHus. R

B 3aknouenne Ha pucynke 5 B BHIe a
KPYroB MPHBELEHO COOTHOLUEHHE MEXIY YHC-

J0BbIMH MHOXKecTBaMu: N Z < Q — R.

¥npaxcruenus

1. CocraBbTe Te3uchl naparpada.
2. Hajdiaute pnecATHYHbIE NPHOAHIKEHHA
MO0 HEAOCTaTKy H MO H3GBITKY C TOUHOCTbIO Puc. 5
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po 1072 caepyiowmux uwxcea: a) 3,2153; 6) —,2;—; B) V7;

r) 7,858858885...; 1) —2,156. ,

3. Kak cpaBHHBAIOT [1Ba [efCTBHTE/bHBIX YHCAA?

4. Chopmyaupyiite onpenesiesHe CyMMbl H NPOH3BEACHHS] NBYX
NEeHCTBHTENbHBIX YHCeJ.

5. ITocTpoiite Ha KOOpAHHATHOH NPSAMOH TOUKH, COOTBETCTBYIOLLHE
yucaamM: a) ;/_2_; 6) }/?; B) ‘/_5—; r) ——}/7; 1) —-—1/_3—.

6. Hadinute nBa mecATHuYHbIX 3HA&Ka CYMMbl M TpH 3Havauue
uuppe npousBeneHuss uucen: a) x=23,5151151115... u y=
= 0,4343343334...; 6) x=2,36; y=1,020020002... .

7. Haligute nBa mecATHUHBIX 3HAaKa CyYMMbl M TpPH 3Hayaulxe

nHOpLl MPOU3BEAEHHSA YHCeJ ﬁ H ﬁ
8. Ilokaxute, uro uncio ¥ 2 + V3 HppalHOHAaJNbHOE.
Ykasaunue. [lpepnosoxure, uto 3Ta CyMMa €CThb YHCIO
paunonansuoe. O6o3HaubTe ero. Bosseante B kBajgpart obe uacrty
paBeHCTBa H HaHAHTE M3 Hero ;/F [Monyuute N02KHOE yTBEpXKAECHHE

O TOM, UTO 1/—6.— pallHOHaJ/ibHOe YHCJO.

9*!, MoxeT Ju: a) CyMMa ABYX palHOHAJbHBIX YHCe1 ObITh
YMCJAOM HPpPAUHOHA/IbHBIM; 6) CymMMa palHOHaJbHOrO H Hppauuo-
HaJbHOrO UHCeJ ObiTh YHCJOM palnHOHaJbHbIM; B) CyMMa [ABYX
HPPaLHOHANbHBIX YHCEJ GbIThb YHMC/JIOM PAlMOHAJbHBIM?

§ 4. HEKOTOPLIE YMCJTIOBLIE MPOMEXYTKH

Tak Kak MexXay MHOXECTBOM JeHCTBHMTEJbHBIX UHCEeJ H MHO-
JKECTBOM TOYEK KOOpAMHATHOH NpPAMOH YCTAaHOBJEHO B3aHMHO
OAHO3HAYHOE COOTBETCTBHE, TO O JeHCTBHTEJNbHBLIX YHCJIaX MOXKHO
rOBOPHTb KaK O TOYKAaxX KOOPAHHATHOH MpsAMOH.

PaccMoTpum gBa uHcia x; H X, H COOTBETCTBYIOLIHE HM TOUKH
KoopaunaTHoi npsamoil A (x,) U B(x,) (puc. 6). Hucao |x, — x|
Bblpaxkaet paccrosinue ot A no B: |AB|=|x, — x|

3 anganue Haiinure paccrosinue mexay toukamu: a) A(—2)

u B(4); 6) C(3) u D(0); B) M(—8) u N(—1); r) K(2) n E(6).

PaccMOTpHM HEKOTOpble MOJMHOXKECTBA MHOXECTBA AEHCTBHTE/b-
HBbIX yHCeJs, Ha3blBaeMble YHCJOBBLIMH NMPOMENXYTKAMH.

MHOXecTBO AeHCTBHTE/NbHLIX YHCeJ X, YAOBJETBODAIOILUUX Hepa-
BEHCTBY a << ¥ << b, Ha3bLIBAIOT 3aMKHYTHIM NPOMEXKYTKOM, €ro HHave
3anucbiBaloT Tak: [a; b] (puc. 7).
Huxxe B Tabauue npuHBeNeHb
HEKOTOpble TPOMEXYTKH, KOTO-
Puc. 6 pble HaM 4YacTo NpHAeTcA pac-

cMaTtpuBaTh MNPH pelleHHH 3a-
as x¢bh nay.

! 3nech u nanee 3HakoM * oTmeueH
Puc. 7 HeoGsizaTeJibHLIA MaTepHal.
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MuoxecTtBo
NefACTBHTeAbHBIX
. H3o06paxenne npomexyTka
yuceda, Yuc. A - -
3anannoe NOBbIE NPOMEKYTKH H3 KOOPAHHATHOH NPAMOH
HepaBeHCTBOM
as<x<<bh [a; b] — 3aMKHYTBIi nmpomexy- . )
TOK (OTpesok) 0 1 a p X
a<x<b Ja; b[ — OTKpBITHIA MPOMEKYTOK ; :
(uutepsan) 0o 1 q b X
a<x<b [a; b[ — nonyoTkpbITEIi npoMe- 4 +
XKYTOK 0 1 a bH X
a<x<b Ja; b] — noayoTkphITHIt npome- + +
XKYTOK 0 1 a h X
-—00<x<oo<]—oo;oo[=R-—-qucnoaan ‘ ;
. npamas 0 1 X
3
x>a [a; o [} 4 ;
0 1 a X
x>a Ja; o [: 4 4
JAyuH 0 1 a X
(noaynpsimbie)
x<a ]— o0 af *
0 1 a X
r<a 1— o0; d] ' ’ -
g 0 1 a X
paCCMOTpHM npUMepbl HAa HaxoXIeHHE€ HEKOTOPBbIX YHUCJIOBLIX
NPOMEXKYTKOB.

ITpumep 1. Pemnre HepaBeHCTBO x + 5> 17 — 2x.
Pewenune x+2r>17—5, 3x>12, x>%, x>4. Muo-
jxecmom pelreduii [NaHHOro HepaBeHCTBA OyleT YHCJOBOH Jyd
4; ool.
I[Tpumep 2. Peuunre HepaBeHCcTBO |x| << 5.

INpexnge ueM pellaTh AaHHOe HEepPaBEeHCTBO, BCNIOMHHMM ollpe-
neseHue moayns (aGCcoOTHOH BeJIHUMHBI) YHcaa:

x| — x, ecad x>0,
x _{—x, ecan x < 0.

Tenepb NMPpUCTYNHUM K pelueHHIO JaHHOro HepaBeHCTBA.
PaCCMOTpHM ABa caydas:

a) (x>0, . 6) [x<0,
{725 o<s<s {¥525 —s<x<0.

O6vbenuHnB HalgeHHble NMPOMEXKYTKH, MOJYYHM OTBET:
—b5 < x <5, uau ]—5; 5.
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4t — OGpaiaem BHHMaHHE Ha TO,
-5 01 5 X 4qro mHepaseHcTBa |x|<5 w
p —5 < x <5 onpenejsiioT OAUH
uc. 8
H TOT Xe npoMexyTtok ]—5; 5[,
NMO3TOMY 3TH HepaBEHCTBA 3KBHBAJIEHTHbl. AHAJIOTHYHO 3KBHBAJIEHT
HbIMH Oyay HepaBeHCTBa |x|<<an —a<<x<<a aaa a>0.
Ipumep 3. Pemnre HepaBencrso |x| > 5.
Pemenune. a) ( x=0,

x>5 x>5;
6) ( x<O, x<<0, _
{—x>5; {x<—5;x< S

Pemennem nanHoro HepaBeHcTBa O6yneT OGbEAHHEHHE JABYX
aydei: ]—oo; —5[J15; oo[ (puc. 8).

O6pamaeM BHHMaHHe Ha TO, YTO pEIIEHHEM HEpPaBEHCTBA
lx|>a, rne a>0, Gyner obbeauHeHne ABYX Jayuedt ]—oo; af
H Ja; oo[.

ITpumep 4. Pewnte nepasencrso |x — 2| <6

Pemwenwue. JlaHHOe HepaBEeHCTBO IKBHBAJIEHTHO NBOHHOMY He-
paBeHcTBY: —6<{x—2<6. [lanee, pewass oaHOBpeMeHHO o06a
HepaBeHCTBA, MOJYUHUM:

2-6<<x<<6+42,
—4 << x<8.
Oter: [—4; 8].
ITpumep 5 Pewmnre nepasencrso [2x — 1| >7

Pewenue Peuwenne naHHOro HepaBeHCTBAa CBOAHMTCA K pe-
IICHHIO ABYX CHCTEM HEepaBEeHCTB:

l){2x-l>0, {2x>l, {x>0,5, >4
= 4.

2x—1>2T7; 2x>8; x=4;
2) {2x—-l<0, 2x < 1, x<0,5, < —3
Uw—1<—7; | 2x<—6; \x<—3 ¥ST%

OtBet: ]—o0; —3]U[4; oof.

Ynpaxcnenun

1. IMocrpoiite Ha KoopaumHaTHOH mnpsmoit Touku: A (—7), B(5),
C (2). Haiinute paccrosuusa: |AC|, |AB|, |BC|.

2. 3anuiuxTe B BHAE NMPOMEXKYTKOB MHOXKECTBA AEHCTBHTEJNbHbIX
yHces, 3aflaHHble HepaBeHCTBaMH: a) x> 5; 6) x<3; B) x << —7;
r) x=0; 1) —3<x<7;¢e) 0<<x<4 X) —2<x<<4. lloka-
XKHTE 3TH NMPOMEXKYTKH Ha KOOPAHHATHOH MPAMOM.

3. Haiinute nepeceueHne YHCIOBBIX MPOMEXKYTKOB:

a) [6; oo[ u ]J7; oo]; 6) [—3; 5] u ]—oo; 0]; B) ]—oo; 4]
u [0; oo[; ) [6; co] u [7; 8[; a) ]—8; 10[ u ]0; 5[; e) ]—4; Of
u [3; 4]
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4. Haifignte o6beiHHEHHE YHCJIOBHIX NMPOMEXKYTKOB:

a) [2; 4[ u ]—7; 3[; 6) 1—2; O[ u [0; oo[; B) [—8; 15] m
[2; 4[; r) ]—oo; 4] u [0; oo[; A) ]—3; 0] u [5; oo[; €) ]—oo; Of

H ]O; oof.
5. Pemmure HepaBeHCTBA:
a) 2x+5=>11; 6) x—1<3x+9; B) —7x+5<<3x+ 15.
6. Pemnre cucTeMbl HepaBEHCTB:

a) ( 2x—1>5, 6) (x—1<2x+3,
{3x<x+l2; {2x+3>x—l.

7. Pewute HepaBeHCTBA:

a) lx|1<7;6) lx|>7; 8) 12¢x+41<10; 1) [x—5|=>8
R) lx—11=>2x+ 1

8*, Pemute HepaBeHCTBO |x — 2| > |x — 4].
§ 5. NOBTOPEHUE

1. Beiuucaunre:

a) 3724 (—-—:—)_l -7

0 @) rorn— (1) 4 (3)
2. YnpocTure BhIpaxKeHHS:
a) (a+3 a—3 2a + 18 ., ) (m—4___m+4 . 32m

a+3 a—9 ° m+4 m—4)" pm2_ 16
3. ¥Ynpocruare BeIpakeHHe:
1 -1
(a — b + 2a2 b?
a—
H HafijuTe ero 4uc/JI0BOe 3HAueHHe npu a=4, b=9.

4. Coopmyaupyiite omnpeneneHne ¢yHkuuu. IIpuBegutre mnpumep
auHedHof ¢yHkuuH. [TocTpofite ee rpagux.
5. Haftaure oGsnactu onpezneneHus: (YHKIHMA:

) 6=
r) y=vx—2.

6. Jlana ¢yukuus f(x)=5x* — 4x 4 7. Haitpure:

a) f(0) 6) f(—1) B) f(2) r) f(k+1)

7. Haiigute KoopanHATH TOYeK mepeceueHus rpaHKoB GyHKHHH:
fX)=x*u f(x)=7x— 12.

B) f(x)=x*>—4x+5;
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8. Ilocrpofite rpaduku GyHKIHMH:

a) y=x—4; 6) y=—2x-+41; B) y=%; r) y=——i—.

9. Pemnre ypaBHEHHS:
x—D5 _2—x= . Tx+1  4—3x __aq.

a) - % 2; 6) 1 3;

B) (x—3—(x+4)x=15—10x.

10. Pemnte rpaguueckd CHCTEMbl YpaBHEHHH:

a) 2x—|—2y—6 6) x—y=1, B) x+y=—1,
{x+y {2x—2=2y; {2x—y=7.

1i. Pemure KBagpartHble YpaBHEHHA:

a) 5x? —4x=0; 6) x> —5=0;
B) 12x2 —7x + 1=0; r) 3x>—x+4+4=0.

12. IlpuBenuTe npuMepbl YHCJIOBLIX HEPABEHCTB H HEPABEHCTB C
nepemenHbiMH. CcopmynupyiiTe CBOMCTBA YHCJIOBBIX HEPaBEHCTB.

13. ‘JlokaxxHuTe, 4TO a';b > Vab, ectu a>0, b>0.
14. JloxkaxuTe, YTO NpPH JIOGHIX @, b, ¢ BHINOJHACTCS HEPABEHCTBO

a?+b2+c?+3=>2(a+b+c)
15. PemuTe HepaBeHcTBa:
a) 2x+5>0; 6) 3 —2x<5;

B) 7T—x>=4x—8; r) 2x—1<<3 —x.
16. PemuTe cucreMbl HepaBeHCTB:

a) ( 3x—x>5, 6) (x+1<3,
{2x+1<6; 5<3x+1;

B) ( —x>2x-1, r) (1 —x>05,
{4x+2>——2; {5x—|—3>13.

17. PelinTe HepaBeHCTBa:

a) 53 +3>o 6) "+‘<o B) lx—11<2 1) £E3<o.
18. PeumTe HepaBeHCTBa

a) 2x >6; 6) l—x >0; B) x° —-2x<0 r) (xj—3)2>0
n) £ —2x<<3; e) x2>12—x; k) x24+9>6x; 3) x*+4<4x.

19. 3anuuinte OCHOBHblE CBOMCTBA OMNepauuii, BBHINOJHSIEMBIX Ha
MHOXecTBe palHoHaJbHbIX uucesa. Halinute B Tekcre § 3 yrBepikie-
HHe O TOM, 4YTO S5THMH cBoiicTBaMH 00JafaioT onepauuu Haj
NeHCTBHTEJNbHBIMH YHCJIAMH.

20. IlpeacraBbTe B BHAE 6ecxouetmoﬁ AecATHYHOR Apobu yHcaa:

a) 3,9; 6) —2,15; B) 23 7 r) o’ n) 0,(32); e) 2,7(5).
21. JlokaxuTte, uTO ;/_2— HPPAallHOHAJBHOE YHCJIO.
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22. JokaxnTe, uTO NpOH3BEAEHHE PALHOHAJBHOTO YHCJA,
OTJIHYHOTO OT HYJIfl, HA HPPaLUOHAJbHOE YHCJIO €CTh YHCJIO HPpaLHo-
HaJIbHOe.

23. Hafigute nepeceuenusi 1 o6'be AHHEHHS CJIELYIOIIHX MHOXKECTB:

a) NNQ; 6) NUQ; B) RNZ;r) RUZ; n) NNZ.

24, TlocTpoiiTe Ha KOOPAMHATHOH mNpAMOH uHcaa: a) V7,
6) V3+V2;8) —2V5

25. Haiinure pecsitHuHble mnpHOAHXKeHHs1 uucaa —3,73... no
HeJ0CTaTKy H Mo H36bITKY ¢ TouHocThio mo 0,1 u 0,01.

26. Haligure nBa necATHYHBIX 3HAKa CYMMBI H TpY 3Hayaliue

nH}pH NPONU3BELECHHA YHCE l—g— Hy2.

27. Hajigure o6beiuHeHHe H mepeceueHHe NPOMEXKYTKOB:

a) [—1; 5] u 12; 7); 6) [—3; —1] u ]—1; 3]; B) ]—oo; 7]
H [5; oof. IMokaxHuTe faHHble H MOJy4YeHHbIE MHOXECTBAa Ha KOOp-
JHHATHOH NpsAMOH.

28. C nomomwbio rpadpuka GyHKUHH y= —2x -+ 4 Haligure 3Ha-
YeHHs X, MpH KoTophix y <0, y>7, |yl < 3.

1 X
29. Peunte HepaBeHCTBO Py + Gy =0.

30. Pewure ypaBHeHue |x — 2| = ——-é—x + 4.

§ 6. SAOAHMA 0N CAMOIMPOBEPKH

da+1  4a—1Y. 8a
4a — 1 4a+4+1) " 162> —1°

1. YnopocTtute BbIpaxeHHe
-3
(3) +6-3

" (5)

3. Haiinute nBa JecATHYHBIX 3HAKA CYMMBI H TPH 3HayaliHe

2. Brhiyucaure

IHGPB MPOH3BENEHHS UHCeJ 1%- u 0,8673578....

4. okaxute, uro V18 — HppanHOHa/IBHOE YHCJIO.

5. Mocrpoiite rpaduku Gpynkuui: a) y=3 — 2x; 6) y=2 — x2.
6. Pemnre ypaBHeHHS:

a) (x—4)’4x(5—x)=5; 6) (x—4)’—x(5—x)=5.

7. Pemnte cucremy ypaBHeHHHi [ X — 3y =6,
{ x+y=2.
8. Pemme HepaBeHCTBa:
a) ¥ —4>0; 6) x*—3x+2<
9. Pemnre cucreMy HepaBeHCTB -—3x> 8 — 5x,
' { 3x — 10 < 2x.

10. Pewnre HepaBeHcTBO |2x — 3| << 1.



Fnasa ll.

BECKOHEYHbLIE YACJIOBbIE
NOCNEAOBATEJIbHOCTH

§ 7. YUCNIOBAA NOCHNEAOBATENBHOCTD,
CNOCOBbbl EE 3AAAHUA

C noHATHEM MNOCJENOBATENbHOCTH MH YacTo
BCTpeyaeMcsi B MOBCeAHeBHOM xu3nu. Hanpumep, Tokapb ans usro-
TOBJICHHSI NeTa/li BBINOJIHSAET ONepallid B ONpedeJeHHOH mnocJjeno-
BaTenbHOCTH. Kaxao0#i omepauun OH OGBIYHO NMpPHUCBAHBaeT ONpeje-
JIEHHbIA MOPSAKOBbIi HOMep — nepBasi, BTOpasi, TPeTbsl H T. A. B nan-
HOM NpHMepe YHCJ/I0 onepauuii KoHeyHo. TakuM o6pa3om ycraHaBJiH-
BaeTCsl COOTBETCTBHE MeXIY KOHEYHBHIM MHOXECTBOM HATyPaJsibHbIX
YHCeJl H MHOXECTBOM BbINOJIHSIEMbIX ONepaluii. DTO COOTBETCTBHE
€CTh (YHKUHSI, OmpeneseHHass HAa MHOXECTBE n MEePBHIX HATypab-
HbIX uncesn. Takasa ¢yHKUHSI HAa3bIBAaeTCS KOHEYHOH MOC/ef0BaTelb-
HOCTbIO, a ee 3HaYeHHA — YIeHAMH MNocJenoBaTesibHOCTH. Uienamu
MOC/Ie10BaTe/ILHOCTH MOTYT GbiTb OOGBEKTH JOGOA NpHpoasl (reo-
MeTpHyeckHe ¢Hrypbl, (Hu3HUECKHE BeJHYMHBI, YHCJAa H Ap.). Mbl
GyzeT paccMaTpHBaTh TOJNbKO YHCJOBbie MOCJAENOBaTeNbHOCTH. OHH
MOryT COJepXKaThb KaK KOHEUHOe, TaK H GEeCKOHEUHOe YMCJO YJEHOB.

Ecan f(n) — nocneposatenbHoCTh, TO €6 MOXKHO 3anHCaTth B BUIE
ynopsigouenHoro muoxecrsa: (f(1); f(2); ...; f(n); ...).

Taxk, ynopsnouenHoe muoxectBo (1; 3; 5; 15) menureneii uucia
15 — KoHeuHast uYHCJIOBas MOCJENOBATEJbHOCTb; YNOPSAMLOYEHHOE
MHOxecTBO uHcen (15; 30; 45; ..; 15k; ..), rne k€ N, xpar-
HHIX 15,— GecKOHeuHast YMCJIOBas MOCJAENOBATENbHOCTD.

BeckoHeuHo#l YHC/I0BOH NOC/EN0BATENBHOCTBIO HA3LIBAIOT YHCJIO-
BYI0 (YHKUMIO, ONPENEe/NEHHYI0 Ha MHOXKECTBE BCEX HaTypaJbHBIX
yHceJ.

B nanbmefimeM Mbl 6ynem paccMaTpHBaTh B OCHOBHOM G6ecKo-
HeYHble YMC/OBble MOC/AEeJ0BATeNbHOCTH, NO3TOMY AJSl KPaTKOCTH
HHOrjaa 6yneM Ha3blBaTh HX MPOCTO MOCJEAO0BATEIbHOCTSMH.

[TocnenosatenbHoCTh 0603HAYAIOT CHMBOJIOM (X,) HJAH B BHAE
YNOPSALOUEHHOTO MHOXECTBA (X; Xg5 ... Xn; ...), Te n € N; n-it ujen
Xn Ha3bIBAIOT OGIUHMM YJEHOM MOC/JAENOBATEIbHOCTH.

IIpu u3yueHHn Kypca MaTeMaTHKH Bbl yXe BCTPeYalHCh C NpH-
MepaMH nocjeaoBartesbHocTed. HanoMHHM HeKoTophie H3 HHX:

a) (2; 4; 6; ..; 2n; ..) — nmocNeNOBATENLHOCTb BCEX YETHHIX
HaTypaJIbHBIX UMCEe;

6) (1; 3; 5; 7; ..; 2n—1; ..) — nocJaenOBaTENLHOCTb BCEX He-
YETHbIX HATYpaJibHBIX YHCEJ;
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B) (a; a+d; a+2d; ..; a+d(n—1);, ..)— nocaepoBarenb-
HOCTb YHceJ, 06pa3yoliuX apH(pMEeTHUECKYI0 NMPORPECCHIO C MEPBHM
4JIeHOM @ W pasHoCTbio d;

r) (b; bg; bg% ..; bg"”'; ..) — mocienoBaTenbHOCTH uYHCe,
06pas3yiolIHX FeOMEeTPHYECKYIO MPOrpeccHio C NMepBbIM 4JieHOM b H
3HaMeHaTeJeM g;

) NO0CJel0BaTeNbHOCTH AeCATHUHBIX MPUGIHKEHHH NeACTBUTEb-
HOTO MOJIOXKHTEJIbHOTO YHC/IA O == Qy, 4,a,AQ; ... Qn ... 10 HEJOCTATKY
(ao; ao, ay; @y, a1ay; ay, a,a:a3; ...) H N0 H3GHITKY (ag+1; aqg, (a4 1);
ap, a1(ax+1); ao, ajaz (az+1); ...).

[TocsenoBatespHOCTb cuMTaeTcs 3aJaHHOMH, ecad yKa3aHo Ipa-
BHIO (3aKOH), MO KOTOPOMY MOXHO BBIUHCJIHTb JIOGOH ee uJeH.
[TocnenoBarenbHOCTDb (X5) ABASieTCA ¢yHKuMed, MOITOMY OHA 3aja-
eTCsl TaK Xe, Kak H (QyHKIUMA: aHAJHTHYECKH, B TOM YHCJIE peKyp-
PEHTHO, ¢ MOMOLIBIO TaGJHLbl, rpadHUecKH, CJIOBECHO.

IMpu ananuTHueckoM crnocoGe 3aJaHHs MOC/AENOBATENbHOCTH yKa-
sbiBaeTcst ¢opmyna o6uiero ee ujeHa, T. €. Takas ¢opmyaa,
KOTOpasi INO03BOJISIET MO HOMEPY # BBIYHCJIHTb COOTBETCTBYIOLHMA
4JleH X, MOCJeN0BaTeJbHOCTH.

—__n__
MMpumep 1. x,,-—3n+l, n € N.

[To sroii ¢opmysne MOKHO BHIYHCIAHTH JIOGOA UYJEH MOC/IENO-
BaTe/JbHOCTH:

-t 2 2
e B B e A T e AL
_ & _ k+1 _k+1
Ty T BRI DRl ska
3anaHHasi MOC/IeN0BATe/bHOCTh MMEeT BHA: %; %——; s 3—an; )

MMpumep 2. yn=—#ﬁ—-,nelv.
! —1)2 1)
g=—tCD o 4 =L1FCD _ y3=lig__'l_=o'

1 2
(=Dt 1,
Y= 4 ==

eesy

.oy 9y eee

0; 1; 0; -;—; 0; ..; —l—"'—%_—ll: ) — 3ajmaHHasi NoC/1eA0BaTE/bHOCTD.

IMpumep 3. a.=38, n€N.

G =0=0=qa=..=a=..=28;(8;8;8; .. 8, ..) — 3anan-
Hasl NOCJeJ0BaTeNbHOCTb.

W3 npumepos 2 u 3 BHAHO, UTO HEKOTOPLIE YJEHB! MOC/eJ0BaTeNb-
HOCTH (HJIH JaXKe BCE €e WIEHbI) MOTYT ObITb PaBHBIMH.

IMocnenoBaTenbHOCTb, BCE WJIEHbI KOTOPOH paBHBl, Ha3blBAIlOT
[OCTOSIHHOH.

[TocnenoBaTeIbHOCTb Ha3LIBAIOT BO3paCTalOUIEH, €CAH KaXAblf
ee uwieH, HayHHass co Broporo, Oosbuie mnpexwiaywero. Ecan
KaXAbli 4/JeH MOC/Jef0BaTeJbHOCTH, HaYHHasg CO BTOPOro, MeHb-
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e Npeabl1yllero, TO TakKyio NOC/e10BaTeNbHOCTb HA3biBAlOT yGhl-
Balolei.

Ias ycraHoB/IeHHs1 Bo3pacTaHusi WJIH yGbIBAHHS MOCJeN0BaTelb-
HOCTH (@,) Hafo OMpene/HTb 3HAK PAa3HOCTH Qnyi — Qn. JJsi BO3-
pacrawoolledl nocjaef0BaTeJNbHOCTH Gny1 — A, >0, W5 y6GbiBalolel —
Gny1 — an<<0 npu n € N.

[Tpumep. Jokaxure, YTO MOC/EA0BATEIbHOCTD y,.=3—';—21’—,
n € N, siBnsiercsl yGbIBaOLIEH,

3—2 1 1—2 .
Pemenue. yop = f}"-i- ) - ® . Haiigem pasHocTb
Ynt1t — Yn.
1—2n 3—2n l1—2n—342n ‘ 1
Yntt —Yph=—F———F—= " =—?<O.

[Monyunnn, 4t0 Yony1 <<y. mpu Jwbom n ¢ N. CaemoBarenbHo,
JlaHHas MOCJ/e[0BaTeJbHOCTh yOhIBaloOLLas.

Bosee o6uiuMHu SIBIAIOTCA MOHATHA HeyGbiBaioulell H HeBo3pacTa-
IOIEH MOC/Ie40BaTeNbHOCTEH, KOTOPble Ha3blBAlOT MOHOTOHHBIMH.

Hanpumep, nociegoBarenbHocts (x,)=(1; 1; 2; 2; 3; 3; ..;
n; n; ..) HeyOhBalowlas, a nocjenoBarenbHocTb (y.)=(1; 1;
1 1 1. 1. A U O
5 S g 3 v T ...) HeBO3pacramwouas.

Ipu rpaduueckom cnocoGe 3ananusi Nocjae0BaTeNbHOCTb H306pa-

XKaercss  MHOXKEeCTBOM  TOYeK

9\ M(n; f(n)) KoopanHaTHOH MIOCKO-
CTH, a6CLUCChl KOTOPBIX — NOPSIA-

(tf) KOBLIE HOMEpAa UJIEHOB MOCJeN0Ba-

1 (2:F) TeJIbHOCTH, OPAMHAThl — COOTBET-

(5:f) (4:£,)  CTBYOILHE YieHbl NOC/IEAOBATENb-
4
1 HoctH. Ha pucynkax 9, 10, 11 uso-
0 1 2 3 4 x OpaXXeHbl COOTBETCTBEHHO MocJe-
1

RoBaTe/bHOCTH f(n) = W

em=1" =", nen.

Puc. 9 Fpaduueckn nocrenoBatesbHOCTL
y g\
A ) @h) Gin) )|
(2:q,)
& (4:1%)
0 1 2 3 4x 0 1 2 b 4x
(3ig,)
-1-- ,
(11?1)
Puc. 10 Puc. 11
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Xy X2 Xy X, R YYs Y, Y
6172 4 6 8 10 X 0 11 1 7 X
43 2
Puc. 12 Puc. 13

MOXHO H300pasHTb H B BHJe TOYEK KOOpAHHATHOH npsimoii. Hanpu-
Mep, Ha pucyHKe 12 H306pakeHbi UJeHbl MOCJELOBATEAbHOCTH
xn=2n, n € N, a Ha pHcyHKke |3 — ujieHbl MOC/IE10BATEAbHOCTH

1
Yn = P ne N.

Ilpu pekyppeHTHOM crnocoGe 3ajaHHs M[OC/JAEJOBATEJNbHOCTH YKa-
3bIBaeTCA OJMH HMJIH HECKOJIbKO MEepBHIX €e WIEeHOB, a Takxe (opmyaa,
N03BOJISIOLLAs] BBHIUUCAATH JIOGOH WieH M0CJ/ied0BaTeJbHOCTH [0 H3-
BECTHBIM MpEAUIECTBYIOIHM YIeHaM.

[Tpumep 5. 3ananum moc/enoBaTebHOCTb (@) PEKYpPDPEHTHO:

ai=1,a=-—3, ar=an_1+ a9, n€N, n>=3.

[To sTomMy 3amaHHiO MoxeT GbITb HaiijeH JIOGOH wjeH mocJe-
JOBAaTeJbHOCTH:
a=a+a=(—3)+1=-2
=as+ a;=(—2) + (—3)= —5,
as=as+a3=(—5~+(—2)=—7ur 4

IMocnenosarenvnocts umeer Bug: (1; —3; —2; —5; —7;..).

Ynpascnenusn

1. CocraBbTe mJaH OTBETa MO TEKCTy maparpada.

2. Haiigure B TekcTe ompenesieHne GeCKOHEYHOH YHC/I0BO mocJe-
aosatesbHocTH. [lpuBenute npuMepsl UYHCJAOBBIX IOCJEL0BaTE/b-
HoCTeH.

3. Haiigure 10-# ujeH nocaenoBaTe/qbHOCTH , rne néN.

5n
n+42

4. BoinuwkTe nNAThb MNEPBLIX WIEHOB MOCJELOBATENBHOCTH (X.),
€CJIH:

2n — 1
a) x,=3n—2; 6) xa=n%—>5n-4; B) Yo =g

r) xn=l—+;—_~!)-", ) Xn—1+—, rae n € N.

1
n+43’

5. IlocnenoBatenbHOCTb (4,) 3afaHa GOPMYJIONH u, =

n € N. Hafigure uy, ug, us.
2n — 1

e n € N. Haiigute b,,

6. lana noc/enoBaTeqbHOCTb b, =

bia, begy — by, ——
be

25



7. SIBasieTcs JIH YJIEHOM MOCJEN0BATENbHOCTH A, = 21 -+ 5, n € N,
yuesao: a) 29; 6) 252; B) 1000? Ecuam ssasiercs, TO KakoB ero
HOoMep?

8. SIBasercs JHM UYNEHOM MOCJAELOBATeNbHOCTH X,=n>— 7n,
n €N, uucno: a) —12; 6) 0; B) 48? Ecau sBasiercs, TO KaKoB
ero Homep?

9. Ykaxure, HauHHAs C KaKOro HoMepa KaXIblll wjeH Mocjejo-
BateqabHocTH (7; 12; 17; ...; 5n 4 2; ...), n € N, Goabiue 60.

10. Haiinnte HoMepa u/eHOB MmocJie0BaTeJbHOCTH
f(n)=6n — 54, n € N, ans kotopbix f(n)< 10.

11. BbluHc/aAMTE NATH MEPBRIX YJIEHOB MOCJAENOBATeNbHOCTH (an),
ecJsu:

a) al=3; a2=7, an=2aa._2+a,;_|; 6) al=_2’ an+|=—l—;

Qn—2 Qn

B) ai=1, ay=—5, an=—7—; ) a=a=3, Un+2=20n+1—Gn,
rae n € N.

12. H3ob6pasute rpacduueckn Ha KOOPAMHATHOM MJIOCKOCTH M KO-
OpAMHATHOH NPAMOH YeTbipe NepPBbLIX 4YJEHA MOC/EA0BATENbHOCTH:
a) (2, 1; 0; ..; 3—mn; ..); 6) xa=(—1)" B) y,.=—0,5n2;
3n—1 = 1, ecan n — yeTHOe YKCIO
r) sn=—-5—-, TAE N s )*an=J o ,
) n n+2 Y 11 EN, Il) an {2n’
13. BoinuuixTe yeTbipe MepBLIX YJeHAa MOC/AEAOBATENbHOCTH, CO-
CTaBJIEHHOH H3 NEeCATHYHBIX MPHOJHXKEHHH C HeJOCTAaTKOM HppalHo-

HaJbHOro uncaa: a) ¢ 3;6) Y 6; B) yI12.

14. [lokaxHuTe, YTO MocCJef0BaTelbHOCTb (X,) fIBAETCA BO3pacra-
2nn—l,nEN-
15. JoKkaxuTe, 4TO MOCJAEROBaTeNbHOCTb (Y.) fiBAsieTcs yGbiBa-

jouled, ecan: a) x,=3n—1; 6) xa=n’>4n; B) x,=

oueil, ecan: a) Ya=2—5n; 6) yo=—n’>+2: B) Yo = 3n;|- 1 ‘
néeN.
§ 8. MPEAEN NOCNEAOBATEJIbBHOCTHU

[Mpexne ueM BBOAHTDL OMpejesieHHe Npejesia Noc/aeA0BaTeqbHOCTH,
paccmoTpuM mpuMepbl. I1ycTb naHbl moc/ief0BaTebHOCTH:

—1)"
a) xa ==203 6) ye="0L ) f=1 4+ 20

BLIYHC/IHM HECKOJNBKO MEPBLIX UY/JIEHOB KaXXAOH H3 HHX H H30-
6pa3uM HX TOYKaMH KOOPIHMHATHOH mpsimod (puc. 14—16).

IMocnepoBatenbHocTb (x,) Bo3pacraer, W ee wjIeHb C Bo3pacra-
HHEeM HoMmepa n npubauxkamoTci (Kak yroiHo GaH3ko!) K enHHHLe
cneBa (puc. 14). 'oBopsAT, YTO MOC/NENOBaTeNbHOCTb (X;) CTPEMHTCA
K mpejeny | npu HeorpaHHYeHHOM BO3pacTaHHH f.
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€C/JH n — HEYETHOE UYHCJO.

Xnni'; ,,:n_r:l_ z,,=1+(”

b 12Tk O I™%5 3y 0 tiii3d 2z
234 32 i5 412
Puc. 14 Puc. 15 Puc. 16

IMocnenoBaTenbHOCTb (Ys) yOBIBAET, H €e WIeHH NPHGIHKAIOTCA
(xak yroaHo G/H3Ko!) K €IHHHLE CrpaBa C BO3pacTaHHeM HOMepa n
(puc.” 15). ToBopsaT, uTO MOCJHeA0BATENbHOCTb (Yn) CTPEMHTCHA K
npexeny 1 mpH HeorpaHH4eHHOM BO3pacTaHHH .

IMocaenoBaTenbHOCTb (2,) HEMOHOTOHHA, HO WIEHH €e NpUOJH-
JKaloTC K eJMHHIE C BO3pacTaHHeM n Kak clpaBa, Tak U cJjeBa

(puc. 16).
YTouHHM NOHATHE mpeaena nociegoBaTenbHocTH. Jaa 3roro

1
paccMOTpHUM BHHMarTeJbHeE NoCaea0BaTEJAbHOCTD y,,=n-; . Iloka-

JKeM, YTO C YBeJIMYEHHEM HOMepa n, BO-NEPBLIX, PaCCTOSHHA
MeXJy MpefeJoM MOC/Ief0BaTeNbHOCTH (4HCaAOM 1) H ee uieHaMH
YMEHbIIAIOTCA H, BO-BTOPHIX, 3TH pPAacCTOSIHHSI MOTYT OHITb Kak
YroAHO MaJIbIMH, HauHHasf C HEKOTOPOro HOMepa n.

BhiuHcaMM Pa3HOCTb (PaccTOsiHHE) MeXAy Yn H 1t

1.

lpp— =2 —1=1;

1.

‘y3—ll=——-—l=—-3—,
1001 N
191000 — 11= 1505~ — ' = To00 *

— =ttt _ =L
Iyn ll_ . l__n

3ameuaeM, 4TO C YBeJHUEHHEM HOMepa N WJEHH nocjepoBa-
TEJIbHOCTH NPUGJHKAIOTCA K 4Hcay 1, T. €. BHINOJHSAETCH NepBoe
ycnosue. Ilpn 3TOM paccTOsHHS MexXAy uHcaoM 1 M wieHaMHu mo-
CJIeZIOBATENILHOCTH, HAauMHasi C HEKOTOPOro HoMepa no, Kak YroiHo
MaJbl, MeHbIIe JIOGOro CKOJIb YrogHO MaJoro MOJOXHTEJIbHOro

yucna e, T. e. |y.— 1l<<e, mas Bcex n>no. Hanpumep, ecau

1 1 1 1
&= T0 lyn — 1| <555 WM — <o, OTKYAA n > 1000.

Arto o03HauaeT, 4TO AJsA BCeX Y, ¢ HoMepamu n > 1000 BmuinoJ-

1
HseTCsl HepaBeHCTBO |y — 1l < 455 -
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Onpenenenue Uuciao a HaswsBaercs npeiedcM NOCJAenOBa-
TEJLHOCTH (X,), ecau s JioGoro nojJ0XKHUTEALHOr0 YHCHA € HalizeT-
cfl Takoe HaTrypaJjbHOe HHCJO Ny, YTO JAJA BCEX HJIEHOB MOC/aENO-
BaTeJbHOCTH C HOMEPaMHM f>>1y BbHINOJHAETCH HEPABEHCTBO
Ixn hannd al < €.

3anuceiBaeTcs 3T0 TaK: limx,=a WIH x,—~a npu n—oo. Un-

n— oo

raercsi: «[Ipemen mociemoBaTenbHOCTH (X,) NPH 3H, CTPEMSIEMCS
K GECKOHEYHOCTH, pPaBeH a».

Has PacCMOTPEHHHIX BLIIIE YHCJAOBHIX MOCJeqOBaTeJibHOCTEf
HMeEEM:

LR PRRT (=1
= b m S =t (1S =1
O unca0OBHIX nocJen0BaTe/IbHOCTAX, HMEIOILHUX Npenes, roBOpAT, YTO
OHH CXOASITCA.

ITocaenosatenbHOCTD, HMeIOLYIO TIpejes, Ha3bIBaIOT CXOAsILIENCH,
a He HUMeINYI0 npelejna — pacxoisiuieHcs.

Jlas nokasaTesibCTBa CXOAMMOCTH IOC/EN0BATENbHOCTH JOCTa-
TOYHO HaHTH ee npenes HJAH AOKa3aTb, YHTO OH CYLIECTBYET.

3anaunune l. PaccmoTpHTe noc/efoBaTeNbHOCTh X, =2t

Hso6pasure ee rpadpuueckn. Mmeer siu sra nocnenoaarenbuocrbnnpe-
nen? Yemy oH paBeH?

YTBepKIeHHEe «UHCIO @ SABJSIETCS NpenejoM MOC/AeI0BATETbHOCTH
(xa) mpu n—oco» o3Hauaer, uto AJs Jio6oro & >0 Halizerca Takoe
HaTypa/lbHOC YHCJIO 7, 3aBHCsIee OT €, 4YTO [AJs BCEX UJEHOB

NOCJeJOBATeNbHOCTH (X1} X2; ...; Xng; Xng41; -..), Y KOTODBHIX MOpSA-
KOBbIi HOMep n>>ng, HMEeT MeCTO HepaBeHCTBO |x, —al<e.
IMocnennee  HepaBeHCTBO  3KBHBAJIEHTHO  HEPaBEHCTBY —& <<

<xp—a<<e WM a—e<x,<<a-te IeomerpuueckH HepaBEHCTBO
a—¢&<<x,<<a-+ e o3Hauaer, yTo GECKOHEUHOE MHOXKECTBO YJIEHOB
nocJjefoBaTeNbHOCTH (Xx,) MOMajgalT B NMPOMEXYTOK |a — &; a -+ g
(puc. 17), a BHe 3TOro npoMexyTKa OCTaeTcs KOHEYHCEe YHCJO
4JIEHOB.

Jlio6o# uurepran la — €; a - €[ uncn0BOH NPsIMOH HA3LIBAIOT OK-
PEeCTHOCTBIO TOYKH a pajnuyca €. ITostromy yrBepxkaeHue lim x,=a

n—-oo

PaBHOCHJIBHO CJIE[LYIOIIEMY YTBEpXKIEeHHIO: KakoB O6bl HH OBLT HH-
TepBaJ ]a — &; a - [, HauUHMHAasA ¢ HEKOTOPOro HOMepa fg, BCE TOUKH
Xn TIPH 1 >> N MPHHALJIEXXAT 3TOMY HHTEpBaJy.

IMMpumep 1. Iloas3ysice ompeneneHueM mpenesa MoCJaef0Ba-

TEeJbHOCTH, JOKaxurte, yto lim x,=>5, ecau xn=-@i-l—. Haiigure
n

HOMepa 4J/IeHOB I0C/e10BaTe b-
a-¢ a+€ HOCTH  (Xa), AJA  KOTOPBIX
lx»—5|<<e mnpum e=0,1; 0,01.

Pewenne. Hcxoas us omn-
Puc. 17 pede/ieHHsl mpejesna IMoc/en0Ba-

i )
n !
X, Xn 49 0 X, X2 X
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. . X4 )Xio Xy o a(-0,2 a;\*O,Zl
L] 7 v A
Puc. 18 Puc. 19

TeJbHOCTH, HaAO0 N0Ka3aTb, 4TO, KaKHM 6b1 HH OGBLIO 3a7aHO MnpoH3-
BOJIbHOE CKOJIb YroJgHO MaJoe e >0, naa Hero Halzetrcss TakKoe
HaTypa/jbHO€ 4YHUCIAO ng, UYTO JJd BCeX n>>np BbINOJHAECTCA

HEpaBeHCTBO |x, — 5| <e.
5n + 1
Bosbmem Ji06oe € > 0. Tak kak |x,—5|= -—n+——— 5|=
= |5 —l—L —_ 5| = I-LI =—’ll—-, TO [N OTbICKAHHsSI 3HaueHuit n,
n n

IpH KOTOPHIX 6yneT BHIIOJIHSTBCA HEPABEHCTBO |x, — 5| <<€, HYXKHO
1
PELIHTb HEPaBEeHCTBO —"z—< e. Pewas ero, monyunm n>-—.

Ecau e=0,1 T0 n>-01—l; n>10. Tlostomy no=10. Hepa-

BEHCTBO |x, — 5| << 0,1 puinonnsercs pas Bcex n > 10. 'eomeTpuuecku
3TO 3HAYHMT, YTO, HAyMHasi C Xi;, BCe UJEHH MOCJEA0BaTeJbHOCTH
monajyT B OKPECTHOCTb TOYKH 5 paamyca 0,1, BHe ee HaxoxATCs
JIHIIb TOUKU X; Xo) X3, ..., X0 (puc. 18).
Ecnu €= 0,01, To n> 100 u |x, — 5| << 0,01 mas Bcex n>100.
Mpumep 2. INoap3ysich onpeaejeHHeM Ipeaeja IMOCJEeL0Ba-

(_l)n =0.

TeJLHOCTH, JOKaxure, uto lim

n—»oo

—1) 1
Pewenue. BosbmeMm Jwoboe € > 0. Tak kak |(_T)__O| =—
TO HEPaBeHCTBO _:f<8 Gyner BBIUIONHSATBCA NPH N >> Mo, TAE No==
1 | (1) 1
=|—1- Hrak, I——n——-O <& s Beex n>|—|], mosTomy

lim = — o,
n — 0o n

Sapgaunue 2. O6bscHUTe, NOYEMYy MOCAEAOBATENLHOCTD G, =
= (—1)" He umeer npeznena (cm. puc. 19).

CyuiecTBoBaHUe npejesa NOCJAEJOBATENbHOCTH CBSI3aHO C MOHs-
THEM OrpaHHYeHHOCTH mnocnaenoBaTesbHocTH. [locaenoBarenbHOCTD
(a,) Ha3bIBAIOT OrpaHHYEHHOH CBEPXY, €CJNH CYLIECTBYET TaKoe YHC-
Jo M, uto pas mo6oro n € N BIIONHSIETCS HEpaBEHCTBO a, << M.
IMocnenosarenbHocTsb (b,) Ha3BIBAIOT OrPaHHUYEHHOH CHH3Y, €C/IH CY-
IECTBYeT TaKOe YHCJIO m, 4YTo AJs Jio6oro n € N BHIOJfseTCH
HEpaBeHCTBO b, = m.

n
Tak nocsienoBaTe/NbHOCTb X, =

: epx -
gy orpaHuyeHa CBepXy 4YHC
n+41

orpaHuueHa yucjiom | cHu3y.
29
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ITocnenosarenbHOCTh (C,) Ha3BIBAeTCS OrpaHHueHHOR, eCJH OHa
OrpaHHYeHa M CBEpPXy H CHH3Yy, T. €. CYIIECTBYIOT TaKHe yHcjIa
M v m, uro pas mo6Goro n € N BHNOJHAETCS HEPaBeHCTBO
m<c, <M.

Hanpumep, nocnemoBaresbHOCTb 2, = ( — 1)* - % orpaHHyeHa,

TaK Kak JjJisi yiio6oro n € N Buinosinsiercsi HepaBeHcTBo — 1 << 2, << 1.
MoxHO n0Ka3aTh, YTO €CJH MOCJELOBATENbHOCTb HMEeT mnpened,
TO OH €IHHCTBEHHHI. B MaTeMaTHKe HacTO BaXKHO 3HATb He UHCJO-
BYIO BeJIHYHHY IpejeJia IOC/JEL0BAaTeNbHOCTH, a caM (akT ero cy-
IeCTBOBaHHA. MOHOTOHHAsE OrpaHHYeHHasd MNOCJIeLOBATENbHOCTD
uMeer mnpenea (treopema Beiiepwrpacca'). JlokasaTenbctBo 3TOMN
TEOpeMHl BBIXOJAMT 3a IpejeJnl LWIKOJbHOIO Kypca MaTeMaTHKH.

Ynpaxnenun

1. CocrasbTe nuaH naparpaga «Ilpeaen mocsenOBaTeNbHOCTH».

2. Ha koopauHaTHON NMpsIMOM MOKaXKHTe OKPECTHOCTb pajHyca e
TOYKH a.

3. 3anumuTe C NMOMOIIBIO 3HAaKa MOAYJSA CJENYIOIIHe BHICKA3hi-
BaHus: a) 10-if unen moc/e10BaTeIbHOCTH (@n) NPHHAINEKHT OKPECT-
HOCTH TOYKH 7 paauyca 1; 6) 20-f useH mocsefoBaTeNbHOCTH (X,)
NPHHAAJIEKHT OKPECTHOCTH TOUKH 7 paauyca 0,01; B) n-ii unen mo-
CJIe/IOBATeNbHOCTH (bs) MPHHANIEKHT OKPECTHOCTH TOUKH 7 pamuyca
0,001. '

4. lana nocJjief0BaTeNbHOCTb a,.=-3”—:'_l_. Beruncaure paccro-

fIHHE OT TOYKH 3 [0 4YJIEHOB IIOCJAEIOBATENbHOCTH C HOMEpPaMH
3, 10, 80, 200, n.

5. YKaxuTe HOMep wieHa MOCJEJOBAaTeJbHOCTH x,.=&'-7'l|i, Ha-

YHHAast C KOTOpOro BCe €€ uleHH YHOBJIETBOPSIOT YCJAOBHIO:
a) lxn — 2| <0,1; 6) lxs — 2| < 0,001.
6. Chopmynupyiite ompeieneHHe npeaena MOC/eN0BATENbHOCTH.
7. lim x,=a. YTo o3HauaeT reoMeTpHYECKH 3Ta 3aMHCh?

n—oo
8. B HEKOTOpPO# OKPECTHOCTH TOYKH @ COLEPIKHTCS GeCKOHeuHoe
MHOKECTBO WJIEHOB MocJjenoBareabHoCcTH (x,). Crenyer siu u3 3Toro,
yto lim x, = a?

n—»oo

9. B s1060ft OKPEeCTHOCTH TOYKH @ HAXOXHTCS GeCKOHEYHOE MHO-
XKECTBO WIEHOB MOCJELOBATENbHOCTH (xn). MoxHO /i yTBepXKAaTh,
uyro lim x, = a?

n—»00

! Kapn Befiepmrpacc (1815—1897) — Bunaomufcss HeMeLKHA MaTeMAaTHK.
Ero paGoTH mocBfillleHH MHOTHM Da3fesaM MaTeMaTHKH (MaTeMaTHUeCKOMY aHaJH-
8y, TEOpPHH aHAJHTHYECKHX ¢YHKuUui, nuddepeHIHaNbHOH reoMeTpHH H aJareGpe).
3amerum, uro uaBecTHnA MateMatHk Codbsi Bacuibesna Kopanesckas Ghula
yuennuei Befiepmrtpacca.
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10. lim1=2 — _ . yxaxure HOMepa TexX YJIEHOB MOCJeNOoBa-
aso2+n

1—n
24n
—1 panuyca e, ecnu: a) e=0,1; 6) ¢ =0,001.

11. Ilonb3ysck onpeneseHHeM mnpemena MOC/A€A0BATENbHOCTH,
JlOKaXKHTe, 4TO:

s 3n-—l= . . ni]_L
a) lim =2 3 6 lim ==,

TeJIbHOCTH ( ), KOTOpbI€ PacCHoJIO2KEHHI BHE OKPECTHOCTH TOYKH

12, lana nocnenoBaTeabHOCTD (l +nl—’) . a) Buuucaurte He-

CKOJILKO MEepBHIX ee uieHOB; 6) H306pasHTe HX HAa KOOPAHHATHON
npsiMOfi; B) HafiiuTe nmpeaen NOCJeLOBaTENbHOCTH.
13 *. MoxeT JH mpemes mnocneNOBaTeJbHOCTH, BCE WIEHH KO-
TOPOA — palHOHA/JbHHE WYHC/A3, GHTh HPPALHOHAMLHHM YHCJAOM?
14 *. Moxer JiH mpefes NMOCJENOBATENBLHOCTH,. BCE WIEHH KOTO-
POfi — MppauHOHA/bHBE YHCAE, GHTb PALHOHAJLHBIM YHC/JIOM?

§ 9. TEOPEMbI O NPEAENAX NOCNEAOBATENLHOCTEMN

Tlpu HaxoxaeHHHM npenesioB mocnenoBaTesbHOCTER YacTo npHxo-
JAHTCA NMPHMEHATh TEOPEMH O mpejiesie MOCTOSIHHOM MOC/AeN0BaTeNb-
HOCTH H O mpejeJie CYMMbI, TPOH3BEI€HHSA H YAaCTHOIO MOCJef0BaTe/Nb-
Hocreil. Jloka3aTenbCTBO STHX T€OPEM BHIXOAHT 33 PAMKH nporpaMmul
cpenHeli wKonH. [109TOMY MW OrpaHHuYMMCS JHIIL GOPMYJIHPOBKAMH
H NOKaXeM HX MPHMEHEHHEe K PelleHHI0 ynpaxkHeHud. [Ipu sToMm nox
CYMMOR JABYX nocieaoBaTejqbHOCTe GyneM MNOHMMAaThb MOC/JEAOBa-
TeJIBHOCTb, YIEHBl KOTOPOH MOJyueHH NYTEM CJOXKEHHS COOTBETCT-
BYIOLIHX Y/I€HOB JAaHHBIX MOC/IEN0BaTe/IbHOCTeN. AHAJIOTHYHO BBOAST-
Csl MOHSTHA NPOH3BENEHHS] H YaCTHOTrO ABYX NOCJeLOBaTENbHOCTEN.

Teopewma 1. IIpedea nocroannod nocaedosareasnocru pasen
“aeny 8rod nocaedosarendvuocru.

Mpumep 1.lim8=8; lim - =-L; lim 1000 ="1000.

n-»oo n—+o0 N N n-»oo

Teopema 2. Mpeder cymmms dsyx cxodamuxcs nocredosa-
TeAbHOCTed CyuwjecTéyer u pasen cymme npedeaos 9TuxX nocaedo-
eareadrocred.

Ecan  (xs) ®  (y») — cxomsimmecs mocnesoBaTeNLHOCTH H
lim x,=a, limy,=>5, To lim (x» + y»)= lim x, 4+ lim Yn=a-b.
n—»oco n—» oo n-» oo n-»o00 n-—+ oo

Mpumep 2. Ecn limx,=2, limz,=1, To cornacio Teo-

peme n -+ oo ﬂ-b”
Mpumep 3. lim (3+%)= lim3+4 lim+-=34+0=3.

L n-»>c0 R0 N
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Teopewma 3. Ipeden npoussederus @syx CXCORLIUXTR noCae-
dosarenvrocTed cywjecreyer U pasen nRPOU3BEIEHUd npedesns
srux nocaedosaresvrocreil.

Ecnn  (xn) H  (ys) — cXonsillHecsi  NOCJIENO0BATEJBLHOCTH M
lim x,=a, lim x,=0b, 10 lim x,y,= lim x, - limy,=a - b.

n~»>0c0 n—»oo n-—» co n-—oo n—» oo

CaencrBHue. ITocTOAHHbUL MHONCUTEAb MOXNCHO BbBIHOCUTL 3G
8HaK npedeaa.

Ecin c¢=const, (a.) — cxonsimasicd MOCJIeA0BATENbHOCTD K
lima,=a, 0 limc-a,=c - lima,=c - a.

n—> oo n-—»oo n—-oco

Mpumep 4. Ecan lim x, =7, lim y,.=—l,To lim (2xn « Ya)=

n-—»oo 2

=2 lim x, - lim y,=2 -7--—;—=7.

n—» oo n—» oo

Mpumep 5. lim22tS— lim(0,2+ %) = lim 0,2+

n—oo n n— oo

+ 5 lim =« lim —=0,2.
n—+o N n—+co N
Teopema 4. Ilpedea uacrnozo 9deyx cxodRujuxca nocaedo-
8areabrOCTeldl pasen YACTHOMY npedenos Tux nocaedosareadrocred
npu ycaoeuu, 4To npeden deaureas Ke pasen HYaio.
Ecau (xs) ¥ (ys) — CXOmsiHECs  MOCJAENOBATENbHOCTH H
lim x,

. Xn — 00 a
limx,=a, limy,=0b0, 0 lim—="">2—=—.
nieo " n—»ooyn * Yn lim ya b
. n.-»oo . X
Mpumep 6. Ecau lim x,=—0,3, limy,=2, 10 lim —=
n—» 0o n - co n—» 0o n
lim xa
=z —=03___ 015
lim ya 2

n—- co

Teopema 5 Ecau usensi Hexoropoili nocnedo8areabrocTd
saxaiouenst mexdy COOTEETCTEYIOWUMY YAeHamu 08Yx dpyeux
nocaedosareavrocrei, umerousux 00ur u ToT e npeder, TO U nepeas
nocaedo8aTeAbHOCTd UMeeT TOT xe npedea.

TlycTh 3afaHbl NOCAEAOBATENbHOCTH (25), (xa), (Ya), Takue, uTO
X0 < 2. < Yn ¥ lim x, = lim y» =a, TOrAQ limz,=a.

n—>oo n—».00 n—» oo

M puwmep 7. [TycTb HMeeM NOC/I€A0BATENbHOCTH (——n_"‘_ l)’ (..__"': '),

= lim 2+£2 —

n-» oo n

n+42 n n+41 n+2 . n
(—-'-nL),npuqu < <——=H lim 1

n+41 n n—+oo

=1, toraa lim *tl—1.
n+o I
npuMeHeHHe cpOPMYTHPOBAHHbIX

PaccMoTpumM Ha npumepax L
npeAe/ioB MOC/Ae10BaTEbHOCTEH.

Bbillle TeopeM K BbIYHCJIEHHIO
32

ITpumep 8. Haiinure npenensi:

: —7 2
a) lim 2=T; 6) lim 252 —2+ 4,
n—»oo n— oo 2"‘7”"'3'12
B) lim 3n — 1 r) lim 24+4+464..42n

n—>oco 4n3 — 2n? 4 5n — 7 newl+3+5+..+@n—1)

Pewenne. a) Yncaureab u 3HamMenartesib NpeiacTaBasiioT co6oi
pacxoasiuiuecs noc/e0BaTeNbHOCTH (KaXas H3 HHX HEOrpaHHueHa),
NO3TOMY He/Nb3fl Cpa3y MNPHUMEHATb TeOpPeMY O Mpejese YacTHOro.
IToctynaem Tak: mesuM UHCAHTeJb M 3HAMeHaTelb Ha n (BeJHYMHA
ApOGH OT 3TOr0 He H3MEHSieTCs), 3aTeM NMPHUMEHsSIEM TeopeMbl O mpe-

neJlax YaCTHOro U CYMMBI. anBO}.IHM HOIlpOﬁHYlO 3anucb BbIYHC/IE-
HHH npepeJa:

7 ) 7
lim 32=7 lim5_7=”h-?1°°(5~7)_
nme 12=3n " 4w 12 iim (2 _ 3 -
n lm(—n—-—)

n— oo

' 7
lim 5— lim — RTINS
_ mre  newn ST

12 Iim—l-—3

n— oo

_5—7-0
12-0—-3"

12 ) -2
lim — — 1lim 3 3

n -0 N n -~ oo

6) IlauHeii npefen HAaXOAMTCS aHAJOTHYHO MpeNbIAYLIEMY,
AeJIEHHEM YHCJHTE]S] M 3HaMeHaTeasi Apo6H Ha n’:

1 4
. 3(5n* —n+4 . S5——+—
llm——-—)= lim3. lim—"~2__"% __
n+o0 2 —7n— 3n? n—>oo n>oo 2 _ 7 3
" n
. 1 4
llm(5—-——+ lim5 — lim — 4
=3. n—»oo n ? - > 00 n—ln:o +ﬂ'_':1—! _
lim —1—3 lim o
n— oo ? n ) n—»oo——i_nl-in;lo—_nl_l’nls
=ig=-5
B) lim =1 _ im n__nl =
n—»oo4n3—-2n2+5n—7 n— oo 4_£+5 7
n T RlTh
li (3 |
im -—_._)
— n—+oo\ N nd 0 0
==

. 2.5 7
l1m(4—7+?__3)

n— oo n

r) Yncaurenbp apoGH ecTb cymMma n ujeHOB apudmMeTHYECKOH
MpOrpeccHH, a 3HaMeHaTeJlb — CyMMa 7 4WIEHOB JApyroil apud-
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METHYECKOH MpOrpeccHH. Hpeoﬁpasyﬂ 3TH CyMMbl 10 ¢opmyJe
a + as .
Sn = - )

* n, NONY4YHUm:

24 2n
lim-2t4+6+..42om 2 _

nosw 1F3+6F F@i—1)  aoew T+2n—1 _

-n

2
T L BT 1y
= lim = lim l+7{')“1’

n—»oo n-»oo

¥npaxcrenun

1. 3anuwnte TeopeMbl O mpemenax  MocCJenOBaTENbHOCTEN
CHMBOJIHUECKH,

2. Tpuseaute npumepbl ABYX CXOASLUHXCS MOCJEA0BATEALHOCTEMH.
CocTaBbTe HX CyMMY M MOKax{HTe, YTO OHa CXONHTCH.

3. HCTHHI:!O JIH  BLICKa3blBaHHE: €CJH CyMMa JABYX MOCJefo-
BaTeJIbHOCTEN — CXOASAILASCA MOC/EA0BATeNbHOCTb, TO H Kaxaas H3
JaHHBIX MOCJEN0BaTENbHOCTEH CXOAHUTCS?

4. Jlokaxute CXOAHMMOCTb MOC/ELOBATENbHOCTEH:

1 3 1 1
a T e— M = —— T e e c—
) Xa o +3; 6) yo=7 pe B) 2n o T
5. TlocnenoBatenbHOCTb (X,) HMeeT npenen a, a MOCJAEROBATElb-
HOCTb (Yn) — mpepen b 0. BepHO /M, 4TO HMeeT Mpege] MoCJeao-

BaTEJNbHOCTb: a) (Xa * Ys); 6) (?);
6. Ilocnenosarenvuoctd (xn) M (ys) cxomswmeca. Caegyer su

M3 3TOrO, YTO MOCJEAOBATENbHOCTD -;-"— TOXE CXOAALLasACcs?
n
o . . . X,
7. Haiipure lim (X, + ya), lim (x, - ya), lim ==, ecau:
n-»oo n—»oo n—+oo Yn

a) lim x,=-3, limy,=2; 6) limx,=0, lim y, =>5.

n— oo n-—» oo n— oo n—» oo

8. lim x,=23. Hafiaute npesen nocseqoBartesbHOCTE:

n —+ oo

3x, — 5 x2—9 2x2 —5x,+ 3
a TN ——— == ——— _— ——
) Yn a4 1° 6) za X —8 ' B) un X.—6
9. [Npumenss TeopeMbl 0 mpeaenax, Haliaure:
s 3n—1 . 5n2 — 7n + 1
a) lim ; —_
)n—boo 2—n’ 6) nl—lera 2+4+3n—n?
. 7—2n 1: n—1)(n+3
B) lim ———; r) ‘'lim —(—M———L;
) n—»co 3flz+5 ) n— co 2n2+l
1 1
) i n? )l 1+'§'+---+‘2—,;
n) lim ; €) lim
w0 1 +24+3+4..+n " oo 1 1
nw‘++++ n gt ot

10. Haiigute nmpenesni:

. 5n 4 2 41\, lim ( nt 3n2—2n*4+6 \.
a) ,.l'.."L( - Toims) O Mo Tt )P
- — 2
B) Iim ( 3n .l 3n—5n .
n— oo 7n+2 9n2+l7

§ 10. CYMMA BECKOHEYHO YBbIBAIOLLIEA
FEOMETPUYECKOM NPOrPECCUU

. ~1,
Onpeneaende. Mocrenosareabuocro (b; bg; ...; bg"~'; ...),
rae n€N, |[gl<<1, g#0, b— n06oe 4HCI0, OTIHYHOE OT HyJs,
HasbiBaeTcsa GecKoHeuHO yObiBaiolleii reoMeTpHuecKoii mporpeccHei.
Yucso b Ha3bBAalOT MepPBbIM  YJEHOM INPOrpeccHH, g — ee
1, 1, 1
3HameHaTeseM. Hanpumep, mocsenoBare/ibHOCTb (—2-; = T8

! ) — GECKOHEYHO YGhIBaloLlasi reoMeTpHuecKasi Nporpec-

S
CHSl C MepPBbIM YJEHOM —;- H 3HaMeHaTeJeM —?'7

Haiinem cymmy GeckoHeuHo yOblBaiouiei reoMeTpHuecKoR
nporpeccHd. Jlo cHX mop Mbl HMeJH [0 C CYMMaMH € KOHEUHBLIM
YHCJIOM CJaraeMbix. B naHHOM XXe ciyuyae YHC/IO cjaraeMbix 6eckKo-
HeuHo: b+ bqg+bg*>+ ...+ b¢""' + ... TlosToMy cdopmupoBaH-
HOe paHee MpeACTaBJIEHHE O CyMMe JJIsl AAHHOrO Caydyasi HelpHMeHH-
mo. Heo6xomuMmo BHauase oONpefesiHTb, YTO K€ GyaeM NOHHMATh
noA CyMMOH GeCKOHEUHO yG6hiBalolllefi reOMeTpHYeCKOH MpPOrpecCHH.

Onpenenenue Cymmofi GecKOHEUHO yGmiBaIOLIEH reOMETpH-
4eCKOH MPOrpeccHH Ha3biBAIOT MPEfes] CYMMbl 7 MEePBLIX €e Y/EeHOB
npH n—-oo,

Huxe nokasaHo cyuiecTBOBaHHMe TakOH CYMMBl HeNOCPeACTBEH-
HbIM BbIYHCJIEHHEM npenesia nlim Sa.

- 00

3ameTHM BHayaJie, YTO BepHa Teopema.
Teopema. lim ¢"=0, ecau | q| < 1.

n—- oo

. 1 n 2 n
Hanpumep, lim (-—) =0, lim ——) =0.
n—» oo 2 n— oo 3

JlokasaTesibCTBO 3TOH TeOopeMbl Mbl He NMPHBOAHM.

Tenepb nmnepeiinem k BbiBOLy ¢OpMyJabl CYMMbl GecKOHeYHO
y6niBalolleit reoMerpuHueckoit mporpeccud. CyMMma mnepBbiX n uJje-
HOB G6eCKOHe4YHO YObIBalOlleH reoMeTpHYECKOH NPOrpecCHH MOXKeT
6biTb HaliieHa no _(opMmyJe CyMMbl YJ€HOB reoMeTpPHYEeCKOH mporpec-
cuu: S,,=-‘lllb°—;ﬂl.

Haiins npepen 3Tofi CyMMBI npH n—»oco, MOJAYyuYHM cymmy OGec-
KOHeuHO yGuIBaiowleil mporpeccHH:
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lim S,=lim -J——l- — - lim (1 — ¢")=

l—q(l_,.lj.nlq)=l ;1—0=

1—gq°
CymMma GeckoHeuyHO yObIBalOLell reOMeTPHUECKOH MPOrpecCHH paB-
Ha YacTHOMY OT J€/IeHHsl NMepPBOro 4jeHa NPOrpeCcCHH HAa Pa3HOCTb

€IHHHIbl H 3HaMeHaTeJs NPOrpeccHu: S = : b
—-q°
ITpumep 1. Cymma GeckoHeuHO yGhiBalOLLell reOMeTPHYECKON
nporpeccun 4; —2; 1; —-;—, ...y ¥ KOTOpOHi b =4, ¢g= —%, paBHa
— 4 =38 __92
- N 3 =2 3
(—
ITpumep 2. Cymma GeckoHeuHO yGhiBawouieH reomeTpuqecxoﬁ
nporpeccun —8; —4; —2; ..., y KOTOpo# b= —38§, q-— , paBHa
s=——% _ _1s. O6paTuM BHHMaHHE Ha TO, YTO '-lJIeHbl LaHHOH

1

| ——

noc/el0BaTe/IbHOCTH BO3pAacTaloT. TeM He MeHee B COOTBETCTBHH C
NPHHSTHIM HAMH ONpefesNeHHeM Mbl ee Ha3biBaeM GeCKOHEUHO Y6hIBalo-
mel (MOZY/IH ee ujeHOB yGBIBAIOT).

Tenepb mokaxeM, Kak GeCKOHEUHYIO NECATHUHYIO MEPHOAHUECKYIO
Ipo6b MOXKHO NPEeACTaBHTb B BHJAE OGLIKHOBEHHOH ApPOGH.

IIpumep 3. 3anumure B BHAE OGHIKHOBEHHOH JpPOGH uYHC-
ao 0,(12).

Pewenue Yucao 0,(12) =0,12121212... npeacrasum B BuIe

CyMMbl G€CKOHEYHOro 4YHCJIa CJIaraeMhix: 0’(12)=il_026+ 7 010200 +

12 o 12 . 12 12 .
+ 1500000 + .... Cnaraemble 3TO# CYMMBI 50" Toooo " 0000007

yneHbl GECKOHEUHO YObIBalollell reOMeTPHYEeCKOH INPOrpeccHH, y

Lo 12 1 12
KoTopo#l b = 00" 9= T Tak Kkak Iql-—m< I, To W-I—
12
12 12 ___loo __12__ 4
+ 10000 + 1000000 +..= 1 TT99 7 33° Takum  oGpasom,
4 100
O,(12)==-3-3-

IMpumep 4. 3anuuure B BHAe OGHLIKHOBEHHOH APOGH YHCJIO
7,5(63).

Pewenue 7,5(63) = 7,5636363.. = 7+ l0+(w00

63 63 o
-+ 130000 -+ 13000000 -+ ) CiaraeMble 3anmuCcaHHOf CyMMBL, HauH-

Hasl ¢ TpeTbero,— ujeHhl GeCKOHeYHO yGhIBalolleil reoMeTpHuecKOH
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nporpeccHH, y KoTopo# b=lg—go, qu—T66'<l 3HauHT, 7,5(63) =
63

1000 31

5 63

—7+‘°+1 =T+3%5+ 50 ="%"
100

[paBuno oGpalleHHs MepPHOJHYECKHX Apo6edi B OGLIKHOBEHHHIe

npo6u cm. B § 1.

Ynpasxcrenusn

1. Kakas uuc/0oBasi MmocjeJ0oBaTeibHOCTb Ha3biBaeTcsi reOMeTpH-
YecKoil mporpeccuei? l'lpnaen,me npuMepbl 6eCKOHeYHO yG6GbIBaIOLIHX
reoMeTpuYeCKHX NPOrpeccHi.

2. C(popmynupyme onpezieseHHe CyMMBbl 6ecxouetmo yGoiBalom et
reOMeTPHUEeCKOH MPOrpeccHH.

3. Haiigute mnpepennl mocienoBaTesqbHOCTEH: a) x,.--( ) s

6) 4 =(0.2); 8) z.=(5) "
4. BblukcauTe CyMMbl GeCKOHeYHO YOLIBAIOLIHX TeOMeTPHUeCKHX
nporpeccHii:

_LL . oy o1
a) 2’ 19 ’ 4 3 ceey 6) 39 l: 3 ’ 9 9 ercy
;/‘+11;/_3-1. . S S U
; P T) —; =5 = e (IxI>1).
) ‘/—5_1 }/—3+1 ) x x2 xa ( )
5. Haiiqure cymmy 6eckOHeyHO YObiBaiolleli reoMeTpH4ecKo
nporpeccuu (b,), €C/iH H3BECTHO, 4TO: a) by =3, q=-§—; 6) by=—1,
=23 =0 g=-: =—1 g=—1
q__Tr B) b3—2’ q""svr) b3_ 3:q 3 -

6. Hanumure GecKOHeyHO YOGLIBAIOILYI0O Fe€OMETPHYECKYIO Mpor-
peccuio ¢ nepBbiM usieHoM 6, ecan cymma ee paBHa 12.

7. B KBajpar, JIHHA CTOPOHH KOTOPOro paBHa @, BNHCAH MyTeM
COEJIHHEHHS CePeIiH ero CTOPOH HOBHIHl KBajapar, B 3TOT KBaApar Ta-
KHM ke 06pasoM BNHcaH Apyroi kBaipat u T. A. (puc. 20, a). Hadnu-
Te€: a) CyMMY MepHMeTpPOB BCex
KBajgparoB; 6) cymMmy mJjoiianen
BCEX KBAaJApaToB.

8. B paBHOCTOpPOHHHH Tpe-
YrOJIbHUK, AJHHA CTOPOHbI KO-
TOPOro paBHa a, BIHCaH [oO-
CPeACTBOM COEJHHEHHs CepelHH
ero CTOPOH HOBBHIH TpeyroJb-
HHK, B 3TOT TPEYFOJbHHK TaKHM
ke o6pa3oM BIHCAH APYro# Tpe- a) 5)
yroJbHHK H T. O. (puc. 20, 6). _ Puc. 20
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Hafingure: a) cymmy nepumerpos
BCEX TpPeyroJbHHKOB; 6) cymmy
mjaomaneid BceX TPeyroJbHHKOB.

9. 3anuiuHTe B BHAE OOHIK-
HOBEHHBIX ApoGei uucaa:

a) 0,(54);

6) 12,(3);
al 3) B) —2,72(6);

Puc. 21 r) —3,5(72).

10*. PewmnTe ypaBHeHHS:
1
a) ittt =1, <l

6) 2x+l+x2———x3+x4—-...=l—;; x| < 1.
11*. TMocTpoiite rpaduk dyHKuuH y=x + l_’l‘_x+ﬁ+ s
: X

ecau |1 4+ x| > 1.

§ 11. AJIMHA OKPYXXHOCTU. YUCIIO =

Panee B Kypce reomerpuu Gbljii BBeJAeHbl MOHATHSA JJIHHEI OTpe3-
Ka, JJIMHBI JIOMaHOH, epuMeTpa MHOroyroJibHHka. Tenepb Mbl BBeJeM
MOHSATHE IJIMHBI OKPYXKHOCTH. BHauajile paccMOTpHM NpHMeDHI.

Ha pucynke 21, a u3o6pakeH NpaBW/IbHBIH TPEYrosbHHK, BIIH-
CaHHbIi B OKPYXKHOCTb. B pesysnbrate yaBoeHMSI 4yHCJA €r0 CTOPOH
NOJyYH/ICI NPaBH/bHBIH LIECTHYTONbHHK, BIHCAHHBIA B 3Ty Xe
OKPYXXHOCTb. YBOHB YHCJIO CTOPOH LIECTHYTOJbHHKA, MOJYYHM JABe-
HajauatuyroabHuK. Ha pucyske 21, 6 usobGpakeH mpaBHJbHHIH Tpe-
Yro/bHHK, ONMHCAHHLIA OKOJMO OKpyXKHOCTH. B peayabrate ynBoe-
HHS 4YHCJAa €ro CTOpOH o0pa3oBaH NPAaBHJbHBIA IIECTHYTOJbHHK,
TaKXe OMHCAHHLIA OKOJIO 3TOH OKPY>KHOCTH.

VI3 pHCYHKOB BHIHO, YTO C YyBeJHYEHHEM 4YHCJa CTOPOH BIIH-
CaHHOTO MJIH OMHCAHHOrO MHOTOYTOJIbHHKa €ro rpaHuua npH6JaH-
JKaeTcsl K OKPYKHOCTH.

IMpeanonoxuM, YTO YHCJIO CTOPOH MHOTOYTOJbHHKOB, BIHCAHHbIX
B OKPYKHOCTb H ONHCAHHBLIX OKOJIO Hee, HEOrpaHHUEHHO YABaHBaeTCs.
Torna mosiyuyum JBe NOCJeL0BaTeNbHOCTH NMEPHMETPOB: a) mocaeno-
BaTEAbHOCTb - IEPHMETPOB BMHCAHHBIX MHOTOYTOJILHHKOB (Py; Pa;
P3; -} Pn; -.), TA€ p; — NEPHMETP TPEYrOJIbHHKA, Py — NEPHMETP
HIECTHYrOJIbHHKA H T. A.; 6) NocCJef0BaTeJbHOCTb MEPHMETPOB OINH-
CaHHBIX MHOTOYTO/NLHUKOB (P; p%; P4 ... 3 Ph; ...), TA€ pi — NMEPHUMETp
TPEYroJbHHKAa, pj — MEPHMETP IIECTHYrOJbHHKA H T. A.

ITocnenoBatenbHocTh (p,) BO3pacTaer H OrpaHHYeHa CBEpXy
NepUMeTPOM JIIO60ro OMHCAHHOTO MHOIOYroJbHHKa, 3HA4HT, 10O Teo-
peme Beiiepiutpacca cymecrByer npeaen: lim p,=C.

n—» oo
IMocaeaoBatenbHocTh (p;) yGbiBaeT H orpaHHYeHa CHH3Y TNepH-
28 ,

METpPOM JI060r0 BIIHCAHHONO MHOrOYrOJNbHHKA, 3HAUYHT, MO Teopeme
Beiiepwtpacca cyiuectByet npegen: limp,=C’. ‘
n— oo

HuTyuuusi mMoACKa3biBaeT, YTO 3TH Npejesibl NOJXKHBl COBNAAaTh,
YTO M NPOMCXOAHT Ha camoM Jese. JlokasaTeqbCTBO 3TOro ¢akra
BEIXOAMT 3a PaMKH IPOrpaMMbl cpefHeH WKoJbl. B TOM, YTO YJeHH
nocjenopatenbHocredl (p.) M (pr) npuOAHKAIOTCA APYT K APYTY,
y6equMcsl HEMOCPEeACTBEHHBIM HAaXOXIEHHEM HX UHMC/IOBbIX 3HAUEHHH.

Ecau a, — JJHHA CTOPOHBI MPABHJILHOIO N-YrOJbHHKA, BIIHCaH-
HOrO B OKPYXXHOCTb €IMHHYHOrO pajHyca, a b, — IJIHHA CTOPOHHI
NPaBHJIBHOIO N-yrOJbHHKA, OMHCAHHOTO OKOJIO TOH K€ OKPYXKHOCTH

(puc. 22, @), 10 an=|AB|=2sin2", b, =|CD|=2|CB|=

=2tgl—8g-, TOraa p,,=na,.=2nsinli—0-, ,’,=nb,.=2ntg‘—%l°—.

Bocnonb3oBaBLIMCh STHMH (hOpMysnaMH, HaHAeM 3HA4YeHHS pa,
ph W ph — pn NPU PA3HUHLIX . Pe3ynbTaThl BHIYHCIEHHH NPHBEACHB
B TabJHLe: :

n Pn P pr — P
6 6,00000 6,92820 0,92820
12 6,21160 6,48078 0,26918
24 6,26526 6,31932 0,05406
48 6,27870 6,29218 0,01348
96 6,28206 6,28542 0,00336
192 6,28290 6,28374 0,00084
384 6,28312 6,28332 0,00020
768 6,28316 6,28322 0,00006
1536 6,28318 6,28320 0,00002
3072 6,28318 6,28318 0,00000...

W3 Tabauubl BHAHO, YTO P, U Pp C yBeJHuYeHHeM n cOJHXKAIOTCH,
T. €. IpH N — oo, pp — po— 0. T103TOMY MOXKHO NPEANOJIOKHTD, YTO
lim p, = lim p%. ‘

n-— oo n-— oo

Takoit e npefes HMeeT M0C/ae0BaTeJbHOCTh NEPHMETPOB JI060-
ro MHOTrOYroJibHHKa, BINHCAHHOrO B HAHHYIO OKPYXHOCTb WJIH OIH-
CaHHOTO OKOJIO Hee, MPH BBIMONHEHHH ABYX YCJIOBHH: a) YHCJIO CTOPOH
MHOTFOYTOJIbHHKOB [0J2KHO GECKOHEYHO BO3pacTaTh; 6) JJIHHA KaXa0#
CTOPOHBI JOJIXKHA CTPEMHTbCS K HYJIIO.

Onpeneaenue JliHHOH OKPYXKHOCTH Ha3biBaercs mnpeaen
noc/eN0BaTe/IbHOCTH NEPHMETPOB MHOrOYroJbHHKOB, BIHMCAHHBIX
B 3Ty OKPYXHOCTb (MJH OMHCAHHBLIX OKOJIO Hee) MPpH GecKoHeyHOM
yBEJHUEHHH HYHCAA MX CTODOH H CTPEMJCHHH K HYJIO Kaxaoi
CTOPOHBI.

Takum o6pasom, no onpeneserHio AauHa C OKPYXKHOCTH paBHa:

C= lim p,= lim p}. '
n—oo n—+oo
as—+0 b —+0
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A,
4y
7
o‘
5, g
5 8
d)

2
a)
Puc. 22
Teopewm a. Ornowenue drunos okpyxrocru k ceoemy duamerpy

€CTb 4UCNO NOCTOAHHOEe OAR 8cex OKpYxcHOCTed.
Il ano: okp (Oy; ry), okp (Oy; r,).

C C
IloxasaTb:Tr':=E’—, rae C, u C, — NJIMHBl JaHHBIX OK-

pyKHOCTeH.

HokasartenbcTBo. Brnuulem B KaXAaylo H3 NaHHBIX OK-
PYXHOCTel N0 NPaBHIbHOMY n-YroNbHHKY (puc. 22, 6). Ha pucyhke
[A,B,] n [A;B,] — CTOPOHBI 3THX n-yrOJbHHKOB. 'l;ge\yro.nbnuxu
A,0,B, u A,0,B, paBHoGenpeuubie, u A,0,B, =A20232=3i0°,
nostomy A A,0,B, co A A,0,B,, otkyna 14:8,1_ 14,8, , nlAB I _

r £ ry
n|A,B,|
=—""". O6osHaunM p,=n|A,B,|, pi=n|A,B,| — nepumerpn

2

P ph
MHOTOYroJIbHHKOB. ITosyunm #=-2—r'f— DTO0 paBeHCTBO O3HAauaer,
1 2

YTO COOTBETCTBYIOIIIHE UJI€HbI nocJjenoBaTeJbHOCTEH (-Ep:— H
Ty

[ . P . "
( 2—) paBHbI, MIO3TOMY paBHbl H HX npenednl: lim —_— = |im -ef- .
re n—»co2fl n-voo2r2
anMeHﬂﬂ TeopeMy O ImpejaeJse 4acTHOro, NONy4YHM:

lim p, lim p;
B W _fio G _ 6

H —=—
. 2r 2r, 2ry  2r,
Teopema mokasaHa.
OTHoweHKHe NJIHHBI OKPYXKHOCTH K CBOEMY NHAMETpY -2(—“— 0603Ha-
r

yaloT Gykeod n. Tak KaK 3TO OTHOIIEHHE HJSi BCEX OKPYXKHOCTeH
OAMHAKOBO, TO /s JIOGOA OKPYXHOCTH CIpaBelJHBa (opMmyna
C =2nr, rne r — paguyc oKpyx HocTH, waH C =xzD, rae D — pua-
METD OKPYXXHOCTH.
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3 apaHue. Jlokaxure pacCMOTPEHHYIO BhLILIE TEOPEMY, OMHChHI-
Basi okoJio okpyxHocteil (O,; r|) u (O, ry) NpaBUJbHbIE N-yroJb-
HHKH.

B MaTemaTHke M ee NPUIOKEHHSX UHCJAO J HCMNOJb3yercs
A0BOJIbHO yacTo. [IpuG/nKeHHOe 3HAYeHHe 3TOr0 YHC/Ia MOXKHO MO-
JIYYHTb, BOCIOJIb30BABLIHCh NpUBENEHHOH Bhle Tabauued mepumer-
POB MHOTOYrOJIbHHKOB, BIIHCAHHBIX B OKPYKHOCTb paguyca 1 u onucau-
HbIX OKoJio Hee. Tak, NpHHSAB MepuMeTp BNHUCAaHHOTO 96-yrosbHHKa 3a

npuGIHKEHHYIO IVIHHY OKPYXKHOCTH, NONYYHM JJISl T &% QEI% NpUGJIHKEH-

Hoe yHucjoBoe 3HaueHHe 3,14 (c HegocratkoMm) ¢ TouHocThio xo 0,01.
H3 stoit TaGunubl BUAHO, YTO C YBeJHYEHHEM 7 BO3PacTaeT TOUHOCTb
npu6GanKeHHbIX 3HaueHu# xn. Hanpumep, npu n =384 noayuum
n = 3,141; npu n=1536 nonyuum n =~ 3,1415, 1 T. n.

Yucno s uppauuonanbHoe. Ero snauenwe MoxHO HaHTH ¢ JiiO-
Goit Hanepej 3anaHHOH TOYHOCTbIO. C MOMOILIBIO 3JE€KTPOHHO-
BBIUHCJHTEJIbHBIX MAalUHH YHCJIO 5t HalJeHO C OrPOMHOH TOYHOCTBIO
(HECKOJIbKO THICSY JeCATHUHBIX 3HAKOB). JlJisl NpakTHUECKHX pacyeToB
OGLIYHO NOCTATOYHO TPex 3Havamux uudp uuciaa m.

Ynpasxcrenusn

1. Kakumu cBoficTBaMH o6safaeTr MOC/IeJ0BaTEIbHOCTh NMEpPHMET-
POB MNpPaBHJBHBIX N-YrOJbHHKOB: a) BIHCAHHbBIX B OKPYXKHOCTbD;
6) omHcaHHBIX OKOJIO OKPYXKHOCTH?

2. Panuyc okpyxHocTH paBeH R. Halinute nauHy cropoHsl mpa-
BHJBHOTO N-YroJlbHHKa: a) BIHCAHHOIO B OKPYXHOCTb; 6) omucaH-
HOTO OKOJIO OKDYXKHOCTH.

3. Copmyaupyiite onpeneseHue JJHHB OKPYXKHOCTH.

4. Kak H3MeHHTCH JJIMHA OKPYXXHOCTH, €C/IH: a) pajHuyc YBeJH-
YHTb B TPH pa3a; 6) AuaMeTp YBEJHYHTb B TPH pasa; B) AHAMETP
YMEHBIIHTb B ABa pasa?

5. Kakoii pamuyc HMeeT OKpYXKHOCTb, AJIMHA KOTOpPOH paBHa m?

6. Inamerp BesocunepHoro Koseca paBeH 70 cM. Kakoe pac-
CTOsIHHE INpoexXaJ BeJOCHIEeJ, €eCJH KOJIeCO BeJoCHNexa CHesalio
5000 o6oporoB?

7. O6xBat TpyGhl paBeH 4,17 M. Boiunciute nuamerp 310 TPyGHI.

8. Paauyc okpyxHoctH R =1 M. BriuHcaure aquHy ee ayru, BeJu-
4YHHa LEHTPaJbHOro yrJja. Kotropoit paBHa: a) 30°; 6) 45°; B) 60°;
r) 90°.

9. Kakoe u3 uucen, 3,142 uan 22, spasiercss 6o/nee TOUHBIM npuo6-
JIHXKEHHEeM uHcaa ;? 7

§ 12. NOBTOPEHME

2
1. TlocnenoBarenbHoctb (y.) 3agaHa ¢opmynoi yn=;l_‘ij_ 3n z
n®—n—
Haiigure: ys, yy4, Yet1.
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2. Boiyncaure nepBbié NATH WIEHOB IOC/I€AOBAaTC/bHOCTH, €CJH:

a) ay=—1, app1=-—; 6) a,=2, a,=3, Gn=3an_2 + An_1.

3. SlBasierca am 2al'i.neHoM M0C/1eJOBATE/NbHOCTH QA = 31 — 2
yuchao: a) 298; 6) 4891; B) 10536; r) 248507 Ecau sBasiercs, TO
KakoB HOME€p 3TOro 4jeHa?

4. Haiinute HOMepa useHOB MOCJeR0OBaTeNbHOCTH f (n) = 5n — 47,
aas korophix f(n) << 20.

5. Hanuwmure ¢opmyny, mo kKotopoit MoxeT GbITb HalJeH JIO-
6oit yneH GeCKOHeYHOH NMOCJIe0BATENbHOCTH (2,), €CJIH H3BECTHO, YTO:
a) Bce YJIEHBl 3TOH MOCJEJOBaTENbHOCTH C HEUETHBIMH HOMepaMH
paBHbl —8, a ¢ ueTHHIMH 8; 6) Bce uJIeHBl MOC/JENOBATEJNbHOCTH C
HeYeTHLIMH HOMepaMH paBHBH 5, a ¢ YeTHBIMH — b.

6. O6bacHuTe, MOueMy UHCJIOBAas MOC/JAELOBATEIbHOCTh C N-M
'-lJIeHOM paBHbIM: a) 3n — 2, aBJsieTcsl apudMeTHUECKO MporpeccHei;

6) 5 2", sBJsieTCS reOMEeTPHYECKOH mporpeccuei.

7* [Tpu kakom 3HaueHHH @ nocsefoBaTeNbHOCTb (V. a V }/ a)
SIBJISIETCS F€OMeTPHUYECKOH MporpeccHe?

8. MsoGpasure rpaduueckn (aByMmsi cnocoG6amu) mocJjenoBaTelib-
HOCTH:

— | 2n + 3
a) Up=——; 6) u=2E2,
1
14+ —, ecau n yetHoe
B) un=n—.-(._l)"; l‘) Up = + n y
—'——]—, €CJTH 1 HEYEeTHOe,
2 n

ViMeloT JIH 3TH mOCJeXOBaTeJbHOCTH MpeneJsibl?

9. YcTaHoBHTe CBONHCTBA YHCJIOBOH MOC/EA0BATENbHOCTH, YICHAMH
KOTOpOH SBJAIOTCA: a) AJHHbBI anodeM NPaBHIbHBIX 71-YrOJbHHKOB;
6) BeJHYHHBI LEHTPAJbHBIX YIVIOB MPaBHJbHBIX N-YrOJbHHUKOB,
B) BeJHYHHB BHYTPEHHHX YIJIOB NPaBHJbHBIX 7-yrOJbHHKOB, BIHCAH-
HbIX B OKDPYXXHOCTb IpH 1 — 00,

10. Broinuiuute MHOXECTBO, 3J€MEHTaMH KOTOpPOro cCJyxKar
Tpex3HauHble uHcsa, coctaBiaeHHsle H3 uugp 1 u 0. CocraBbre U3
3JIeMEHTOB 3TOr0 MHOXKeCcTBa [OCJAeL0BaTeJbHOCTH: a) Bo3pac-
Taollyio; 6) y6LIBaIOLLYIO; B) He SIBJASIOLLYIOCSi MOHOTOHHOM.

11. JlokaxuTe, YTO NMOCJELOBATENbHOCTD:

a) a,=2n%+4 3n, n € N, Bospacraer;
6) xn=;';'l_'?, n € N, y6uiBaert;
1
B)* yp=——, n €N, He , E aya
)* Yn 57D € N, ne Bospacraer, rge E(x) osHauaer

Hal(uﬁonbmee 1ieJI0e YHC/I0, He mpeBbliaiowee x, Hanpumep E (5)=25
E(n)=3

42

~ 12* [lokaxure, YTO MOC/JeAOBaTeabHOCTb (@), rAe an €CTb n-s
uKdpa NpoOU3BOJLHOrO HPPALHOHAJBHOrO YHC/a, HE MOXET OLITb MO-
HOTOHHOH.

13* Hccaenyiite Ha OrpaHHYEHHOCTb MOCJEAOBATEeJNbHOCTb (2n),

3"+‘ . 6) zy=>5n%+ 2.
3n—1

14. l'Ioc.nenosaTeJleoc'rb (y.) samana ¢opmMynolt Y,= —.
IMpH KaKuX HATypaJbHbIX 3HAYEHHAX 7 BBHIMOJHAETCSH yc.uonne
a) lys—31<<0,1; 6) ly.— 3| <<0,001?

15. IMTocnenoBaTesqbHOCTL  3ajaHa

€CJIH: a) 2=

¢opmysoii  n-ro  4JaeHa

a,.——;?"l—:3 Hafizute HOMepa 4JjleHOB 3TOH NOC/A€40BATEJIbHOCTH, NpPH-
1
HaJUIeXKaIHX OKPECTHOCTH TOYKH —- pajuyca 0,01.

16. B ¢- okpecTHocTH TOuKH 5 copepxkutcsi poBHo 1000 uneHos
NOC/eN0BaTENbHOCTH (X,). MOXHO aH yTBepxaaTh, uro lim x,=5?

n-—»oo

17. ITonb3ysich onpe,ueneunem npenena mnocJaen0BaTeJIbHOCTH,
JOKaxHTe:

a) lim 6) lim3r=2_3

n—>oco n n—co 2n 2

18. JlokaxkuTe, 4YTO NPH HEOrPAHHUEHHOM YBEJHUEHHH UYHCJA
CTOPOH IMPaBHJBLHOTO HN-YrOJbHHKA, BIIHCAHHOTO B OKPYXHOCTb:
a) mpejes BeJMYHHBI €ro BHyTpPeHHero yraa pasen 180°; 6) npenen
BEJHYMHEI LleHTpasbHOro yria paseH 0.

19. BepHo /1H yTBepKIeHHEe: €CJH BC€ WIEHH IOCJHENOBAaTE/b-
HOCTH — pallHOHaJIbHBIE YHCJAa, TO H Mpelesa €e — palHOHaJbHOe
yHcno?

20. Iokaxwure
3 n
V3;..; V3;.)
21* JlokaxuTe, YTO IJisi CXOAMMOCTH TMOCJELOBATENbHOCTH (Xn)
He06X0AHMO, 4TO6b lim (Xa41 — Xa) =0
n-—»oo

511—7_____5;

CXOAMMOCTb mocJefoBaTtenbHocTH (3; V¥V 3;

22, HssectHo, uto limx,=a u a>b. Jlokaxure, uro Gecko-

n—» oo

HeYyHOoe HHCJIO YJIEHOB MOC/EN0BaTeNbHOCTH (X,) Goabiue b.

23. BepHo JH, uTO npenes NPOH3BEJAEHHA ABYX MOCJHEAOBaTe/b-
HOCTel paBeH HYJIO TOrJa M TOJIbKO TOrAa, KOrja npejena XoTsi 6H
ONHOH M3 HHX paBeH HYJI0? .

24. Haiigure npeneJbl:

. 3n n?45n41.
a) lim ———; 6 Ilm-——--—
) n—>w25n+250 ) n>o0 —2n% —3n
yn® . .2t —3n® 4 Tn? +1
n—+oo N +3, l") nllr?o n®—5n—2
. @Bn—4)Mr+1) . n?
llm———-——; e) lim ,
411) >0 n3+n’+2 : ) n-»ool+3+5+--~+(2n—l)



XK) lim (1 — ———+——_..+ +( l)n—l 1

n—»oo gn—1
0,(7) — 0,(603
25. Boriuucaure —(—)-—(—)
1,6(81)
26. Jlns KakKux 3HaueHHil x COpaBeiJMBO PaBEHCTBO
l— - xt— . =—L >

14 x2

27. Cymma GecKOHeuHO YGLIBAIOLLlEdl reOMETpPHYECKOH mporpec-
cun paBHa 40, ee 3namenartenb paBeH 0,5. Haifigure 1-i unen
Nporpeccuu.

28. CymMa mnepBbIX YeThipex uJeHOB GECKOHEUHO YGhiBalowieR
reoMeTpHueckoit mporpeccud paBHa 15. Cymma 1-ro H 4-ro ujeHos
B 1,5 pasa Gonbme cymmbl 2-ro H 3-ro ujeHoB. Hafigure npenen
CYMMBI 72 NEPBLIX YJIEHOB HPOrPecCHH MPHU 7 — 0o,

29. ITyctb @, — CTOpOHA NMPaBHJIBHOIO M-YroJbHUKA, OMHCAHHOIO
OKOJIO oxpyxmoc'm panuyca R. Jlokaxure, 4TO NMOC/EAOBATEIbHOCTD
(ag; ag; agg ...; agn+1; ...) ABasieTcsl yObIBaloOILEN.

30. ITyctb f, — anodema MpaBHIBHOrO n-yrosibHHKA, BIHCAHHOTO
B OKpYXHOCTb pamHyca R. JlokaxxuTe, 4TO MNOC/JeLOBAaTeIbHOCTD
(Fss fe; fros --- 5 f3.2n—1; ...) ABAsieTcs cxomsedcs.

31* I1yctb S, — nJoiaab NpaBHJIbHOIO N-yroJbHHKA, BIHCAHHOrO
B OKDYXHOCTb panuyca R. Jlokaxute, 4YTO NOCJEJOBaTEJbHOCTDb
(Ss; Ses Sig; .3 Ss.en—1; ..) sBasieTcs BospacTaollell M OrpaHu-
- YeHHOH CBepxy.

32. B kpyr, pamuyc Koroporo paBeH R, BNHCaH KBajpart, B
KBajpaT BIHCAaH KPyr, B 3TOT KpPYr BIHCaH BTOpPOH KBajaparT H T. A.
no GeckoHeuHocTH. Haligure cymmy niouiazeii Bcex KpyroB H CyMMYy
nJjouianei Bcex KBaJaparToB.

33. IIpocmorpure Teker raaBbl. CdopmynaupyfiTe onpexneseHust
OCHOBHBIX MOHSITHH, BBEJEHHBIX B 3TOH rJjase.

§ 13. SAAAHMA AN CAMOMPOBEPKU

1. IlocaenoBaTeNbHOCTh 3ajaHa OGLIMM  UYJIEHOM: ap,=2 4
1 o o 4
+ (1) - Haliaure nepsrle nmsATh u/eHOB 3TOH MOC/en0BaTe/Nb-

HOCTH M H306pa3uTe UX rpaHyecKH.

2. JlokaxHre, YTO MOCJENOBaTe/NbHOCTb (X,), rAe x,,=.__2‘:3" ,

SIBJISIETCA BO3pacralouiei.
6n — 1

3. Jlokaxure, YTO NOC/A€NOBaTeNbHOCTb (Yn), TA€ Yn = —=,

sIBJAIEeTCA orpaaneHHoﬂ.

4. Jloxax<HTe, 4TO MOCJEA0BATENbHOCTD (@s), TAE Qn =15 - (-—g-)"‘
siBJsieTcs1 yObiBaloLleH.
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6n% + 3
: lim ————;
5. Boiuncaure: a) ,!Lnl - ; 6) Jim s
.. 3+2n
lim ——.
B) n>o 2n2 + 7
6. Haiinute cymmy 6eckoHeuHO yGbiBalolleii reoMeTPHYECKOH Mpo-
2 2
rpeccuu: 6; —2; T T e

7. Hafinute cymmy OGeckoHeuHO yGblBaiollleii reoMeTpHYecKoi
nporpeccun (b,), eciu b3=_g., ‘7=‘é"

8. INpencraBbre B Buje OGBIKHOBEHHOH ApO6H Ciefyloline nepHo-
AHYEeCKHe JeCATHYHble npo6u: 4,(7); 0,1(23).

9. B npaBuabHBIA TPEYroJbHHK C JUIHHOM CTOPOHB a BNHCaHA
OKPYXHOCTb. B 3Ty OKPYXHOCTb BIHCAH NPaBHJbHbIA TPEyroNbHHK.
B mnoJyueHHbl#i TPeyroJbHHK BHOBb BIIHCAHA OKPYXKHOCTb H T. I.

10 6eCKOHEUHOCTH. Haiipure CyMMy AJIHH BCeX OKPY)KHOCTGPI.



Fnasa lll.

MNPEAEN ®YHKLIUA.
NMPOU3BOAHAA

§ 14, NOHATUE O NPEAEJNE ®YHKLIUN

IMousitue npemena (yHKUHH SIBJSIETCS OJHHM
M3 BeAyLIMX MOHATHA MaTemaThku. Ilpexne ueM ompeneJHTb 3TO
nousitie, paccMotpum npumep. Ilycrtp nana ¢yskuus f(x) =2x + 3.
Fpajpuk srtoit ¢yHkuuu uso6GpakeH Ha pucyHke 23,a. BniGepem
HEKOTOPYIO MOC/IeA0BaTeJNbHOCTb (X,) 3HaYeHHH aprymeHTa x, crpe-

1
MSALLYIOCS K YHCAY 2, HaNpHMep NOC/IeJOBATeNbHOCTh Xn=2 -+ —,

H BBISICHHM, K KaKOMY 4HCaYy GYAeT CTPEMHTbCSA MOCJeJ0BaTebHOCTD
COOTBETCTBYIOLIHX 3HaYeHHH (PYHKLHH.

3anuiieM COOTBETCTBYIOLLHE 3HAueHHs] apryMeHra M QyHKLHH
B Tab/HLY:

1 1 1 1 1 1

G |3 25 | 23 [ 27 || 2 || P || 2t | MR
2 1 1 1 2

G 9] 8 N 75| 75 | 75 || T || THa [>T

W3 ta6auub BHAHO, YTO NMPH NPHOGJIHXKEHHH 3HAYEHHH aprymeHra
K YHCJAY 2 COOTBETCTBYIOLIHE 3HAUeHHA (PYHKUHH NPHOJHKAIOTCA K
yucay 7.

MoXHO [10Ka3aTh, YTO HE3aBHCHMO OT TOro, KakHM ofpa3oM X
crpeMutca K 2, ¢ynkuus f(x) crpemutrca k 7. Bui6op mocienosa-

TeJIbHOCTH x,,=2+-i— Gbl1 MPOH3BOJILHHIM H ONpEAENSVICHA JIHLIb

KeJlaHHeM H306pa3uTb CTpPeMJ/ieHHe aprymMeHTa K HHCAy 2 mpocTo
¥ HarasgHo. EcrecTBeHHO cuHTaTh uMca0 7 npeneaoM (YHKIHH
f(x)=2x+3 npn x, crpeMsuieMca K 2, uTO 3aNHCBIBAIOT TakK:
limf(x)=1lim(2x 4+ 3)=7.

x—>2 x—+2

Hdas Gosee rayGOKOro MOHHMAHHS CMbICJA 3TOrO YTBEpPXKIACHHS
JOKa)<eM, 4TO AJsi JI06Oro CKoJb YroJHO MaJioro MOJIOXHTeJbHO-
ro YMCJIa € MOXHO YKa3aTb HEKOTODBIi NMPOMEXYTOK, COAepKaluui
TOYKY 2, sl KaXK/[0H TOYKH KOTOPOro BBLINONHSIETCS HepaBeHCTBO

@ —-Tl<e
F)—7=IQc+3)—7I=I2x—4=2|x — 2| <e.
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Omkyna Ir — 21 <55 — 5 <x—2<—4; - <x<24L;
refe—+i 2+

Takum 06pasoM, 415 KaX10f TOUKH MPOMEXyTKa
]2-—--—;;; 2+—;—[ BHIMO/IHAETCA HepaBeHcTBo |f(x) — 7l <e, T. ¢

COOTBETCTBYIOLLHE 3HauyeHHsl (YHKUHH MONamnaoT B MPOMEXYTOK
17 — &; 7 4 ¢[. IpounaiocTpupyem moJydyeHHbIi pe3yabTaT reoMeTpH-

. uecku (pHuc. 23, 6).

Ecan, nanpumep, € = 0,1, To

xe]2—%'-; 24+ %I, 1. e x€11,95; 2,05
f(x)€17—0,1; 74 0,1[, T. e. f(x)€16,9; 7,1[.

Bbiwe 6bi10 nojiyueHo, 4to bx — 21 < —;— O6o3Hauum -—;— yepes &.

Torna nokazaHHOe BhilLle yTBEP:KAEHHE MOXKHO cOpPMYJIHPOBATh TaK:
AJsi qio6oro x, yAOBJETBODPSAIOLIEro HepaBeHCTBY |x — 2| << §, Gyaer
cnpaBefquBo HepaBeHCTBO |f (x) — 7| <<e. -Cpopmyaupyem Tenepb
onpene/neHde npenesa GYHKUUH B TOUKe Q.

. Onpexnenenune. Yucno b HasbiBaercs mnpeaeaoM ¢GyHKUHH
f (x) npu x, ctpemsieMcs K a, eciH AJs J10GOro MOJOXKHTENbHOro
YHCJIa € MOXKHO HAlTH TaKoe MOJIOXKHTEJNbHOE YHCIAO &, UTO MpH BCex
X a W yNOBJETBOPSAIOUIHX HEPABEHCTBY |¥x — a| << § BmnoaHsercs
HepaBeHcTBO |f (x) — b]l <e.

Sto onpezeseHHe Mpenena NMPOUIJIIOCTPHPOBAHO HAa PHCYHKe 24,
Jas mo6oro 3aHaueHHs x U3 §-OKPECTHOCTH TOUKH @ COOTBETCTBYIOLIEe
3HayeHHe (YHKUMH f(X) MpHHALJIEKHT €-OKPECTHOCTH TOUKH b.

Mpumep 1. Hano f(x) =3x — 1. Ilokaxute, uTO
lin:(Sx—l)=2.
y 7
| A8
7+ b+t ———— T———|‘)
|
by ———— |
P
|
J b-€ J' +
I I
/- ~ ! L
-
7 0 X 0 2% a ar6 X
S
Puc 24
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NokasaTteabcTso. [Tyctb € — npOM3BOJNBHOE MOJIOXKHTED-
Hoe uncao. Cocrasum Moayab passocru: |f(x)—2|=I(B8x—1)—2|=
=3x —3|=3|x—ll<e Tloayuum |x—1| <-%—. O6o3HaunM

—;—=6. Torpa aas Ja060ro x, YAOBJAETBOPSIOLLEr0 HEPaBEHCTBY

|x — 1] < 6, Buinonnsiercs HepaBeHcTBo |f (x) — 2| <<e. Ilo onpene-
Jenuio mpeena QyHkuun B Touke lim f(x)=2.
x—1

Mpumep 2. Hdano f(x) =—x;_—__'-34-. Jlokaxxure, 4TO lm;[(x)—=4.

NokasateabcTBo. Ilyctb &>0. Paccvorpum MOLYJb
pa3HOCTH:

1 =4 | x=2)(x+2)
10— 4= S~ 4| = "5 4]

JIpo6b, coaep:KalLylocs NOJ 3HaKOM MOJYJIsl, MOXHO COKDATHTb Ha
x — 2, Tak KaK x — 2= 0. TMonyunm: |f(x)—4l= (x +2)— 4=
=|x—2|<e npu x #* 2.

Ec/u CYHTATh, YTO & = &, TO AJs N1i060ro x (x 7= 2), yAOBJeTBOPS-
jouiero  HepaBeHCTBY |x — 2| <8, BbIMONHAETCA  HEPABEHCTBO
If (x) — 4] < e. [To onpenesnenuio mpeiesa QyHKUHH B TOUKE HMEEM:
Iim2 f(x)=4.

X —
[TpouAoCTPUPYEM NOJYUEHHDIH Pe3y/IbTaT FeOMETPHUECKH. DyHK-
24

wnn f (1) =5=5-

2 —
cea, HCKaouasa TOuKy 2. f(x)= "—x-f‘%— =x+4+2 x5£2, 1N03TOMY

rpaduK LaHHON QYHKUHH MOXKET GbITh MOJY4YEH U3 rpaduKa QyHKUHH
f(x)=2x+ 2, ecniu HCKJIIOUHTD H3 Hee TOUKY (2; 4) (puc. 25).
TakuMm o6pasom, HepaBeHcTBO |f(x) — 4| <<e BblnosHsieTca A
M0GHX X, MPHHALJIEXKAIHX O-OKPeCTHOCTH TOYKH 2, Kpome x=2.

STOT MpHMep WJIOCTPHPYeT cieayiollni (pakT H3 NPHBEACHHOTO
BhilE ONpeje/eHHst mpejena (QYHKUHH: HepaBeHCTBO f(x)—bl<e
BBIMOJIHAAETC [Js1 JIOGbIX X H3 O-OKpeCTHOCTH TOUKH 4, Kpome
x=a.

onpejaeeHa Ha MHOXecCTBe JeHCTBHTENbHBIX YH-

Mpumep 3. Hano f(x)=x. Io-
Ka)kute, uto lim x=a.

xX—a
41—- JokasaTeabCTBO. [lycts
| ¢ > 0 — npou3BoJbHO® J€HCTBHTENbHOE
| yucao. CocTaBuM MOAYJb  Pa3HOCTH:
I If (x) —al=Ix —al <e. Ecaun cunrathb
, : §=¢, TO Aas Jwob6oro x, YyAOBJETBO-
5 _psollero HepaBeHCTBY |x —al <8, BHI-
noqnsietcsi HepaseHcTBO |f(x) — al <,

Y T. e. |x—al<e TIlo onpeneneHtio
» npesesna (GyHKUHH B TOYKE HMeeM:
Puc 25 lim x=a

Mpumep 4 f(x)=k, rae k — naHHOE YHCIO. Joxkaxure, 4TO

limk==Fk

x—+a :
OokasarteabcTBo. Ilycte >0 — nponssosibHoe nen-
cTBUTeNbHOE umcao. Monyab pasnoctH |f(x) — kl =k —kl=0<e
NpH JMIOGbIX 3HAUEHHSX X M3 J0GOH §-OKpecTHOCTH TOUKH Q. 1o
o3HauaeT, yTo lim k=K NpH CTPEeMJIEHHH X K JIOGOMY HHCIY.

Hanpuwmep, fim 5= 5, lim(—3)= —3.
x—>7 x—0

P Uacro NpHXOAHTCS paccMaTpHUBaTb OLHOCTOPOHHHE Mpere/bl
(QYHKUMH B TOuKe — Mpejes Cnpasa M npeae C/esa. Onpexenexue
NPaBOCTOPOHHEro (J1€BOCTOPOHHEro) mnpeaena QYHKUHH B TOUKe a
OTJMUYAETCA OT MPHBENEHHOro Bbillle OMNpejleseHHs Mnpeieja JHUb
TeM, UTO YCJIOBHE X =%=a 3aMeHseTCa YCJIOBHEM X _>a (nau

x<a) 4

Ynpasxcnenus

1. CocraBbTe KOHCNEKT maparpada.

2. Mocrpoiite rpaduk dynkuuu f(x)=2x + 5. Hcnosnb3ys rpa-
(uK, OGDBSACHHTE CMBICA paBeHcTBa lim f(x)=3.

3. [okaxure: =t

a) lim5x=10; 6) lim6 = 6;
X2 x—3
B) lim(x 4+ 7)=10; r) lim(—2x 4 3)=—1;
x—+3 x—+2 .
. X*=9 . o2 —3x+2
2) xl_lTs x+3 6; e) ,I,T:; x—2 =1

§ 15. MOHATUE O HEMPEPLIBHOCTU ®YHKLIUU

PaccmoTpuM QYHKUHH
x—1

F)—=2¢ 41 n cp(x)-——{ r— 1

4, ecin x=1.

, ecan x £ 1,

Ipaduky 3THX QYyHKUHMi NpUBeLeHBI COOTBETCTBEHHO HA PHCYHKaX 26
u 27. Kaxnpasa u3 3THX OGyHKUMHA onpeneneHa Ha MHOXeCTBE
Bcex AeHCTBHTe/NbHBIX uuces. ['oBopsT, uTO nepsasf H3 HHX Henpe-
puiBHAa B Touke x==1, a BTOpas B 3TOil TOYKE TEepNHT pas3phiB.
VTOYHHM cMmbica 3THX nonatuii. HafineM npemensl 3THX (yHKUHE
npu x, crpemaAmemcs K 1:

© =1

lim‘f(x)=lin}(2x+l)=3; lim ¢ (x) = lim ; =2.
x> x - x—1

x—>1 X
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(Hoka3artesbctBa npo-
BEeJIHTe  CaAMOCTOSITE/b-
HO.)

Bbiuncaum 3HayeHus
NaHHBIX QYHKUHH B TOuke
I: f()=3 ¢()=4.
[Mony4uan, uro lim f(x)=

x—+1

=1(1). a limg(x) % ¢ (1),

T. €. B MepBOM cJyuae
npenes GyHKUHH B TOUKe
paBeH ee 3HAuYeHHIO B
3TOH TOuYKe, a BO BTO-
pom — npeaes pyHKUHH He paBeH ee 3HAaYeHHIO B paccMaTpHBaeMOH
TOUKe.

OnpeneneHue PyHKuus HA3bLIBAETCS HEMPEPLIBHOM B TOuKe,
€CJIH ee Mpejie] H 3HAYEHHE B ITOH TOYKE PABHMI. .

Ecan JTZf(x)=f(a), TO GyHKUHA f(X) HenmpephIBHA B TOYKe Q.

(¥]
I
= N W N

Nt ——

Puc. 26 Puc. 27

Hanpumep, ¢oynkunn y=3x + 8; y = x% y= |x| HenpepuiBHLl B
Kaxnoi Touke oGsacTH ompegeseHHsi. PyHKuus y=—]— TaKxe 'He-
X

npepuiBHAa B KaXAOH TO4yke 06JacTH CBOEro ONpejle/ieHHs, XOTsl
rpagHK ee COCTOHT H3 ABYX OTJe/NbHLIX BeTBeil, MOTOMY UTO B TOYKE
=0 3Ta QYyHKUHA He OnpejeseHa.
Q@ yHKLHIO, HEMPEPLIBHYIO B KaXKI0H TOUYKE YHCJIOBOrO MHOXECTBA,
Ha3bIBAIOT HeNMpepLIBHOH HAa 3TOM MHOKECTBeE.
[Tpumep 1. Ilokaxure, uro ¢yukuus f(x)=x-+5 B Touke
== 2 HenpephbIBHa. :
HoxasareancrTso. 3amerum, uto D (f(x))' =R u 2 € D(f).

1. Haitnem 1Ln12f(x)= 1er12(x+5)=7. HefictBurenbho, |f(x)—7|=

' Cumeoaom D (f(x)) uan unorna kopoue D (f) Mu Gyaem 06o3Hauatb 06.1acThb
onpeaeaexun dyuxkuunu f(x).

Yy \ Yy Yy l
5
3
1 1 1
o] 1 X ol 1 X o] 1 X
..J [
Puc. 28 Puc 29 Puc. 30

=|(x+4+5)—T7=I1xr—2l<e, e=05. Torna npu Ix—21<d

BHIMOJIHSIeTCS1 HepaBeHcTBO |[f(x¥) — 71 <<e, T. e lim2 f(x)=T1.
X

2. Haiinem fQ)=2+5=T7.
[Toayunnu lim f(x) = f(2). [To onpene/eHHIo HENPEPLIBHOCTH ¢byHK-
x—+2

uun B Touke GyHKuus f(x)= x - 5 HenpepriBHa B TOUKE x=2.

3aMeTHM, YTO OJHHM H3 YCJOBHH HENpEepLIBHOCTH (YHKUHH f(x)

B TOuKe ¥ = a sBAsieTcss cymecrBopanne npegena limf(x). Ipuse-
x—>a

JeM TmpHMephl PasphIBHbIX (QYHKUHH.
PaccMOTpHM (YHKILHH:

2 1
) iw={5" 20 Dew={z, %20
’ =Y

2x, x>0
3)g(x)={5, x=0,
-3, x<O0.

Kaxnass 43 RaHHbBIX (QYHKUHH Ompe/iejeHa Ha MHOXECTBE BCEX
JefCTBHTENbHBIX uHces, B ToM uucae W B Touke 0. I'padukn sTHX
¢yHKUHMi NpHBEJeHH COOTBETCTBEHHO HA PHCYHKaX 28—30.

OnHaKo Kaxniasi M3 HHX B Touke x = 0 Tepnut paspuiB (00bscC-
HHUTE TMoyeMmy). ,

PaccMOTpHM ellle 1Ba NMPHMepPa Pa3pHIBHHX (YHKIHI.

[Tpumep 2. Paccmorpum  ¢QyHKHmio Y= [x]. Bupaxenue
[x] o6osnauaeT menylo 4acTb YHCIA X — HaHGOJbIIEe LEJ0E HHCIIO,
HE npeBocxXojsulee AaHHOe uucao. Hanpumep, [2,3] =2; [7,85] =
=7, [6]=5 [—18]=—2; [—91]=— 10. I'paduk ¢yHK-
uum y = [x] n3oGpaxen Ha pucyuke 31. Hanpumep, ecau x € [0; 1[,
To y=_0; ecan x €[1; 2[, 0o y=1; ecan x€E[—2;, —1[, To
y = — 2. Takum o6pa3oM, O¢yHKUHA Y = [x], onmpenenenHass Ha
MHOXXECTBE BCeX JefiCTBHTe/NbHbIX UHces, HMeeT GecKOHeyHoe MHO-
ecTBO Toyek paspniBa. Kaxjoe 1Lesoe YHC/IO €CTb TOYKA paspbiBa
370l (QYHKIHH.

MMpumep 3. Paccmorpum ¢yHKumio y = {x}, o6osnauaiolLyio
Apo6HYI0 yacTh yncia x. OHa onpejensieTcsl Kak pasHOCTb HHC/IA X
y Y
2 —t
|

"L s

N
2 -1 o 1 2

2 -1 0
[
I |
| |
—d -2
Puc, 31 Puc. 32
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u ero nemoi wyacth: {x}=x — [x]. Hanpumep, {0,13} =0,13;
{75}=05{—23}=—23—(—3)=0,7; { —7,25})=—7,25—
— (—8)=0,75; {8} =0. I'papuk ¢yHkuuu y = {x} H3o6pakeH
Ha puHcyake 32. Hanpumep, ectn x€[0; I[, T0 y=ux;
ectn x€@[l; 2[, To y=x—1; eumm x€[—1; O, To y=
=x—(—D)=x+41.

Takum o6pasom, ¢yHkuusi y = {x}, onpesnejeHHass Ha MHOXKe-
CTBE BCeX JeHCTBHTEJIbHBIX uHCes, HMeeT GECKOHEYHOe MHOXKECTBO
TOUeK paspbiBa. Kaxpoe mesoe YHCIO €CTb TOYKAa pa3phiBa 3TOM
yHkuHH.

Ynpaxcuenun

1. TlosacHHTe Ha npHMepe IMOHATHE HENPEPLIBHOCTH (YHKIHH
B TOYKe.

2. Ha pucynkax 33—35 usoGpaxkeHsl rpaduku QyHKuHMi, 3a1aH-
HeIX Ha mnpomexyTtke [a; b]. s KaXzaoii M3 HHX OTBeTbTe Ha
cjelyiollie BONPOCHL: a) sABJSETCS JH (pYHKLHS HENPEPHIBHOM B TOUKe
x=1; 6) umeer aH yHKUHA npepes mpu x—1?

3. CxemaTnueckH H306pa3uTe rpadMK Kakoi-J1HG0 (PyHKUHH, 06-
Jajaiouied CBOACTBaMH: a) npH x—1 ¢yHKuMS uMeeT mpejen, pas-
HBi 2, HO B Touke x =1 (YHKNHSA He sIBJIsIeTCS HENpepLIBHOI;
6) 3Hauenue (yHKUMM B TOUKe ¥ =1 paBHO 3, HO mpeiea B 3TOil
TOYKE He CYIIeCTBYeT.

4. Bepubl sin yTBepxKieHHs: a) ecqH GYHKUHMsS HempepbiBHA B
TOUKE Xo, TO OHa HMEET Npeje] B 3TOH TOUKe; 6) ecaH (QYHKUHSA
HMEET Hpejiesl B TOUKE Xo, TO OHAa HempephiBHA B 3TOH TOuKe?

5. Kakue u3 ¢ynkuuii, rpa¢HKH KOTOPbIX H306pakeHbl HA PHUCYH-
Kax 36—40, HenpepbIBHBI H KaKHe Pas3pbiBHH B Touke 0?

6. JloxkaxKHTe HempepLHIBHOCTb (YHKIHIA:

a) f(x)=17 — 3x B Touke x = I;

6*) ¢(x) =—}c- B TOYKe x =2;

B*) Px)=x? B Touke x = l.

Y y 4
21 2 2
| / /Y\ /’\/
1 / 11 4 o !
|
- | X ] o ox ! | X
a0 1 b a o0 1 b a |0 1 b
Puc. 33 Puc. 34 Puc. 35

y=x?

Puc. 36 Puc. 37 Puc. 38
g\ q
2 2
y= X, x<0
x+2,x>0
0 X 0
Puc. 39 Puc. 40

7 *. Moxer au cyMMa ABYX GYHKIHH, KaxAas U3 KOTOPBIX HMeeT
6eCKOHEUHOE MHOXECTBO TOYeK paspbiBa, ObiTb HENpephIBHOH Ha
BCceH YHCJOBOH NpSIMOM?

§ 16. OCHOBHbIE TEOPEMblI O NPEAENAX

OcHoBHbIE TeopeMbl O mpefenax (pyHKUHHA aHAJOrHYHBI COOTBET-
CTBYIOIIHM TEOPEMaM O mpejesiax mocjaefoBaTenbHocTe. OrpaHHUMM-
cfl TOJNBKO (OPMYJIHPOBKOH 3THX TEOPEM H NMOKa30M HX MPHMEHEHHS.

Teopema 1. Ecau ¢pynkyus f(x) npu x, crpemawemca x a,
umeer npeden, T0 OH eQUHCTBERHBIL.

Teopema 2. Ecau ¢pynxyuu f(x) u ¢(x) umeror npedeav
npu x, crpemauemca K a, To cymma (pasnocrs) srux ynxkyul raxxce
umeer npeden npu x, cTpemaujemcs K a, pasuviii cymme (pasnocru)
npedenos dannvix pynxyui:

lim (f (x) £ ¢ (x)) = lim f () & lim ¢ ().

Teopewma 3. Ecau ynxyuu f(x) u ¢(x) umeor npedeavt npu
X, cTpemAwemMca K a, T0 npoussedenue 3TUX QyYHKyui TAKKNKE UMeeT
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Yy npedea npu x, cTpeMauemcs K a, pasnuviil npo-
Wx) u3gedenuro npedenos AanHwvix Pynxyuii:
/" ! lim (f(x) - 9(x)) = lim f(x) - lim ¢(x).
: CanepncrtBue. [locroaunsi mHoOMCUTEAb
T MOJMCHO BbIHOCUTL 3Q 3HAK npedera:
lim (¢ + f(x)) = ¢ - limf(x).
xX—>a xX—>a
JlelicTBHTENBHO:
lim(c - f(x))==limc « limf(x) = ¢ - limf(x).
Puc. 41 x->a x—>a x->a x—+>a

. MoxHO moKa3aTh, UTO TeopeMbl 2 U 3 BEpHH AJIi CYMMBI H HpO-
H3BeJeHHA JIIO60ro KOHEYHOro yucjaa (pyHKIHH, MMEIOLIHX Npeaesbl
npH X, cTpeMsleMcs K a.

Teopema 4. Ilpedea uacrnozo dsyx yuxyui npu x, crpe-
MAuemMcr Kk a, pasern 4acTHomy npedeaos 3Tux Pyuxyuld, ecau
nocaednue cywecTeéylarT npu x, CTPeMAueMca K a, U npedea deau-
TeAsl OTAUYEH OT RYAA:

) _ el ™) .
o) = Tmegy S48 [T, # 0

Teopembl 2—4 NPUMEHSIOTCA PH HAXOXKAEHHH NPeesIoB HYHKUH.
Teopema 5. Ecau ¢pynxyuun f(x), ¢(x), g(x) raxoswi, uro
[(x) < g(x) < ¢(x) u limf(x) =lim ¢(x) = b, 1o lim g(x) = b.

CnpaBesJuBOCTb 3TOro (akra NPOHJIIOCTPHPOBAHA Ha PHCYHKe
41. 3pech rpapuk ¢(yHkuMH g(x) pacrnojokeH MexnAy rpagHkamu
¢yukuui f(x) n @(x) Tak, uro f(x) < g(x) < @(x). INpenenst pyHkuui
f(x) u ¢(x) npu x—a coBnagaloT U paBHHM b, moaTomy limg(x)
Takxe paBeH b. Fa

ITpumep 1. Hafiaure ]xm(5x — 12).

Pemenne. Hpnmenaﬂ TeopeMbl O Mpejesax, MOJYYHM:
lim(5x — 12) = lim5x — lim12 = 56limx — 12=5 - 2 — 12=—2.

x—>2 x—+2 x—>2 x—+2
ITpumep 2. Haiigure lim3*=3
p p x—>1 2x + 8’

PemeHue. Haiinem hm(2x + 8)=1im2x 4 1lim8 = 2limx +

x—>1 x—1 x—>1
+8=2. l+8-—10;&0

l'loa'romy MO2XHO BOCUOJIb30BaTbCA TeOPEMOH 4:
]1m (5x —_— 3) l|m 5x — lim 3

5 —3 _ x-»1 -1 x>1
lim 57=% “im@+e 10 =
5limx—3
= TS T S
= 10 T 10 5

Ynpaxcnenus

1. ChopmyaupyiiTe OCHOBHEE TeOpeMH O mpeaesaax GYHKUHA H
3anuIIMTe HX B CHMBOJIHUECKOH ¢opMme.
2. Haiigure npenenst:
a) Iiml (3x + 4); 6) linl10 (—2x+41);
X — X

4x — 1 r)

x ’

4x — 2
lim =——=
x£—>0,5 2¢+3°

3. MoxeT .M ¢YHKUMA HMeTb JBa pasJHYHBIX Npejesa MNpH
CTPeMJIEHHH apryMeHTa K OJHOMY H TOMY XK€ YHCJy?
4. VisBecTHo, uTO lim f x)=2; Iim f2(x)=—2. Hafigure:

a) Ilm (f (%) = f2(x)); 6) l|m (f (%) - fo(*)): B) lim ;'E";

5%, ,lonamee TEOpeMy l o e;mHCTBeHHocm npejpesaa (YHKLIHH.
6*. Iloxaxkute Teopemy 2 0 mpeznese CyMMBl ABYX (YHKuHI.

B) lim

x—>—12

§ 17. NPEAEN CTENEHHOM ®YHKLIMU
C HATYPAJIbHbIM MOKA3ATEJIEM

B sroM maparpace Mbl HayyHMCSI HaXOZHTb HpeAesbl CTENeHHBIX
¢byHKUMA c HaTypaJbHBIM NoKasaTeneM. HamoMHHM, YTO cTeneHHOH

¢yHKuHell ¢ HaTypa/lbHBIM [OKa3aTejeM Ha3blBAlOT (YHKLHIO BHIA
f(x)=x", rae n € N.
Hanpumep, f(x)=x; [(x)=x% [(x)=x".
OGnacTblio onpejeseHus CTeNeHHOH (QYHKIHH SIBJSIETCA MHOXECTBO
IefiCTBUTEJNbHBIX YHCEJ.
Hanomuum takxe, uto limx=a (cm. § 14).
X—=a

BepHna TeopeMma:
Teopema. limx*=a", 2de n€ N, a€R.

xX—-a
Joka3aTenbcTBO 3TOH TeOpeMbl Mbl He IMPHBOAHM.
M3 Teopembl caenayeT, YTO cTeneHHas (yHKUHS C HaTypajbHbHIM
noKasaTesieM HelpepbiBHA Ha MHOXECTBE BCeX el CTBHTEJNbHbIX YHCE
(cMm. onpepneneHne HempepblBHOH ¢yHKuHH, § 15).

IMMpumep l. Haiiaure lim x2

x—>4

Pewmenue, limx>=42=16.

x4
Mpumep 2. Hailpgure lin} (Bx2—5x41).
Peuenue. Bocmonbsyemcsi TeopeMaMH O mpegesax:
lim (Bx2 —5x + l)= Iim (3x®) — iin} 5x + lirr} 1=

—3hmx2—5|1mx+l-—3 12—5.141=—1.

x—1 x—+1



¥npasxcnenun

1. Jloxaxure, uto ¢ynkuus f(x)==x", rae n € N, HenpephiBHa
Ha MHOXECTBE BCeX JeHCTBHTENbHBIX yHCeJ.
2. Ha#inure npenensi:

a) lin;x"; 6) liml(2x‘);
B) lim (3x — l); r) ]im (#® — 242 4 7x — 5).

3. ,Eloxa;xme 4TO JIHHeHHas q)ynxuxm f(x)=kx + b HenpepbiBHa
Ha MHOXeCTBE BCeX AeHCTBHTENbHBIX UYHCEJ.

§ 18. BbIYMCIIEHUE NPEAENOB PALMOHAJbHbBIX
PYHKUMA

B atom naparpacde Mol 6yaeM HaXOAWTb MpPeAesbl PallHOHAJbHbBIX
¢ynkuuit. PannonasnbHbie GyHKUHH MOTyT GbITb PEACTaBJEHB B BHAE
MHOrou/ieHa (uesas pauHOHaJbHasi (GYHKLUHS) HJIH B BHAE YacCTHOro
IBYX MHOTroO4/JieHOB (APOGHO-panHOHA/bHAST (DYHKLHSA).

MHorounen n-#i cTeneHH B O6GlIEM BHJE 3aMHCHIBAIOT TaK:

P(x)=aox" + ax"" "+ ax" "2+ ... + an—1x + aa,

rane ao, ai, a, ..., Qn—1, @, — AeHCTBHTEJbHBIE uncaa (ao = 0), Hasu-
Baemnle Koa¢p¢duuuentamu MHorouneHa. Hampumep, P(x) =312 4
=+ 3x — 1 — MHorousen BTOpO#H creneHH; P(x) =5x3 — 2x + 1 —
MHOroOuJieH TpeTbel crenenH; P(x)= 9% — muorounen nepBo#
CTelneHH.

O6nactbio onpelesieHHst MHOrOUJeHa sIBJAsIETCS MHOXECTBO BCeX
JeHCTBHTEJbHBIX YHCE.

Hpo6Ho-pannoHanbHass (YHKUHSI MOXeT ObiTb 3aNmHCcaHa Tak:
R(x)-—g(x) rae P(x) u Q(x) — mHorounensl. Hanpumep, S(x)=
2 —1

4 4 4x—5

O6nacTbio onpejeseHHsi APOGHO-PALHOHAJbLHOH (YHKUMH SB-
JISIETCSl MHOXECTBO JI€HCTBHTEJbHBIX YHCEJ, PH KOTOPbIX MHOrOYJIEeH,
CTOSIIMIA B 3HAMeHarese, He o6pallaercs B HyJb.

Teopema 1. IIpeden muozounrena P(x) npu x, crpemawemes
K a, 20e a — a1060e OelicTBUTEAbHOE 4UCAO, PABEH 3HAYEHUIO 3TOZ0
MHO204/€HA 8 TOUKe X = Q.

HokasaTteabcTBo. JloKa3aTe/lbCTBO OCHOBAHO Ha NpHMe-
HeHHH OCHOBHBIX TeopeM O mpejenax (QpYHKLHH H TeopeMhl O mMpejene
CTeNeHHOH (YHKIHH.

lim P(x) =lim (aox" + aix" ™' + aox" "2 + .. + @ 1x + @)=
= lim (@ox") + lim (a@:x"~") + lim (a2x"~2) + ... + lim (@a—1x) +
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+ lima, = ao limx" + a, limx"~! 4 a; limx"~2 4 ...+ a,,_lhmx+

x—>a Xx—>a x—>a x—+a

+a,=aa" +a-a" "'+ aw" "4 ..+ a—1a+ a, = P(a).

Teopema nokasaHa.

Takum o6pa3oM J0Ka3aHO, YTO MHOrouJleH — HenpepuiBHAs PyHK-
IHSI HA MHOXEeCTBe JNefCTBHTEJbHbIX YHCEJ.

Mpumep 1. Haiinure lim (243 — 74 4+ x — 5).

X—>—2
PeweHue Temepb mpu pellieHHH 3afay Ha HaXOXJAEHHe mpe-
Zejla MHOrowleHa NMpH X—-a MOXHO Cpa3y BBHIYHCJATbL ero 3HauyeHHe
B TOUKe a.
H 2
lim@2x® —7x* +x —5)=2(—2P —7 - (=2 +(—2)—

x—+—2
— 5= —5l.

Teopema 2. IIpedea Opobro-payuonarvrodi ¢pynxyuu S(x)
npu x, crpemaujemca K a, npunadaexcaujemy ee obaacru onpede-
Aenus, pasen 3navenuro dannol ¢ynkyuu 8 ToUKe Q.

HoxasarteabctBo. Ilyctb S(x)= é(’—‘% r,ueP(x)HQ(x)—

MHorouseHbl. JlokaxeM, 4TO limS(x) = S(a), rae a € D(S(x)).

. . _I_JL,Q li—l;na P@) P(a)
WSO =g =i o =@ — 0@

CaepctBHe. [pobHo-payuonarvHas GYHKYUs Henpepolena Ha
eceli ob6aactu csoezo onpedenerus.
o . P2 —Tx 43
. e lim=————1=.
[Tpumep 2. Hafinur lim=—""
Pewenue Yucio 2 npuHanaexuT o6aacTH OnpeleseHus AaH-
HOM (YHKLHH, TaK KaK NPH X = 2 MHOTOYJIeH, CTOAILHH B 3HaMeHarTeJe,

x3—7x+3=23—7-2+3=_1
2x—l 2.2—1 :
x
1x2—l
Pemenue. Uuciao 1 He NpHHAAJIEXXHT 06JacTH onpejeseHHs

otauuyed ot Hyas. [lostomy lim2

.

ITpumep 3. Haiinure h

2 o
¢ yHKUHH "—2——’1‘, NO3TOMY TeopeMoii 2 HenocpeiCTBEHHO BOCHOJb-
x —

30BaThCH HeJb3sl.
' L—x __ xx=1) _  x

2—1 (x=Dx+1) x+4+1° .
Kpatuth Ha x — | £ 0, Tak kak x = 1. Ilpenesn 3apanHoli QyHKUHH

Ipo6b MOXHO cO-

3aMeuaem, uTO

GyneT coBmanatbh C nNpejejoM (PyHKIHH = _"‘_ T Ipenen xe ¢yHKUHH
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X

x+1

npu x—1 MoxeT GuiTh HailgeH no teopeme 2, TakuM oGpa3om,
x(x—1) . x 1 1

. X —x .
lim = = lim ———————=1im = .
x>1x"—1 x—»l(x—l)(x+‘) x>1x+4+1 141 2

IMonyunsn, yro, XoTA (GYHKUHA

2 __
%——f- HE ompejAeseHa B TOYKe

x==1, OHa B 3TOH TOUYKe HMeeT mpejes, paBHBIH —;—

Mpumep 4. Haiigure lim f;:éf—ﬂ.
x>2 X —x—2
Pemenune. Ecaim x=2, 10 x$2—x—2=22—-2—-2=0.
Pa3JjiouM KBaJpaTHble TPeXu/eHbl, CTOSIIHE B YHC/JHTE]E M 3HaMe-
HaTeJe NAaHHOH APOGH, HA MHOMHTEJH:

x2 —5x 4+ 6=0; P—x—2=0;

x=3 uin x=2; X=2 WM x= —1;

x?2—5x 4+ 6=(x — 2)(x — 3). e —=2=(x—=2)(x+ 1)
lim x22—5x+6 =“m(x—2)(x—3)= x—3=2—3=__l_.
2 XX —x—2 r»2(x—2)(x+ 1) x>2x+ 1 241 3
Ynpaxcrnenusn

1. Hpgaenme NpHMepHl LeAbX H APOGHO-palHOHANBHBIX (YHKIHMA,
2. Hafigute obsacth onpenesneHdsi pyHKUHMI:

a) f(x)=2x"—3; 6) o(x) =2
—_xt+! N ik
B g=5Et 0 hw=—AT

3. Copmyaupyiite H 3aMUIIHTE CHMBOJIHYECKH TEOPEMHI O Ipesesie
uesoil U ApoGHO-palHOHAIbHOH (PYHKLHH.

4. Jlokaxute, 4TO JPOGHO-palHOHaJbHAs (YHKIUHSA HenpephiBHA
Ha Bceil 06/1aCTH CBOEro ONpejesIeHHs.

5. Bbluncsure npepessi:

a) lim (2x 4 3); 6) lim (x® — 5x® — 2x + 3); B) lim;—ﬁ——;
x4 x—1 x+2%5—

3 . — . 2 —
r) lim3EEL, g lim £— L. e) lim XLt2¥— 2 "‘23" 0 _.
x+3 5 —x x+1x—1 x—>—5 x*— 25
3— - — . 2—'
®) limE=2L. 3) |im Xtx=12 . p) |jp 2 =Skl
x—+3 x—3 x—>—4 X2+2X—8 x—1 xt—1
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§ 19. NOHATUE O MNMPUPALLEEHMA APIFYMEHTA
U NPUPALLIEHWM ®OYHKLIUA

IMoBenenne ¢yHkuuu (ee Bo3pacTaHHe, yObIBaHHe, CPEIHSs CKO-
POCTb HM3MEHEHHsI) MOXeT GLITb OXapaKTepH30BAHO NYTeM CpaBHe-
HHSI Pa3HOCTH 3HAYeHHH apryMeHTa C PasHOCTbIO COOTBETCTBYIOIIHX
snauenuit ¢ynkuuu. ITokaxkeM 310 Ha mpHMepax. BHauase BBeseM
JBa OmpejeJeHHs.

Onpenenenune l. dynkuus y=f(x) HasniBaeTcs Bo3pacra-
jomei Ha npomexyTke D, ecin aas Ji06biX X1 H X2, MPHHAJJEXK AU HX
9TOMY NPOMEXYTKY, H3 YCJOBHS X3 = X| CIeAyeT, uto f (x2) > f (x1).

Onpenenenune 2. dyukuus y=f(x) HasbiBaerca yOnBa-
lomei Ha npomexyTtke D, eciim pas A1066X X1 H X2, NPHHAAJEXK AL HX
9TOMY NPOMEXYTKY, M3 YCJIOBHSI X2 > x; caenyer f(x2) <f(x1).

Hpumep 1. [dana gynxuus f(x) = x°. Jlokaxure, 4To HyHKUHSA
pospacraer Ha npomexyrke [0; oof.

P e w e n ue. PaccMoTpuM JBa JIOGLIX 3HAYEHHS] apryMeHTa x| H
X2, IPHHAJIEX ALLHE AHHOMY PpOMeX yTKY. [TycTb x2 > x1. J[lokaxew,
uro f(x2)>f(x1). Haiimem 3HaK pa3sHOCTM 3HaYeHHH (QYHKIHH:
fr)—f(x)=x —xi=(x2+x)(x2—x)>0; TaKk Kak x2-
4+ x>0 u xo— x1 >0, ssaunt f(x2)>f(x1). ITo onpenenennio 1
JaHHas (GyHKuHs Bo3pacraer Ha mpomexytke [0; oof.

3ananue 1. Jlokaxure, uto ¢yHKuusa f(x)==x> yOniBaer
Ha mpoMexyTke ]—oo; 0].

Paccmorpum ¢yskuuio y==f(x). [TycTb x ¥ X — ABa 3Ha4YeHHA
aprymenTta u3 o6sactu ee onmpejeinenusi, Toraa f(x) u f(xi) — coor-
BETCTBYIOLIME 3HaueHHsI PYHKIHH (pHC. 42).

PasHocTh x; — X [OBYX 3HaueHHH apryMeHTa HasblBalOT NpHpa-
IeHHeM apryMeHTa B TOYKe X H 0G03HadaloT Ax (YMTaercsi: «Aejb-
Ta x»): Ax=x1 — x.

PasHOCTb COOTBETCTBYIOIIMX 3HaueHHil ¢yHKunH [(x1) — f(x)
Ha3bIBAIOT NpHpalleHHeM JaHHOM (QYHKIHH B TOUKE X M 0003HAYalOT
Af(x) (uuraercsa: «pmenabTa 3 OT HKC»):
Af(x) = f(x)—f(x) = [(x+ Ax) —[(x)
(cMm. pHc. 42).

Ipupalnenne aprymeHra M npHpalleHHe
(YHKUHH B TOUKe MOryT OHTb YHCJIaMH
NOJIOXKHTEJbHBIMH,  OTPHLATEJbHBIMH  H
HyJIeM.

PaccMOTpHM BLIYHC/IEHHE TNPHPAILEHHS  4f
¢yHKuHH Ha mpHMepe.

Jana ¢yuxnua f(x)=x2. Ha pucynke P
43 usobpaxen ee rpaguk. Ilyetb x=1— ¢

fixeax)

nepsoHavajibHoe 3HaueHue aprymenta. [lo — X
ocH abcuuce NPOABHHEMCS BAIPABO OT TOYKH 0 X X =XvaX
x=1 po touku x;==1,5. B 3rom cayuae
apryMeHT B TOYKe X==1 NOJyYu1 mpHpa-
menne Ax=1,5—1=0,5. Buuyucaum co- Puc. 42
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Y OTBETCTBYIOlHE 3HaueHus ¢pyukuuu: f(1)=1
u f(1,5) =12,625. I'lgl;pzllmeuue ¢byHKUHH B
TOUKE X == yaer =f(1,9)—f()=
=225—1=1,25. (D=19=1M
Y=x* [MousiTe npupauwieHuss GyHKUMH HacTo
225k ——— npuMeHsieTcsi B (u3HKe (NpHpallleHHe Bpe-
meHu Af, temnepatypnl AT, pa6Gorol AA
}""5 ' HT IL).
11— l [Mpupamenne ¢yHKuMH B 3amaHHOM
I TOYKE X, COOTBETCTBYIOIlee IMPHpPaLIEHHUIO
+ apryMeHTa A x, HaXolAT CJelylOUMM oGpa-
30M:
1) HaxopmsT 3HaueHHe x 4 A x;
Puc. 43 2) BbluucasIOT 3HaveHue f(x);
3) Bbluncasior 3HaueHHe f(x + A x);
4) naxomst npupawenue ¢yuxkuun A f(x)=f(x 4+ A x) — f (x).
I[Ipumep 2. Hafinure npupamense dynkuun f(x)=x>—x + 5
B TOoukKe x =1, ecsiu A x =0,2.
Pemenne . x+Ax=1+40,2=1,2.
2. f()=1*—145=5.
3. f(1,2)=1,22—1,245=5,24.
4. Ay=f(1,2)—f(1)=5,24 — 5=0,24.

Bananue 2. Jlokaxure, uto (pyHkuus f(x)=oax -+ b npu
a> 0 pospactaer Ha Bcell 06/1aCTH ee OmnpeeseHHs.

3apaunune 3. Jlokaxure, uro ¢yHkuus f(x)=ax- b npu
a <0 y6niBaeT Ha Bceil 06/1acTH ee olpejeseHHs.

Ynpaxcnenus

1. [ToBTOpHTE OCHOBHBIE ONpefe/NeHHs] U NPaBHJa, COAEPXK alllHecs
B naparpade.

2. Hafinute npupallleHHe aprymeHTa NpH Nepexofe OT TOYKH X
K TOYKe X|, eCJIH: :

a) x=3, xy=37;,6) x=2, xy,=1,7;, B) x=17, x,=25,8.

Y 3. llana ¢ynkuus y=3x — 7. Haiinu-
Te Ay, eciu: a) x=3, Ax=—0,4; 6) x=
=—1,6, Ax=0,7.

4. Jana ¢pyukuus f (x) = —5x + 2. Haii-
aute Af(x), ecau: a) x=2, Ax=0,6;
6) x=—3,2, Ax=—0,1.

5. 3anuwKTe mnpupauieHHe (QYHKUHH B
TOUKE X, COOTBETCTBYIOIllee NPHPaLIEHUIO ap-
rymedra Ax, ecan: a) [f(x)=3x+4+2;

6) ¢(x)=x*—5x; B) h(x)= 1

Puc. 44 r) s(x)=3 1/x—4.

x+2;

y
X
0N XX
- Lo
fogh ———— I
fogp —— ————= :feo

Puc. 45

6. ITo pucynkam 44, 45, 46 ycTaHOBHTe 3HAKM 3HaueHHH NpH-
pauweHnii aprymMeHtTa M (QYHKUMH TNpH I€pPexoie OT TOYKH X

K TOUKe Xi. |
7. Haiigure f(x + Ax)’ f(x + Ax)— f(x), flx+ AAXJ)t"'f(x) s

(byHaK)m;PEc) =3x + 5; 6) f(x)=—2x°

8. Jlokaxkute, 4TO (PyHKIHA y=% ybniBaeT Ha NPOMEKYTKe

10; oof.

9. Jlokaxute, 4To pyHKuHUs y = 2x> 4 3 yObIBAET Ha IPOMEKYTKE
J—o0; O]. :

10. Jlokaxure, uTo ¢yHKUHs y = —3x> Bo3pacTaeT Ha NpoMe-

XKyTke ]—oo; 0].

11*, Jlokaxkute, 4To GYHKUHA Yy = Y x Bo3apacraer na Bceil 06-
J1aCTH ee ONpefiesIeHHs.

12. inamerp aucka uaMeped ¢ morpewHoctbio B 19%. Ilo aromy
UPHOJIHIKEHHOMY 3HA4YeHHIO BbIYHCJEHA Muowaab AuCKa. [lokaxnre,
4TO MpH BBHIYHCJEHHH IUIOILAAH JONyllleHa NOrpewHoCTb, He mpe-
socxoasias 2%.

13. Pe6po ky6a uamepeHo ¢ norpeluHoctbio B 19%. Jlokaxure, 4To
o6beM Ky6a, BHIYHC/IEHHBI C YKa3aHHOH MNOrpelIHOCTbIO, NMPHBOJHT
K MOrpeuHocTH, cocrasisioumeil 3% obbema Ky6a.

14. Hajinnte npoMeXXyTKH BO3pACTaHHA H y6niBanus GyHKUHi:

a) f(x)=Ix—1]; 6) f(x)=x"+1.

§ 20. CKOPOCTb U3SMEHEHUA ®YHKLIMU

NayueHue pasinyHbix mpoueccoB (MeXaHHYECKOTO JBHMKEHHS,
XMMHUYECKHX DeaKUHH, pacli¥peHHsl XKHAKOCTH [PH HarpeBaHHH, Te-
YeHHS 3JIEKTPHUECKOr0o TOKAa H p.) NMPHBOIAUT K HEOGXOZHMOCTH BHi-
4YHCJEHHS CKOPOCTH H3MeHeHHSI (PYHKLHH.

PaccMoOTpHUM IpHMEpHL.
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M, M, Cpednsnn ckopoCTb npamo-
+ + S auHelino2o Os8ujicenus marepu-
0 1 9 525,48 AAbHOU TOUKU P
t' tj,:t,"At :

[MycTb MaTepua/nbHas TOUYKa
Puc. 47 M pBuxercs mo mpsMoii, Ha Ko-
TOPOH YKa3aHO HauyaJlo OTcuera
(touka O), HampaBJ/ieHHe JBHXe-

HHSl M eQMHULA H3MepeHHs AJuMH (pHC. 47). B Hauane aBuxeHHus
npu ¢ = 0 mMarepuajibHas TOYKa 3aHHMaJa nojoxenue 0. Yepes npo-
MEXYTOK BpeMeHH f; Touka 3aHana nosoxenue M,. Uepes mpo-
MEXYTOK BpeMeHH fz OT Hauaja JBHXXEHHl OHAa 3aHA/Na IOJIoXe-
Hue M,.

Takum o6pa3oM, KaxXIOMYy MOMEHTY BpPeMeHH ! COOTBETCTBYET
onpenejeHHass KoopauHata S MaTepHaJbHO# ToukH M. (B Hamem
npumepe 3Ta KOOpAHHATa COBNajaeT C BeJHYHHOH NMyTH, MPOHJEHHOrO
MaTepuanbHOil Toukofi.) ITosToMy mosoxeHHe maTepHasibHOH TOYKH,
ABHXYILUEHC MO NPsAMOi, ecTb GYHKUHS BpemenH f: s=[(¢), £=0.

JlBH>KeHHe CUHTaeTCs 3aJaHHLIM, €CJH H3BecTHa (QYyHKUHA f, KO-
TOpasi NO3BOJSET ONpPEAENHTb MOJOXEHHe IABHXKYLIEHCA TOYKH B
J1060f MOMEHT BpeMeHH f.

®yuKuHIO [ HA3BIBAIOT 3aKOHOM ABHXKEHHS TOUKH M, a paBEeHCTBO
s = [ (f) — ypaBHeHHeM ABHXKEHHS.

Jnst xapakTepUCTHKH H3MEHEHHSl MYTH CO BpPeMeHeM CJYXHT Mo-
HATHe ckopocTH. CpenHsisli CKOPOCTb [BHXKEHHSI TOUYKH €CThb OTHO-
IeHye NPORAEHHOro NYTH KO BPeMeHH ero mpoxoxaenusa. Ecan s; =
=[(t), s2=[(t2) (puc. 47), 10

Ha yuactke OM;: vop=-—=—"";

Ha yuyactke OMs: v, = ="

2 — S1 f(t2) —F(t)
Ha ydactke MMz Up=——p=—73—F

IMyctb At — npupaieHne BpeMeHH, a AS — COOTBETCTBYIOLLEE NPH-
pauleHde nyTtH, Toraa ds==1I; 4 Af, s;=51-+ As U Ha yuacTKe

As . :
M, M; cpeanss cCKOpoCTb Ucp = - . [IpH paBHOMepHOM ABHKEHHH

6 At I Sg — 81 As
Uep NOCTOAHHO Ha JobOoM yuacTKe NYyTH: T._'E=_t:t7=—&t'

Ecan Ha pasHbIX yyacTKax NyTH cpelHfiII CKOPOCTb [ABHIKEHHS
6yneT pasJHYHON, TO ABH)KEHHe Ha3blBaeTcsi HepaBHOMepHbIM. Ilpu
HepaBHOMEDHOM JABHXXEHHH HeJIb3fl FTOBODHTb O CKOPOCTH INBHXXCHHA,
H€ YyKasbiBasi TOro ydacTtKka nyTH, AJs KOTOpOro 3Ta CKOPOCTb BbI-
YHCJIEeHa.

Ha npaktuke noesna, caMoJseTbl, aBTOMOGH/H, KOpPaG/aH MIBH-
XKYTCH, Kak NMPaBHJIO, HEPaBHOMEPHO.

ITpn skcnayaTauuu TpaHCOpTa CpeiHell CKOPOCTbIO XapakTe-
pH3YyIOT H HE€paBHOMEpHOe JABHXEHHe, OJAHAKO OHA He JaeT TouY-
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HOro npeacraBJICHHA O 6b1c1‘p0're 4S

IBH)XXEHHs Ha OTAEeJbHbIX yd4acrT- 0 My —————M
Kax nyTH. PelueHune MHOrux Bo- S0 S,=fi,) S,=fit,)
‘MPOCOB TEeXHHKH CBfA3aHO C Io- t:0 ta ‘ ¢
HATHEM MrHOBEHHOH CKOpOCTH. Puc. 48

Touuble pacueTbl B TEOPHH BbIC-
uero mnuUJAOTaxa, B paKeTHOH
TexHHKe, B Ga/JIHCTHKe TpPe6GYyl0T 3HAHHA CKOPOCTH JBHXKEHHS
B M0G0l Hamepen 3aZaHHbIH MOMEHT BpeMeHH. B cBs3W ¢ 3THM BO3-
HHKaeT HeoGXOLHMOCTb MOHATHA CKOPOCTH B [AaHHbll MOMEHT Bpe-
MEHH, T. €. MTHOBEHHOH CKOPOCTH.

TouHoe onpenesieHHe NOHATHA MFHOBEHHOH CKOPOCTH OCHOBAHO Ha
TOM (haKTe, UTO ABHXEHHE MaTepHa/NbHON TOUKH B TeueHHe HeGOJb-
1IOro npoMexkyrka Al BpeMeHH MaJjo YeM OTJHYaeTCcd OT paBHO-
MepHOro. DTo OT/IHYHE TeM MeHblle, UeM MeHblle MPOMEXYTOK Af
BpeMEeHH, T. €. OonpejeseHHe MOHATHS MIHOBEHHOH CKOPOCTH CBSI3aHO
C NOHATHEM mpejeJa.

Menosennas CKOpoCTb NPAMOAUHEIIHO2O OBUNCEHUA MATepuais-
HOU TOuKU.

ITyctb MmaTepuanbHast Touka M ABHXKETCS NPSMOJHHENHO MO 3aKO-
Hy s = [ (¢) (puc. 48). B mMoMeHT BpeMeHH £, OHA 3aHS/IA MOJIOXKEHHE
Mo u nmpowia nyte so=f(#y). HaiizeM ckopocThb TOUKH B MOMEHT
BpeMeHH L.

JlonycTuM, 4TO 3a TPOU3BOJILHO BLIGpPAHHBIA MPOMEXYTOK BpEMeHH
At, HayuHasi ¢ MOMeHTa fyp, TOYKAa NPOABHUHYJACh Ha pacCTOsAHHE
As u 3anana nonoxenne M. Torpa ¢ty =10+ At, si=f(ti))=s0+
+ As.

3a npoMexXyYTOK BpemMeHH Af MaTepHa/sbHasi TOUKA NMPOXOJAHT NMYThb
As = (t) — f (to) = (to + At) — [ (to).
Cpennss CKOpoOCTb Ucp ABHXKEHHSA Ha yuacTke MoM, paBHa:

o —=ABs _ _[(td A —[(t)
P AL At :

dra BeJIMUHHA [aeT JIHLIb NPHMEPHOE NMPEACTABJEHHE O CKOPOCTH
ABHKEHHS] MaTepHaJbHOH TOUKH HA paccMaTPHBaeMOM IMPOMEXYTKeE.
dt1o npexacraBieHHe GyaeT TeM TOYHEe, YeM MeEHbLIE MPOMEXYTOK
BpeMeHH Af.

Takum oGpasoM, MOXKHO CUMTaTh, 4TO iIpH Af, cTpeMmsleMcs K

As
HYJIO, CPEAHSIA CKOPOCTb TOUKH U = ——

6yner mnpubAHKATbCA K
CKOPOCTH B MOMEHT BpeMEeHH {y.

MrHoBeHHOH CKOPOCTbIO MPSIMOJNHHEAHO ABHXKYIIEHACS TOYKH B MO-
MEHT BpPeMeHH [o Ha3biBaeTCsl mpefesa cpeiHeHd CKOpocTH mnpu Af,

CTpeEMALUEMCS K HYJIIO:

. . As . F(to + A — f(to)
Uy = lim v, = lim — = lim .
M A0 P Ao A At—0 At




Hrtak, MrHOBEeHHasl CKOPOCTb NPSMOJIMHEHHO NBHXKYLILEHCH TOYKH
€CTb Npeje/ OTHOLIEHHsI MPHPAILEHHsI MYTH AS K COOTBETCTBYOILEMY
npupauleHuio BpeMeHH Af, Korjia npHpallleHHe BPEeMeHH CTPeMHTCS
K HYJIO.

Mpumep |l. Touka ABHXKETCA MPAMOJHHEAHO MO 3aKoHy S (f)=
=3¢ — 4t 4+ 2. Haiiaute: a) cKkopocTb B JI06OH MOMEHT BpeMEHH
to; 6) CKOpPOCTb B MOMEHT BpeMeHH {=2c.

PeweHue a) MrHoBeHHast CKOPOCTb TOUKH B MOMEHT BPeMEHH
. . T i As
to paBHa: v(to)—l}r_{lovcp—'l}ﬂ—‘&-’—. [Tycte 3HaueHue aprymeHTa fp
nojyuyaet npupauleHue Af, HafAgeM COOTBETCTBYIOlllee MpHpalleHHe

byHKUHH:

As=1{(to+ At) — [ (to)) =3 (to + At} — 4 (to + A +2— 315 +
+ 4to — 2 =313 + 6o At + 3At 2 — 4t — 4At — 315 + 4to = (60 +
+ 3At — 4) At

HaiineM cpemHIOl0 CKOPOCTb 3a IPOMEXYTOK BpeMeHH Af:

As_ G+ 3M—8A oy oans g

At At

HalizeM MrHOBEHHYIO CKOPOCTb B MOMEHT BPEMEHH fo:

Vs = lim 25 = lim (6to + 3At — 4) = 6t — 4.
A0 At Ars0
Hrak, npu 3ajaHHOM 3aKOHe JBHXeHHs §(f) MrHOBeHHasi CKOPOCTb B
A1060ii MOMEHT BpeMeHH ¢ BoluucasieTcss no ¢opmyae v (f)= 6t — 4.
6) Mpu t =2 c umeem: v(2)=6-2 —4 =28 (m/c).
[Mpumep 2. Ilyrs s(f), npoiineHHslit CB06011H20 najaolLHM
TesloM 3a BpeMmsi f, Bbipa)kaetcs (opMyJioH s(t)=g—2t-, rne g—

yckopeHHe cBoGogHoro nanenusi. Hainure: a) ckopoctb najawoulero
TeJa B J1060ii MOMEHT BpeMeHH; 6) MIHOBEHHYIO CKOPOCTb npu ¢ =3 C.

Pemenne a) B moMmenT BpemMeHH f myThb s(t)='?gt2, B
MOMEHT BpeMeHH £, =t + At nytb s(t =—é— g(t+ At = %g(t"’ +

+ 2tAt + (At)?). 3a npomexyToK BpemeHH OT { 10 fi, paBHblil Af,
Tes1o npoiiaer nyTb As=s(t)— s(t)=—;— g(t? 4 2tAt + (ML) — %gt2=

= gtAt +—é—g(At)2.
ITo onmpene/neHHI0O MIHOBEHHOH CKODOCTH HMeeM:
0= fim 5= lim (8t + 7 os) = et
Hrtak, npu cBOGOJHOM MaJeHHH TEJO [BHKETCA CO CKOPOCTbIO
v()=gt. .
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6) Ilpn t=3c noayuum: v(3)=g-3~98-.3=294 (m/c).
O6uielt MaTeMaTHYeCKOH XapaKTepHCTHKOH DPacCMOTPEHHBIX Mpo-
LECCOB CJAYXHT CKOPOCTb H3MeHeHHS (YHKIHH B 3aBHCHMOCTH OT
H3MEeHeHHsl ee apryMmeHTa. PaccMorpeHHBle NpHMephbl MOKa3LIBAIOT,
YTO 3a7aya BBLIYHCJIEHHSI CpeJHeH CKODOCTH H3MeHeHHS (YHKUHH
y=f(x) Ha npomexyTKe [x; X 4 Ax] CBOAUTCS K BBLIUHCJIEHHIO OTHO-

A o
LICHHA Z;n A.3anaqa BBIYHCJ/IEHHSI MTHOBCHHOH CKOPOCTH H3MEHEHHA
(;)YHKHHH B TOUKE€ X — K HAXOXJEHHIO mnpenena

. A . —
lim 8L — im L& 89 =10
Ax»0BX  Axs0 Ax
Onpenenenue 1. Cpenuefi ckopocTbio H3MeHeHHs] DYHKILHH
A x2)—f(x

f(x) na npomexyrke [x; xo] Ha3biBaeTcs OTHOIWIEHHE T£=f—(%_%'-) .

Onpepnenenne 2. MrHoBeHHOH CKOPOCTbI0O U3MEHEHHs
Qynkuuu f(x) B TOuke X HA3LIBAETCA NpPelea CPenHed CKOPOCTH
uaMeHeHus (yHKUMH Ha npoMexyTke [x; x -+ Ax] mpu Ax, crpems-
weMcs K HyJaio.

[Ipumep 3. Haliaure MrHOBEHHYID CKODOCTb
oynkuun f(x) = x>+ 3x B Touke x =25.

Pemenue. [TycTh HeKOTOpOE 3HAaYEHHE apryMeHTa Xo MOJY4aeT
npupanienve Ax. Haiinem coorBercTBylolee mpupaiieHHe (yHKIHH:

Af = f (%0 + Ax) — [ (x0) = (%0 + Ax)® + 3 (x0 + Ax) — (28 + 3x0) =
= x5 + 2x0Ax 4 Ax? 4 3x0 + 3Ax — x5 — 3x0 = 2x0Ax + 3Ax + Ax%.

Haiizem cpeaHIoo CKOPOCTb H3MEeHEHHs! (YHKIHH Ha IPOMEXyTKe Ax:
Af o+ Ax) —F(x0)  2x0Ax 4 3Ax 4 Ax?

H3MEHEHHUSA

Ax Ax Ax
=2x0+ 3 4 Ax.
Haiinem MrHOBEHHYIO CKODOCTb H3MEHEHHMS (YHKLUHH B TOUKE Xo:
. A .
lim A lim (2x0 4 3 + Ax) =2x0 + 3.
Ax>0AX Ay

BeluncauM 3HayeHHe MIHOBEHHOH CKODOCTH H3MEHEHHs (YHKUHH B
TOUYKe Xg==0:

lim—2.54+3—13.

Ax—>0 Ax
Ynpaxcienua

1. ChopmyaupyiiTe H 3anuiudTe ONpeAeJEeHHs CPeAHed M MrHO-
BEHHOH CKOPOCTH M3MEHEeHHs (DYHKIMH.

2. Paccrosinne or Mocksbl 10 HoBocuGupcka 3200 kM. Ckopbiit
noesa npoxoauT ero 3a 64 4. OnpejesnnTe CpefHIO CKOPOCTH JBH-
JKeHHUsl noesja.
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3. Uro npuHuMaercs 3a BeJHYHHY MTHOBEHHOH CKOPOCTH IPSAMO-
JIMHEHHO ABHMXKYIUIEHCS TOUKH? '

4. Touka JABHXKeTCA NPSIMOJIMHENHO, KOOPAMHATA €€ H3MeHseTCH
no 3akoHy s(f)=5t* 4+t -+ 3 (s — nyTb B MeTpax, ! — BpeMs B ce-
KyHaax). Haliiute MrHoBeHHYIO CKOPOCTb JBHXKEHHS Yyepe3 5 ¢ mocJe

. HayaJia ABHXKEHHA.

5. Touka ABHXXETCA NPAMOJHHEHHO, KOOpJHHATA €€ H3MeHsleTcs
t2
no 3akony s(f)=uvof+4-=—, THe Up — HauaJbHas CKOPOCTb,

a — yckopeHnue. Hafiiute MrHoBeHHYIO CKOPOCTb B MOMEHT BpeMme-
HH lo=2 c.

6. BesnuuHa yriia ¢ NOBOPOTa TOYKH BOKPYr OCH B 3aBHCH-
MOCTH OT BpeMeHHM { 3anaHa ¢yskuuedi ¢(¢f)=3t> —2t47 (pan).
BriBenure ¢opMyay AJs1 BeIUHCJIEHHS MTHOBEHHOH YIJIOBOH CKOPOCTH
U BBHIUHUCJIHTE ee 3HayeHue npu {=~6c.

7. Ilpu narpeBaHuu Tesa ero temmepartypa I H3MeHsieTcsl B 3a-
BHCHMOCTH OT BpPeMeHH HarpeBaHusi { mo 3akony 7T (f)= 0,6t + 4t.
BouiBenute ¢opMmyny Ajsi BHIUMC/JIEHHSI MTHOBEHHOH CKOPOCTH H3Me-
HEHHS] TeMIepaTypel TejJa M HaliiuTe MTHOBEHHYIO CKOPOCTb IDH
t=>5c. :

8. Haiinure cpeaHiono ckopocTh uameHeHust GyHkuuH f(x) Ha mpo-
MexyTKe Ax, ecau: a) f(x)=>5 — 3x; 6) f(x)= 3+

9. Hafinurte MrHoBeHHYIO CKOPOCTb H3MEHEHHS CJeAYIOUIHX
¢yuxkuuii B Touke x =3:

a) f(x)=2x+7;
B) ¥ (x)=x%

6) ¢(¥)=—x*+ 2x;
r) gx)=—x*4+2x—4.

§ 21. NPOU3BOOHAA

MrHoOBeHHYI0O CKOpPOCTb H3MeHeHHUsI (YHKIUHH NPHHATO Ha3bIBaTh
pou3BOAHOH ¢yHKuuH (WIH Kopoue npousBoaHoii). Ilpoussomnyio
o6osnaualoT Yy’ uau f’(x) (YUTAIOT: «UrpeK LITPHUX», «3¢ IITPHX
oT HKc»). Hrak, :

f () = lim &L — |im L&+ 29T

Ax—~0Ax Ax—0 Ax

Paccmorpum ¢ynkuuio f(x), 3amaHHylo Ha npoMmexyTtke la; b,
H Xo — HEKOTOPYIO TOYKY 3TOrO NPOMeEKYTKa.

Onpeneaenue. MNpoussonHoii dpynkuuu B panHol Touke Ha-
3biBaeTCsl NpejeJ OTHOLIEHHS] NpupauieHusi GyHKUHH B 3TOH Touke
K NPUPAIEHHIO APTYMEHTa, KOTAA NPpHPallleHHe apryMeHTa CTPeMHTCA
K HYyJI0.

’ i AF(x0)

Ilo onpenenenuto f’(xg)== Al)lcTO—Ax .

Onepauusi HaxOX/eHHs MPOM3BOAHOH OT AaHHOM ¢yHKuuu f(x)
HasbiBaeTcsl Aud¢epeHuupoBanueM 31oi ¢yskuuu. Ecau npegen
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gimoi—i- B TOUKE Xo CYLIECTBYeT, TO I'OBOPAIT, YTO JAaHHas (yHKuHSA
X
uMeeT NPOU3BOAHYIO WIH AuddepeHuHpyeMa B 3TOH TOuKe.
dyukuus y = f(x), x € Ja; b[, nmelomiaa B Kax10# Touke Nnpome-
KyTka Ja; b[ npousBoaHylo, HasbiBaercsi Ougpgpepenyupyemoid Ha
stoM mnpomexytke. CJenyer 3aMeTHTb, YTO J[JfA CYylLeCTBOBaHHA
NPOM3BOAHOH B TOUKE Xo HEOGXOAHMO, uTOGH (yHKuUHs Oblia ompe-
JejeHa B HEKOTOPOH OKPECTHOCTH TOYKH Xo, BKAIQUasl 3Ty TOUKY.
STo BHIHO H3 TaKOH 3amHCH NPOH3BOJHOM:
f/ (xo) — lim f (x) — [ (x0)
. X—>Xo

Py (ecnmun x—xp, To Ax = x — xo—0).
- X0

Ecan ¢yukuusi f(x) auddepenunpyema Ha mpomexytke la; b[,
TO Ka)X[O TOUKE Xp 3TOr0 MPOMEKYTKAa COOTBETCTBYET €AHHCTBEHHOE
yucao f’ (o). DTO COOTBETCTBHE HA3BLIBAIOT MPOHM3BOJAHOH (YHKUMH H
o6osnauvaiotr f’ (x).

IMnan oTbickaHusl NPOM3BOAHOH (YyHKuHH f(x) B TOuke Xo:

1. DUKCHPYIOT HEKOTOPYIO TOYKY X H pacCMaTpHBAIOT HpHpalle-
HHe Ax.

2. HaxonsAtr cooTBeTcTByIOllee mnpHpaileHne ¢GYHKUHH: Ay=
= (x + Ax) —  (x).

3. Haxomsir oTHOlIeHHEe NpHpalleHHs (YHKUHH K. IPHpaLIEHHIO
Ay __fx+A)—Fx)

Ax Ax )
4. BBIUHCASIOT Mpejes 3TOr0 OTHOIIEHHS MpH Ax, cTpeMslieMcs K

aprymesra:

. Ay
Hymo: f’ (x)=Al:_IE)H.

5. Boiuucasior f’ (xo) — 3Hauenue npousBoaHO# (yHkuuu f’(x)
B TOUYKe Xo.

IMpumep 1. Haiigute npou3BOAHYIO JIHHEHHOH (yHKUHH
f(x)=ax 4+ ¢ B Touke x = —2.

PemeHnue Bromonusiem mnocienoBatesibHO onepanuun 1 —5.

1. PaccmotpuMm x u Ax.

2. HaxoxuMm npupauense ¢yHKLIHH:

Af=f(x + Ax) — f(x)=a(x + Ax) + ¢ — (ax + ¢) = aAx.

3. HaxomuM oTHouleHHe npupauleHusi GYHKUHH K IPHpaLUEHHIO
aprymeHra:

A f(x+A¥)—f(x) __aAx
Ax Ax T Ax
4, HaxoauM npoH3BOJHYIO NaHHOH (YHKLHH:

=a.

. Af .
"(x)=lim —= lima=a.
f ( ) Ax—»OAx Ax—0

Takum o6pasoMm, (ax + ¢) =a, T. e. NPOH3BOAHAS JIMHEHHOH
(GYHKUMHE €eCTb NOCTOSIHHAsl BEJHYHHA, PaBHasl YIJIOBOMY KO3 ¢HuH-
eHTy npsiMoit y =ax -+ ¢.
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5. 3nauenne f’(x) B Touke x = —2 pasno [’ (—2)=a.
Paccmorpum uactHble cayyan dopmyast (ax + ¢)’ =a:
a) nas QyskuuH f(x)=x umeem: (x)' =1I;

6) nnsa oyuknuu f (x) = ¢ umeem: (¢)’ = 0; NpOH3BOAHAS MIOCTOSIH-

HOH PaBHaA HYJIO.

ITocnennnit pesyabrar oueBumeH. Tak kak f(x 4+ Ax)=f(x)=c,

—C— AL A
10 Af=c¢c—¢c=0; =0 y...Al:_rPoAx_

ITpume p 2. Haiigure npowssognyio ¢yskuuu ¢ (x) = x2

Brruyucaure ¢’ (1), ¢’ (—2,5).
Pemenune. 1. Paccmorpum x u Ax.

2. Ao = (x + Ax)— @(x)=(x+ Ax)’ — x*=2xAx + (Ax)’.
Ag _ 2xAx+ (Ax)? .

3. v s =2x 4 Ax.
4. ¢ (x)— 11m —— hm 2x + Ax)= llm 2x + lim Ax =2x +
Ax—>0
+ 0=2x.

Urak, (x?) = 2x.
5. ' (1)=2-1=2; ¢’ (—2,5)=2 - (—2,5) = —5.

[Tpumep 3. Halinure npoussoanyio ¢pyHkuuu f(x)=—
Pemenue. 1. x; Ax.

2. Af(x)= 1 __1___x—(x+Ax) —Ax )
x4+ Ax x x(x 4+ Ax) X (x + Ax)

g M@ _ -l

T Ax x(x 4+ Ax)

4 f ()= lim L& iy =L -t 1
A0 Ax A0 x(x 4+ Ax) X —I—xAlim0 Ax %

Uraxk, (-1—), =—L1

2
ITpumep 4. Haiigute NPOH3BOAHYIO PYHKUKH f (x) = V x,x>0.
Pewenue 1. x; Ax.
2 Af(X)= |/X+A)C— X (Vx+ax— V_)(Vx—l—Ax—i- l/—)
Vx= Vit dx+ Vx

__x+Ax—x . Ax
C Vita+VE Vetbst Vxo
3. Af(x)= 1
bx  VitAc+Vx

7 l
LT = A'JTo;/—mr W

HUrak, (Vx) = 21/_ )
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x— 1

P . Bu-

[MTpumep 5 Halinute nponsBogHy0 GYHKUUH y-—

yucaute y’ (2).

Pemenune. 1. PaccMorpum 3HaueHusi aprymeHta x U x + Ax,

npuHapgJexailine OJHOMY H3 IPOMEXYTKOB obJsactu onpeneneHus.

2(x+ Ax)—1 _2x—=1
x+ Ax+ 1 x+1

2. Ady=y(x+Ax)—y(x)=

Ax(2x+2—2x+ 1 3Ax
CGHDHMIEHD T D FANGFD)

3 Ay 3Ax 3

TAr G+ DFAG+ DAY @+ DFADGED)
4. y’ = lim 8 — lim 3 3 .

Ax>0Ax  Ax—0((x + 1) 4+ Ax) (x + l) (x4 1)
=L
5 4'(2 )_(2+1)2_ 37
Ynpaxcnenun

1. Chopmyaupyiite onpegeseHdHe Npou3BOAHOH (GYHKUHH H 3a-
MHLIKMTE MJ1aH HaXO0XXIEHHS MPOH3BOIHON.

2. Tloab3ysick onpenesieHHeM NPOU3BOJHOM, HAHAHTE MPOH3BOAHBIE
cJenyolnX QyHKUH:

a) f(x)—3x-|—l B TOYKe X =25;
6) (p(x)—-4x — 1 B Touke x =2;
B) h(x)=>5x> 4+ 3x+8 B Touke x=—4;

r) g(t)=—22—;"—1— B TOuke {=09;
1) y=ax’4bx-+c B Touke x=3;

e) p()= t—il B TOUKe [ =1;
x) h(x)= ;/3x+7 B TOYKe x=3;
3) n(x)— —3 B Touke x =2.

3. 3anoJsHuTte Ta6Jmuy:

fx) c x 2l 2|V ax+b ax®* +bx+¢

x| -

Af (x)

Af (x)
Ax

A

@
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4. Kakaa ¢yukuus HasbiBaercsi auddepenunpyemoii: a) B TOuke;
6) Ha uHCJIOBOM MpOMEXYTKe?

5. Haiinure npoussopnyo ¢yukuuu f(x)=4x> 4 1 u nokaxure,
yro 4f' (1) —f(2)=15.

6. Haiiante npoussoanyio ¢pyukuuu f(x) = 5x> 4 6x 0 nokaxure,
yto f(2) 4 2f' (—2)=4.

7. Jlokaxure, 4TO MPOH3BOAHAs OT IJIOUWIAAH KBAaxpaTa C mepe-
MEHHOH CTOPOHOH paBHa ero noJynepuMmerpy.

8. Tloab3ysich onpepesnenneM NMPOH3BOAHOH, NOKaXKHTE, UTO Mpo-
H3BOJHAA NJIOIMAJH Kpyra NpH NepeMeHHOM pajHyce paBHa IJIHHE
OKPY>XHOCTH 3TOrO Kpyra.

§ 22*. NPOM3BOAHASA U HENPEPLIBHOCTb

CyuiecTBoBaHHEe NMPOU3BOAHOH (PYHKUHH B TOUKE CBSI3aHO C He-
NpPEepPLIBHOCTBIO paccMaTpHBaeMol (PYHKIHH.
Teopewma. Ecau ¢ynxyua y=_J (x) 8 Touke x, umeer npo-
U3800HYI0, TO OHA HenpepuLIBHA 8 3TOU TOHKe.
IHokasateabcTBo. [Iycth B Touke xo ¢yHKuua y=f(x)
HMeeT mpous3BoAHYIO [’ (xo). Jlokaxewm, uto lim f(x)=f (xo).
X=>X0 .

Mpencrasum f(x) B Buge cymmbl: f(x)=[(x)+ f(x0) — f (x0) =
= (o) -+ (F() — F(x0))=F (x0) + A (o) =F (o) + “LC2. A,

Haiinem mnpenen f(x) npu x, crpemsimieMcsi K Xo, T. €. npH Ax,
CTpeMsIEMCS K HYJIO:

lim f (x) = lim (7 (x0) + L) A=

= limf (x0) + lim 2[99 . 1im Ax = (x0) + [’ (x0) - 0= (xo).
) Ax>0  Ax Ax—>0
ITo onpenenenuio HenpepblBHOCTH (GYHKUHH B Touke (cM. § 15)
¢ynkuua f(x) HenpepbiBHa B TOYKe Xo.

3ameTHM, 4YTO A/ HempepblBHOH ¢(yHKuuu f(x), ecan Ax—0,
To Af (x)—-0. '

O6parnas TeopeMa HeBepHa. [IpuBeneM npumMep ¢GyHKIHH, Hempe-
PBIBHOH B HEKOTOPOH TOUKe, HO He HMeIolled NpOH3BOAHOH B 3TOH
Touke. DyHKuHA y==|xr — 1|, 3agaHHass Ha MHOXeCTBe BceXx HeH-
CTBHTEJIbHBIX YHCeJ, HenpephiBHA B Touke x =1 (puc. 49). OnHako B
9TOH TOYKe JaHHAaA ¢GYHKUHA NPOH3BOLHOH He HMeer. Tak Kak

x—1 npu x>1,
{—(x— Dopun x <1,
HOM JaMHeliHOM yHkuuu (cm. § 21), nosnyuum:

F@=0e—1y = (G T <,

lx — 1= TO, HCNOJ/b3Ysl 3Ha4eHHe MPOH3BOJ-

Taxum o6pa3oM, Mbl Halll/IH MPOH3BOAHYIO B J1I0060/ TOUKe 06JacTH
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3z
\ fox-ietl g

Puc. 49 Puc. 50

onpenenennsi ¢yukuuu f(x)=I|x — 1|, Kpome TOUKH x=1. lNonu-
Taemcsi Tenepb HaiTH NMPOM3BOAHYIO MpH X = 1:

Af () =I(x+ Ax) — 1] — lx —1i;

Af (1) = |Ax];
Af(L) 1A 1, eciu Ax>0,
Ax T Ax —{—l, ecau Ax <O0.

. A
lMostomMy B Touke x =1 He CyllecTByeT Ixmo sz?' CrenoBareJibHO,
. Ax—>

naHHas QYHKUHS B 3TOH TOUKe He HMeeT NPOM3BOIHOH.

JlanHblf NpUMep MOKa3blBaeT, YTO CYLIECTBYIOT (YHKIHH, HEmpe-
pbIBHBIE B HEKOTOPHIX TOUKaX, HO He AH(¢epeHUHpyeMble B HHX.

o 33

JlpyruM npumepoM Tako# (yHKUHMH sIBIASETCH QYHKIHA Y = Ve,
onpeneneHHasi HA MHOXKECTBE BCEX JeACTBHTENbHBIX YHCE] (puc. 50).
B Touke x =0 3Ta ()yHKUUsS HenpepbIBHA, HO He AHpdepeHnHpYyeMa.

§ 23. MPOU3BOAHAA AJITEBPAUHECKOA CYMMDI,
NPOU3BEAEHUA N YACTHOIO ®YHKLIWA.
NPOU3BOAHAS CTEMEHHOMN ®YHKUMA

B npezpiaymux naparpadax Mbl HayYHIHCb HaXOIHTb MPOH3BOL-
Hble HeKOTOpbiX (yHKIHIL. JloKaxkeM Tenepb HECKOJIbKO TEOPEM, NMO3BO-
JSIOMHX HAXOAHTh NPOHU3BOJHBIE BLIPAXKEHHH, COCTABJIEHHBIX U3 Ta-
KMX (pYHKUHH. .

Teopewma 1. ITpoussodnas cymmot ( pasnocru) deyx ¢pynkyui,
Kandan u3 KOTOPHIX umeer npou3sodnyio, pasna cymme (pasHocru )
npouseodnvix 3TUX HynKyuil. .

JloKka3aTeJbCTBO MPOBefeM sl CYMMbl (YHKIHH.

. Au ’ __ lim Av
Oauno: u(x), v(x), v ((x)= ALlTO o~ M v (x)= ALITO e

Hokasarts: (u(x)+ v(x) =u’(x)+ v (x).

OGo3nauum 4 (x) + v (x¥) = f(x) u HafixeM NPOU3BOAHYIO ¢ yHKILHH.
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Ilyctb x u -x+Ax— 3HAueHHs] apryMmeHTta, OpHHajJexKa-
uwe D ().
22A ()= (u(x +Ax) + v (x + Ax)) — (4 (x) + v (1)) =
= (u(x + Ax) — u(x)) +(v (x + Ax) — v (x)).

_f_= u(x -+ Ax)—u(x) v(x+ Ax)—v(x) __A_u Ao
3 Ax + Ax I
. Af . Au |, Av
4. lim —= = lim —
A:E:) Al:-lzlo Ax + A:-»O Ax + A]x—>0 Ax

Torna f'(x)=uw'(x)+ v (x). Yuureipas, uro f(x)=u(x)+ v(x),
HMeeM:

(#(®) +v(x) =0 (x) + 0" (x).

Bananue 1. Jlokaxure, uro (u(x) — v (x)) = u’(x) — v’ (x).
3ameyanune. MOXHO JOKasaTb CNpaBemJHBOCTb Teopembl 1
ANl CyMMB! J1I0GOTO KOHEYHOro uucia AxgpepeHuHpyembix (¢yHK-
uui, T. e.
(41 (%) + uz(x) + us () + .. + Un () = uf (1) + ub (x) + ... 4wz (x)

IMpuwmep 1. Haiinure npoussoanyio pyuknuu f (x) = x* 4 x
Bouucaure f/ (—1), f/(0), |’ (3)

Pemenne. ()= +x—7) =%+ (x) — (7)Y =2x+
+1—0=20+1; [(=D)=2-(=D+1=—1; F(0)=2-0+
+1=1§F@B)=2-341=T7.

Teopewma 2. Mpouzeodnan npoussederun deyx Pynxyuii, xai-
0as u3 KoTOpOLIX UMEET NPOU3BOOHYi0, PABHA Cymme npoussedenuil
Kaxcdol ¢ynxyuu Ha npoussoduyto dpyzoi Pynxyuu.

Au

Hamno: u(x), v(x); u’(x)=ALiTOE, v (x)= 11_[1102—;

Hoxasarn: (u(x)-v(x)) =u'(x) v(x)+ v’ (x)- u(x).
Hoxasarteunbcrtso. O603Haunm f(x)= u(x) - v(x) u Haiigem
nponaaonuyxo [ (x).
ITycts x U x 4 Ax — 3HaueHHs aprymeHTa, NpHHAAJEXKAalHEe

D((x
(f( 2 2. Af =u(x+Ax)v (x4 Ax) — u(x)v(x),
HO TaK KdK u(x+Ax)=u(x) + Au (puc. 51)
H v(x 4 Ax)=10v(x)+ Av, TO Af
=(u+ Au)(v + Av) — uv = uv + uAv -l—

+ vAu + AulAv — uv = uAv + vAu +
+ Au Av.

3) _A_f_= ulAv 4 vAu 4+ AulAv

Ax Ax -
= u%:— + vﬂ‘- +—AﬁAv.
éL
4) ILT Ax = l,lvmo Ax Ax + AxA )_
. v .
ue, 51 =lim (u55) + lim (v 55) + Jim(35 80).
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Muoxurean u(x) u v(x) ve 3aBucAT oT Ax. DyHkuus v(x) uMeer
NPOU3BOJHYIO, IO3TOMY OHa HempepbiBHA H lim Av =20.

Ax—0
HNmeem:
A Au .
11m—f_u11m——{-vlm—+llm— lim Av =
Ax—0 BX Ax—0 DX Ax—0 DX Ax—>0 BX  Ax—>0

=u-v+ov-uw+u -0=uv+4+vu
Hrak, noxasano, yrto
(u(x) - v(x)) =u"(x)v{x)+ v’ (x) - u(x).

[Monyuennasi ¢popmysia Hasbiaercst popmysoi Jleii6uuna'.

3ameuyaHue MoxXHO noKasaTh, YTO NPOH3BOAHAS MPOH3Be-
JeHHs1 JN1I060r0 KOHEYHOTO YHCJa MHOXKHTeJeH paBHA CyMMe Ipo-
H3BeJeHH! NPOM3BOJHOH KaxKAOro M3 HHX Ha BCe OCTaJjbilble,
HanpHMep:

(4-v-w)y=uvw+ uw'w+ uvw’.

Canepncrsue 1. [TocTOSHHBIT MHOXKHTEIb MOXKHO BBIHOCHTh 32
3HaK npousBonrHoi: (¢ « u(x)) =rc - u’ (x).

,U,eucmmenbﬂo no Tteopeme 2 umeem: (c - u(x))’ =c’ u(x)+
+ ¢ - u’ (x), HO ¢’ =0, nostomy (¢ - u(x))’—c u’ (x).

CaepctBue 2 Ilpoussosnasi creneHHOH (pYHKUUH f(x)— x",
rae n€N, n>2, PaBHA MPOH3BEICHHIO MOKa3aTelss n Ha cTeneHb
e (x") =nx"

JokaszaTeabcTBO.

Fr)=x"Y =(xx..x)y) = x' (xx.x) + x' (xx..x) +
N

N, o’ Ncraen, e’
n-MHOXHTENER (n—1)MnoxuTeneh (n—1)MHOXHTENER
+ ... + & (xx...x).
- (n—T)mnoxureneit
Tak kak x' =1 #u xx..x =x""' auucno cnaraemux pas-

N\ e’

(n—1)mMuoxHuTENEH
HO YHCJIY MHOXHTeJeH, T. €. 1, TO HMEeeM:
[ (x) = (") = nx"~".
[Ipumep 2. Hannme n POU3BOLHYIO ¢ YHKIHH f(x)—-x (x—1).
Pemennue. gx——l))’—x?’) (x— 1)+(x—1)' $ =
=32(x—1)+(1— O)x —3 3+ X3 =4x3 —
I[Ipumep 3. Hallnnitre npousBogHyio MHoroq.neHa

fF()=apx" + ax" ' + ... + an_1x + @n.

! Torppun Buasreasm Jleii6uun (1646—1716) — Bhinamouuiics HeMelKHil MaTe-
MaTuK 1 ¢unocod. Hapsay ¢ . HeloTonom siBasieTcst ocHOBaTeseM MaTeMaTHeCcKoro
aHaJsu3a.
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Pemenne. ['(x)=(apx"+a;x" '+ .. + @Gnix + as) =
= (apx") + (@, X" 'Y + ... + (@n—1x)’ + (@n) = nax"~' +
+(n—1)ax" 2+ ... + 2a0—2% + Gn_1.

Takum o6pa3oM, MHOrowieH ectb AuddepeHunpyemas GyHKuus

Ha MHOXKeCTBE BCeX JEHCTBUTEJbHBLIX YHCEI. I'Iponssozmaﬂ MHOro-
yjieHa ectb MHOrouJieH CTelneHu Ha eJHHHIY MEHblle HCXOLHOro.

Teopewma 3. IIpoussodnyro uacrnozo dsyx pynxyuid, xaxoas
u3 KOTOpHIX UMeeT NPou3sodHYyi0, HAXOJAT no gopmyae

(g@ ) _ Y@ - @eE

v(x) v% (x) ’
rae v (x) = 0.
Hdano:
F(x )_ (x) v(x)5£0; u (x)__ llm =, (x)—Alxl_,oAx'
—u (X)v(X) — v’ (xu(x)

Jloxasa'rb. f(x)=(’;8 e

JdokasaTteabcTBO. l. x U x + Ax — 3HaueHHs apryMeHTa,
npunapiexaiue D(f).

_ulxt+Ay) u(x)- —
2. Af= (L A%) 0 Tak kak u(x-+ Ax)=u(x)+ Au,

v(x4+Ax)=0(x) + Av (puc. 51), To Af =484 _ 2

v+ Av v
__ vAu — uAv +
v? 4 vAv
vAu——uﬂj-
3 AL_vAu—uAv. 1 —_Ax Ax
) - Ax v vAv v? -+ vAv
Jhu_ o
4. lim —K—l-— lim Ax——A—x.
Ax—~>0 Ax—>0 02 + vAv
Tak kak u(x) u v(x) He saBucaAr or Ax, a lim Av=0, TO
Ax—>0
HMeeM:
v(x) llm ——u(x) lim H—
lim AL B 0T A vt e@e@
Ar—s0 Ax 2(x)+v(x) 0 v?(x)

Hrak, nokasaHo, 4TO
ux) Y __v(x)- u'(x)—u(x)v’(x)
( v(x) v’ (x)
IMTpumep 4. Haiinure npousBoaHyio QYyHKIHH:

a) o(y)= _y_;_

5
6) h()= i:ﬁ .
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Pemenue.
7 . 3y—2
a) o) =(15
—3(0—4+4By—=2) __ 5 .
(1 —4yp T (-4
= (LESY (5 () — (1482 (£ +5)
3PN+ —2@+5)  _ t(E+3t—10)
(+£y a4y
ITpumep 5 Haiiaute npouspoanyio ¢yHkuun @(x)=x"", rae
neEN, x+0. 0 _
Pemenue. (p(x)——(x'”)’—( ) 0wt nx"7l

x2n

s

By—2y (1—4pn—(1—4y)Y (By—2)
(1 — 4y

=_nxn—l —2n _nx—n—l

3ameuanue [lponsBoaHyio cTeneHHOH GyHKuHH h(x)=
=xc J1106blM LeJbIM NOKa3areJeM k MOMHO HalTH N0 (opmyJe
(¥*) = kx"*~'. Tlpnuem ecan k>2, 10 HOPMYJOii MOXKHO MOJIb30-
BaTbCcs NpHU J11060M XER; ecin xe k<1, 10 q)opmynou MOXKHO
N0/1b30BaThCsl NMPH JIOOBIX X, OTJIHYHBIX OT HYJsl.

B nanbheiiwem Gyzer nokasaho, uto Qopmysnol (x*) = kx*~!
MOXHO MNOJIb30BaTbCsl /151 HAXOXIEHHsI NPOH3BOJHOH CTeneHHOH

¢yHkuuH ¢ JI06BIM AeHCTBHTEJNbHBIM MOKa3areseM r npH x>lO:

(x) =rx"", Hanpmvlep, ecnn r=-— n x>0, T0 (x?)’=-%x_?,

)
T.e (Vx) = '/__

ﬂoxasaﬂﬂme npasuia nu¢pdepeHUHPOBAHHS H HalJeHHblE MPOU3-
BOAHBIE HEKOTOPBIX (QYHKUMH cBeneM B TabaHuy:

dyukius IMpoussonnas
y=¢ ¢y =0
y=x x)=1
y=x" n=1 , (x"y = nx""!
1
y= }/7, x>0 . (}/_x_)' =
. 2Vx
1Yy’ 1
y=—,x%0 (7 =—7
y=-cu (cu) = cu’
Yy=u-+v utv)y =u +v
y=uv (uv) =u'v 4 v'u
u u\’  uwv—v'u
Y= 070 (3) =%~
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" Ynpaxcnenun

1. CpopmynunpyiiTe TeopeMy O NPOH3BOAHOH ajreGpaHyecKoM
CYMMBbI IHGQEpEeHUHPYEMBIX (DYHKUHM.

2. HMctuHHO s1M BBICKasbiBaHHe: a) ecad ¢yHkuuu [(x) u ¢@(x)
nud¢pepennEpyeMpl B TOUKE X,, TO B 5TOH Touke nuddepeHurpyema
1 Qyukuus u(x) = f(x) + ¢(x); 6) ecau pyukuus f(x), paBHas cymme
Oyukumit u(x) u v(x), aubdepeHnupyeMa B TOUKE X, TO B 3ITOH
TOUKe AU epesuupyeMel U QYHKUUH u(x) U v(x)?

3. MsBectno, uro ¢yHkuuH u(x) M v(x) nuddepeHuupyembl B
TOYKe X,. UeMy paBHa npousBoxHasi GyHKUHH [(X) B 3TOH TOUKeE, eC/Iu:

a) f(x)=u(x)-v(x); 6) f(x) =—:‘—(%)l , npuuem v(x,) 7= 0?

4. Tlonb3ysick Tabauued, HaigUTe NPOH3BOAHbIE () YHKLHHU
f(x), ecnu:

a) fx)=x—2; " 6) f(x)=x*+05;

B) f(x)=x*- 6x; r) f(x)=x"—7x248;

1) [()=x"+——4x &) f()=F-x(x+4);
x) [(x)=(3x —4)(2x+5); 3) [(¥) = 5-(5x+3)(7x—2)

5 —
n) f()=(x+2)@x—3)G+x+5); K f()=xV.
5. Haiinure npousBonuyio ¢pyHkuud f(f) U BbuHC/IHTE ee 3Hauye-
HHe npu ¢, paBHoM —1 u 1, ecau:

a) [)="F- 0) [()=—5: ®) [(O=5=F;

N =58 0 [O=LVT: o =21

§ 24. MPON3BOAHASA C/IOXHOH dYHKLIMK

Paccmorpum ¢yukuun y=f(z) n z=¢(x). PyHxuuio, 3anaHuyio
¢opmyaoit y=F(¢(x)), HasbBalOT cjoxHOH ¢yHkuHed. Hampumep,
f(x)=2*2+'=—cno>KHaﬂ ¢dbyHkunsa; oHa o6pasoBaHa H3 (QYHKUHMIT
[(2)=2" u z=@(x)=x>+1.

ITIpumep 1. CocraBbre cioxHble (yHruuu f(¢(x)) H (p(f(x))
ecnH @(x)=2x+1, f(x)=>5x—2.

Pemenne. f(p(x)= 5(2x—|—1)2-—2 20x% 4 20x -+ 3;

o(f(x))=2(5x*—2)+1=10x2—3.

W3 peumenus npumepa BHAHO, 4TO caOkHble QYHKUHH [(p(x)) u
¢(f(x)) pasnuunsL.

O6nactb onpenenenust caoxHOH GyHkuuu [(@(x)) cocrour u3
TaKHX 3HAYEHHH aprymeHTa x, KOTOpble COAepKaTcsi B 06JacTH
onpenesenusi GyHKUMH @(x) H A KOTOPBHIX 3HAUEHHS (PYHKUHH @
ONpHHajIexar 06/acT onpejesneHus GyHkuuu f.

B ofpasoBanun caoxnoit ¢yukuun y=f(p(x)) yuacTByer
npoMexXyTounbii aprymentT u=¢(x). IlosToMy npH HaxOXKAEHHH
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NPOH3BOJHOH CJOXKHOH (YHKIHH O6yneM YKasblBaTh, 10 KakKOMY
HMEHHO apryMeHTy B3siTa NPOH3BOJHAS, NPHUMEHSs NpH 3TOM cIe-
LHaJbHbIe 0603Ha4YeHH:

Y= lim ﬁ — [POM3BOJHAs (PYHKUHH y MO apryMeHry Xx;
Ax—~0

yo= lim 2~Z — MPOU3BOAHAsA (YHKUHH y NO aprymeHty u;
Au—>0

uy= lim /—Aé — npousBoAHast GYHKUHMH ¢ NO apryMmMeHTy Xx.
Ax—0 ’

Teopema. IHpoussodnan caoxnoii ¢ynuxkyuu y=j(p(x))
Haxodurca no opmyae

yi=yi- ux, 20e u= ¢ (x).
Huaue 31y ke dopmysy MOXKHO 3anucaTh Tak:

Y =F(e(x): ¢ (x).

J10# GopMyI0i MOXKHO NMOJB30BATHCS MPH YCJIOBHSAX, YTO () YHKIHS
¢(x) nupgdepenuupyemMa B Touke X, a ¢yHruus f(x) aHddepeH-
nupyema B Touke u=q(x). [Ipu 3THX ycJOBHAX CI0KHAsT (YHKIHS
y=[(p(x)) Takxke nuddepeHHpyeMa, H €€ NPOH3BOAHASA MOKET GBITh
BLIYHC/IEHA 10 NMpPHBENEHHOH Bhlme dopmyJe.

JlokaxkeM TeopeMy TOJBKO JJII OZHOrO cayuasi, ecan Au=
=@(x+ Ax)— p(x)~0.

.y I Ay s A,
Hauno: y=f(p(x)), ¢((x)=u; lim == g, lim &= = uf.

Ax—0

HJoxkasars: lim A—=yx Yo - ux
Ax—0 Ax
JokaszarteabcrTso. [lycth apryment x nonyuus npupaieHue
Ax, Torpa HpPOMEXYTOUHBIH apryMeHT & HOJYYHT MpHpalleHHe
Aus£0. IMockoabky u(x) nonayuaer mnpupauieHde Au, TO ¢(yHKUHSA
y(x) Takxke nosnyuaer npupamenue Ay=f(u - Au)— f(«). IIpupaue-
HHe Ax BbI3bIBaeT npupanieHue Au u Ay.

Ay__Ay Au I
L= epeiigeM K npeneny npu Ax—0.
IlpencraBum A An Ar penpem peneny mp
. A
lim 82— |im 2. |im
Ax—~0Ax  ay—>0Au Ax-»oAx
HIH

Yr=Yu- U
[Mpumep 2. Halinure npousBOAHYIO (GYHKUHH Y= (Bx2—1)°.
Pemenue. OGosmaunm 3x’>—1=u, Torpa y=u®. Bocmoib-
syemcsl ¢popmysnoit yr=y; - uz. Halinem:
y:‘:(uS)/ =5u4’
uy=3x*— 1)’ =6x.

Torpa
yi=5(3x*—1)*. 6x=230x(3x%— 1)
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1 ’

U BooGiue- (u"y =n-u""" - u'.

IIpu BLIYMCAEHHH MPOM3BOJAHOA CJIOXKHOA (QYHKUHH sIBHOE
" BBelecHHe BCIOMoraTteabHoi OykKBbl u [/ 0O0O3HaYeHHS MNpome-
XKYTOUHOTO apryMeHTa He siBisieTcsi 0Gsi3aTenbHbiM. T1oaTomMy npous-
BOAHYI0O naHHOH (YHKUHH HaxXOAHM Cpasy KakK MpoH3BEAcHHE
npgusso;moﬁ crenenHofi GyHKuuu u° HA NPOH3BOAHYIO OT (YHKLHH
3x°—1:

y’ =((3x*—1)°y =5@3x*—1)*- (Bx*— 1)’ =53x*— ). 6x=

=30x(3+—1)".
[Tpumep. Haliaure mnpousBojaHble CJEAYIOLIHX dyHKIHHA:
-3
—(x2 5. _ X . 1

a) y=(*+3x+ 1% 6) y=(F5) 5 ® v=p—5

Pewenne.

a) yi=((2+3c+ 1)}y =50 +3x+ 1) (* +3x+ 1) =
=5+ 3¢+ 1)* 2x + 3);

—3 s -4 ’ 4
0 () ) =) () =

NEACED TS SN I (23 SR % B N 2
(x+2)2“ x4 l x4

?

1 ! 1 - ’ 34
B) y;.—_—( ;t.—")_) =-——(—;‘3—_—5)'2—' (x—5)=__—-——-———(x3_5)2 .

Ynpaxcrenun

1. TpusenuTe NpUMeEpHl CIOXKHBIX QYHKLHI.
2. Haiigure o6aacTb OnpeneseHHss QYHKUHH:

a) [()=2V9—x5 6) e(t)=Ig(—T7t+12);
-1 = /(= 7u).

B) h(y) ik r) y(u) (1—u)(3+7u)

3. Nann  ¢ymkuuu:  f(x) = 2x+3, o(x) = Yx—5 u
h(x)=lgx+ 2x. CocraBbre O¢yHKUHH: a) flp(x)); 6) [f(h(x);
B) @(h(x)); 1) h(e(x)).

4. Haiinute 3HaueHHs NPOU3BOAHBIX CJEAYIOIIHX GYHKUHHA B TOU-
Kax x=0 u x=2:

a) y=Ex—2F% 6) y=(6—70""% 8) y=(x"+3)}

r) y=T—8A)"; 1) y= V5—2x; e) y=yx'+6x+12;

— L . 1 . P 2k ol B
X) Y="TGrtsy ’ 3) Yy=—=r3%> w* Y= 53’

K)* y=(5—2x) - V3x+4.
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§ 25. NOBTOPEHUE

1. Coopmyaupyiite onpenejenve mnpenena (yHKUHH B TOUKe.
IMpusenute npumep (QyHKUHH, HMeOLIEH Npeles B TOUKe y— 2.
IMpusenute npumep QYHKLHH, He HMeIOLLed Mpefesaa B TOUYKE x— 3.

2. IMocrpoiite rpadpuky GyHKUHH: ‘

4 1, —1, 3—x x<l,
) iW={¥TLI0h 6 ew={} 51T,

B) g(x)={(‘:li“)x’ *< -1
4 3, x> —1.

Haiigure lin; f(x); lim2 f(x); linl10 o (x); lin‘:) o (x); liml g (x);

Jl‘irr; g (x).

3. Cchopmyaupyiite onpefeseHHe HENPEPLIBHOCTH (PYHKIHH B TO4-
ke. Jlokaxute, uto ¢yskuus f(x)=x>-+ 2x —4 HenpepbBHa
B TOUYKE X == —5.

4. BuisicHuTe cyllecTBoBaHMe npejena B Toukax —2; —1; 0;
1; 2 pasa ¢yHKUHH:

_ x4, _[ X241 x=2
a) y— X ) 6) y—{_;_x’.x<2->
5. Briuncaure:
. x—3 . 24+ 3x42
a) lim——; im ——————;
) x>3 2% —Tx+3 6) 1>—2 2x° 4 10x + 12
. 2 . Yx—3—2
lim —_—); r)*lim =—————;
B) o1 1 —x° 1 —x? )x—>7 x*— 49
. VYx—5—1 . 1_1/1_
n)*lim X —; e)* lim o
x—~6 36 —x =01 — Yl+x
3
. 2— yY8—
XK)* lim=—Y_—F
0] — ¢/1—x

6. Oasa ¢yukumit: a) f(x)=—2x+1; 6) f(x)=3x—1 nai-
aute f’ (x), moab3ysichb ompejesieHHeM NpPOM3BOLHOM.
7. a) Peuwmnre ypaBuenue h’ (x)=0, ecnn h(x)=2x* — 3x* 4 1.
6) Pewure ypaBHeHue h’(x) =0, ecau h(x)=x*4 1,5 + 3.
8. a) Hasa ¢yukuun ¢ (x)=(2x — l?‘“ naiigure @’ (x) 1 ¢’ (1).
6) Has dynkumu ¢ (x) = (3x + 2)"° naiinure ¢’ (x) u @’ (—1).
9. Haiigure npou3BOAHYIO (PYHKLHH:

a) =2 6) u=p+xVx.
10. llana ¢ynkuusa f(u)=u’® — 4u* + 3u® — 2u* + u — 1. Haii-
aute [ (u), f'(=2), I (—=1), 1(0), F* (1).
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11. 3anoauuTte TabauLy:

fx) 0% +3 (5 — 3x)? 5x— 247
. 2x + 7

Af (x)
Af (x)
Ax

= lin 5

@

12. lana ¢yHKuus s (t)=—;— 4 —i— £ — —27— 2 40,2t — 8. Haii-
aute s’ (2), s’ (0), s’ (3), s (_;)

13. Hokaxute, uto QyHKUUs ©(x)=|x — 2| He uMeeT MpOHU3BOA-
HOH B TOuke X ==2.

14.'Peminte ypaBuenue [’ (x) — lf (x)=0, ecnn f(x)=4x° + 2x.
15. PemuTe HepaBeHCTBO: *

) [E<¢@ W= =8kl 0 (==
_x .

'6}2 7l‘2’(x)+ ¢ ()<O mpn f(x)=2:"412x" n @(¥)=9"+
- 72x.
16. Hafinure nponspoanyo GyHKIHUH:

a) y=Vx'; 6) [)=2—»Ex+3)

5) yw=(s—5)(s—5)(s—7) D zO=—5"%
B sO=3=F: @ o=V F+8+

" [0 =

17. Buisicuute 3HaK npou3BoaHoil ¢yHkuuu f(x) B Touke x=1,
ecqu:
2¢ — 1

2) [()=VxFoGx—1: 6 [=273

18. Onpenennte 3nak npoussenenus [’ (x) - ¢’ (x) B Touke x =3,
__ 1 2

— " cp(x)—2x_5+0,lx .

19. Hailgute npou3BOAHYI0 QYHKIHH:

a) f(x)=(x+3)" 6) @(x)=(2x — 1)

B) y(x)=("+x)5 r) z(t)=(*+ 5> —8)’.

20. Jana ¢yuxunsa f(x)= yx° 4 x* — bx + 7. Haitgure [’ (x).

21. lana ¢ynkuus ¢ ()= y(2£* — 1)°. Haitzure ¢’ (1).
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ecan f(x)=

_ 4 /u*=5
22. Iana ?yﬂxuuﬂ z(w)= ]/u2+1
23. Haiinure Npou3BOAHYI0 (YHKIHH:
3
. 2u—3

) yW=(F2): o hw=V(F5)

. Haiigure 2’ (6).

x2
_ 1
B) 2()= Q-7+ 1)

§ 26. SABAHUA ANnA CAMOMPOBEPKM

1. Haiinute o6aactb onpefeeHusd (QyHKUHM |
!

l |
y=v—x+ . |
Vx+3 |
. 4x2—9
2. Jlokaxurte, 4TO }_1»1}15 T —6.
3. JloKa)kHTe HenpepblBHOCTH QYHKIHH § == 5 — 2x? B Touke x = 2.
x—3x+2, 6)*lim1/x+4—2
-0 X '

4, Hanigure: a) liml —
X —_
5. Ilas' dyskuun y=3x> naiigure Ay, ecin x=1, Ax =0,2.
2
6. INocrpoiite rpaduk GyHKUHH f(x)={§_n2p"ng§;’> 1" BeI-

yucaure f(—1), f(1), f(3)

7. Tloab3ysich onpepe/eHHeM POU3BOAHON, HAMAKTE IPOU3BOAHYIO

¢yukunu f(x)=2x -+ 3.

8. Haiinure npon3BOAHBIE C/IELYIOLIHX yHKUHI:

a) f(x)=—2x*+4 3x —5; 6) ¢(x)=(3x*—1)(4x+2);
B) y()=x- Vx; r) w(x)=i—1-2;’f;

1) h(x)=(3x*—2x2 4 1)’



Fnasa IV.
MNPUMEHEHUE NMPOU3BO4HOMA

§ 27 *. MOHSTHE O FNABHOM YACTU
MPUPALLIEHWS DYHKLIMM

C nonsATHEM NPOM3BOAHON TECHO CBSA3aHO IO-

HATHE IVIaBHOA YacTH NMpHpallleHHs] (QYHKLUM, KOTOPOE HIpaeT Bax-
HYIO pOJib B Pas/IMYHBIX pasjieflaXx MaTeMaTHUECKOro aHaJlH3a H ero
NPaKTHYECKHX NPUIOKEHHAX. PaccMorpuM npumephl.

ITpumep 1. Hailinure npupamenue ¢yukunu f(x)=ax -+ b.

Pemewnue. [anum aprymenty x npupaimenue Ax, Toraa ¢yHK-
uus f (x) npumer 3Hauene f (x + Ax)= a(x + Ax) + b. [Npupauienne
¢ynkuun pasno: Af (x) =f(x + Ax) — f(x)=a(x + Ax) + b — (ax+
+b)=a - Ax. PaBenctBo Af(x)=a - Ax nokasbiBaeT, 4TO NpHpa-
eHHe JIHHEHHOH (YHKIMH JIHHEHHO 3aBHCHT OT NPHpPALIEHHs] apry-
MEHTa H He 3aBHCHT OT BHI6OpPA TOUYKH X.

IIpumep 2. Hafinure mpupaumenne ¢yukuuu f(x) = x°.

Pemenmue. :

Af (x)=(x + Ax)* — x> =2x - Ax 4 Ax>

Ins kBagpatuuHoit pynkuun f(x) = x® ee npupamenue Af cocro-
HT M3 CYMMBI ABYX cjJlaraeMblx: nepBoe 2x - Ax JIHHEHHO OTHOCHTEJIBHO
Ax; Bropoe — (Ax)’ comepkuT Ax BO BTOpOH cTemenn. Hsyuum
H3MeHeHHe Af c ymMeHbLIEHHEM 3HaueHHH Ax.

CpaBHuM H3MeHeHHe BeJHUYHH 06ouX ciaraembix Af ¢ ymemnblie-
HHeM Ax, HanpuMep, HNpH x ==5.

Ax 1 0,1 0,01 0,001 0,0001
2%« Ax 10 1 0,1 0,01 0,001
(Ax)? 1 0,01 0,0001 0,000001 0,00000001

W3 rtabnuuel BHAHO, YTO C yMeHblleHHeM Ax yMeHblIaIOTCSE 06a
craraembix: 2x - Ax u (Ax)’, npuueM mepBoe yMeHbiaeTcs npo-
NOpIUHOHANbHO AXx, a BTOPOe 3HAYHTeNbHO GricTpee. [Ipu Manbix 3Ha-
YeHHsIX Ax 3HaueHHe npHpalleHHs GYHKUHMM Af 3aBHCHT IJ1aBHBIM
06pa3oM OT BEJMUYMHHI IepBoro caaraemoro. [1osToMy npu BHIYHCIIE-
HUM npHpaleHuss (YHKIHH NPH JOCTATOYHO MaJbIX 3HaYeHHSIX
Ax cnaraememv (Ax)® moxno npeneGpeub. Taxum o6pa3oMm, npH
Ma/biX 3HAYeHHAX Ax mnpHpalleHHe (GYHKUMH MOXKHO BBIYHCJHTD
no npubanxkeHHoi ¢opmyne Af x~ 2x - Ax.
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Mpumep 3. Haliaure npupamenue byukuun f(x)= x>
Pemenue.

Af =(x + Ax)* — x* =3x% - Ax + 3x - (Ax)® + (Ax)’.

s Ky6uueckoit ¢pynkuun f(x) = x> npupamenne Af COCTOHT M3
CyMMBbl Tpex cjaraeMbix: 3x° - Ax (JHHeHiHOe OTHOCHTEeNbHO Ax);
3x - (Ax)* (comepxutr Ax Bo BTOpOil crenenn); (Ax)® (comepxur
Ax B TpeTbell cTemeHH).

[pu Maabix sHaueHusix Ax 3HaueHue mpHpaueHHs Af ynknuu
3aBHCHT IVIaBHEIM 06pa3oM OT BeJHYHHH MEPBOro CJaraemoro.

HeiictButenbHO, Hanpumep, ecmi x =1 u Ax = 0,01, 10

Af=3-12.0,01 43 -1 -(0,01)*+ (0,01)* = 0,03 + 0,0003 +

-+ 0,000001.

Ecau HeoGxXonaHMO BBHIUHCIHTH Af ¢ TouHocThio f0 0,01, TO BTOpPBHIM H
TPeTbUM cCJlaraeMbIMH MOXHO npeHe6Gpeub. B nanHOM npumepe npH
BBIYHCJICHHH MpHpailleHHss (QYHKUHH INPH JOCTAaTOYHO Majblx Ax
MOXKHO BOCMOJIb30BaTbCA NPHOAHKEHHOH ¢opmynoit Af = 3x% . Ax.

B paccMoTpeHHBIX NpHMepax NpHOJMHMKEHHOe 3HaueHHe INpHpa-
mieHHs1 QYHKUHH JIHHEHHO 3aBHCHT OT Ax:

ans pyHkund f(x)=ax+ b, Af=a - Ax;

ans pyuknuu f(x)= x> Af ~ 2x - Ax;

s pyukuun f(x) = x3, Af =~ 3x% - Ax.

Haiinem mnorpemnocts 6, mojyuyaeMylo NpH NPHMEHEHHH 3THX
NpUOIHKEHHBIX (HOPMY.I.

Ecnn f(x) — nuneiinas ¢ysknus, To 6 =0. dro cnenudpHyeckoe
CBOHCTBO JIHHEHHOH (DYHKUHH.

Ecnu f(x) — kBagpatuunasi ¢yHkuus, To 8=2x+Ax-+ Ax®—

. (Av)?
—2x « Ax=(Ax)’. TIpu 3TOM xXapakrepHo, uto lim 2 — lim @y _

x>0 A 0 Ax
= lim Ax=0. frm0 BE a0
Ecau f (x) — Ky6uueckas dynkuus, 1o § = 3x% - Ax + 3x - (Ax)*+
4+ (Ax)® — 3x% - Ax =3x - (Ax)* + (Ax)® u Takxke Jlim K%—-——
= lim 3x - Ax + (Ax)’) = 0.
Takum o6GpasoM, mpHpalleHHe KaxXaoi u3 GYHKUMH ax 4 b,
x%, ¥® MOXHO NMpeACTaBHTb B BUAE CyMMbl ABYX C/laraeMmbix: JIHHeil-

s
HOro OTHOCHTeJbHO Ax M TakKoro cJjaraemoro 6, uto Allrn —_— = 0
X!

0 Ax
ecan f(x)=ax+ b, To Af=a-Ax+ 6, 6=0;
ecau f(x)=x% 10 Af=2x+ Ax + §;
ecau f(x)=x* 10 Af =23+ Ax + 8.
Muoxutenu a, 2x, 3x*> B Bbipax)eHusix Af npu GHKCHPOBAHHBIX
3HAYeHHSIX X NOCTOSIHHBI, NMO3TOMY MNpHpalleHHe KaxHoH H3 pac-

" CMOTpEeHHbIX (YHKUHl MPEACTaBHMO B BHIE

Af=A-Ax+S6, (1)
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.
rie A — KoHcTaHTa, a lnmA—=O. B Takom xe BHAE MOXHO mpej-
Ax—>0RX

CTaBHTb NpPHPAIIEHHE MHOIHX JAPYrHX (YHKUHH, Hanpumep y=—
=x"4+2x— 1, y=x*+ 4x — 5, y = x*. Onnaxo CYHIECTBYIOT DYHK-
LMK, TIPHPALLEHHS KOTOPLIX B TAKOM BHJ€ He MPEACTaBHMbI, HalpHMep
npHpamteHue QyHKUHH y= [x| B Touke x = 0.

KakuM ke yc/0BUAM J0/KHA YAOBJETBOPATH (BYHKUHS, YTOGH ee
npHpaileHHe MOXHO GbuIO Obl npeacraButh B Buae (1)? Oreer
Ha MOCTaBJIEHHBIH BONPOC NaeT CJeAyiolasi Teopema.

Teopewma. ar 1020 4r06er npupamenue Pynxyuu y=17f(x) e
To4Ke X MOXCHO 6bin0 npedcTasurs 6 6ude Ay=—A - Ax + 6, neo6xo0dumo
u docrarouno, «T06LL 8 TOYKE X CYWECTE08ANL nPOU3EOONAA:
F(x)=A.

HoxasaTesbcTBO 3TOM TeopeMsl paccmMaTpHBaTh He GyaeM.

BosBpamasice k npumepam 1—3, Bugum:

ecin f(x)=ax+b, o Af=a- Ax=(ax + b)Y - Ax+ 8, rze

ecan f(x)=x%, To Af =2x + Ax + (Ax)? = (x2)’ - Ax + 6;

ecan f(x)=x°, To Af=3x%+ Ax + 3x - (Ax)? + (Ax)*=(x°) Ax+ 6.

W3 cdopmynnposanHoil Teopemsl C/efyeT, uto mpHpauleHue Ay
dynkuMn y=f(x), umeonell B TOYKe ¥ NPOM3BOAHYIO, MOXKHO Mpes-

e ’ i 6 ==
craButh B Bume Ay=={[’'(x)Ax -+ 8, rme lim =0

Onpenenenue. Buipaxenue f' (x) - Ax, auHeiiHo 3aBucamee
OT Ax, Ha3bIBaeTCA IVIABHOH YACTbI0 MPUPALLEHHS DYHKUHH y=F(x)
u 0003HayaeTcss CHMBEOJOM dy.

IIpumep 4. Haiigure riaBHyo uyacTh npupaiieHHs G yHKUIHH
f (%), ecan:

a) f(x)=4x*—3x>+1;

Pemenue,.

a) dy=f"(x) Ax=(4x* — 3x® + 1) Ax = (12x% — 6x) Ax =
=06x(2x — 1) Ax;

2 1 2

6) dy=(vx—2) Ax—-(2 = +2) Az,

ITokaxem Ha mpuMepax NpHMeHEHHE MPOM3BOIHON K NPHOJIHKEH-
HBIM BBIYHCJIEHHSIM.

[Mpupamenne ¢pyHkuuu B 1060i TOUKe Xy 06JaaCTH ee onpeneseHHs
BpIpaxkaetTcss Qopmynoii Ay = f’(xo) Ax 4+ 6. HsBecTHO Takxe, uTO
6—>0 npu Ax—0, nostomy Ay= ['(x0)Ax wumm f(xo+ Ax)—
— [ (x0) & [’ (x0) Ax, oTKyna

[ (xo + Ax) = [ (x0) + [’ (x0) Ax. (2)
IMonyuennasi popmyna nossonsier NpHGIHKEHHO BHIYMC/ATL 3HA-

ueHHs1 QYHKUHH [ (x) 0JI 3HAUEHHH X, JOCTATOYHO GJIH3KHX K YHCTY X,
€CJIM U3BECTHBI 3HaueHus1 GyHkuui f(xo) u f’ (xo). [Ipu 3TOM TOUHOCTD
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6) f(x)=1x —Z.

X

‘ Ax.
JIeHHA 3HaueHHsl (YHKIHH NOBLILIAETCS C YMEHbLIEHHEM AX.
;b:écp:[;orpum Ha IpHMepax BBIUHCJEHHEe MNPHOJMKEHHBIX 3HaUeHHH
yHKuui no ¢opmyne (2).
¢ IMpumep 5 Haiigure f(1,001), ecan F(x)=x%—2x*+5x— L.
Pe w e uue. Haiinem npubnuxeHHoe 3Hauenue GyHKIHUH, PUMeE-
HAf ¢opmyay (2). Insi 3TOrO 3Ha4yeHHe aprymeHTa, paBHoe 1,001,
11e/1eCO0GPa3HO NPEACTABHTD B BIAE CyMMBI ABYX UHCE]l (x0o + Ax) Tak,
YTO6bl HETPYAHO GbLNO BHYHCJHTD f(xo) # [’ (x0) -+ Ax. 001
IMpeacrasum 1,001 =1+ 0,001, Torma xo=1, a Ax=0,001.
fry=f(1)=1>*—2. 1245.1—1 =3,2
' (x)=3x*—4x+5, a ['(x0))=f'(1)=3-1"—4 - 1 +-5=4.

Mo ¢opmyne (2) umeeM: |
i(l,001)=f(l+0,001)zf(1)+f’(l)-0,001=3+4-0,001=3,004. ‘

Mpumep 6. [Toapsyscs dopmynod (2), Haligute MpUOJTHKEH-

6
Hoe snauenue (1, 95)°.
Pemenue. Yncao (1,95)° MoxxHO paccmMaTpuBaTh KaK 3HaUeHHE

y=x% npu x=1,95. 3HaueHHe aprymeHra 1,95 mpencraBHM B BHIE
cymmbl 1,95 =2 - (—0,05), Toraa xo = 2, a Ax = —0,05.

F(x0)=F(2)=2°=64, ['(x)=6x%, [’ (xo0)=['(2)="6 - 2°=192.

IMo ¢popmyne (2) umeem:
(1,95)°=(2 — 0,05)° ~ 2° 46 - 25.(—0,05)=64 —192 . 0,06=54,4.
Onupasch Ha peleHHs] PACCMOTPEHHbIX MPHMEPOB, CHOpMyJH-
PyeM IUIaH OTHICKaHHS NPUGJHXKEHHOro 3HaueHHs QYHKUHUHA f(x) npu

3aJaHHOM 3HaYeHHH apryMeHtra Xx.
1. JlanHoe 3Ha4yeHHE apryMeHTa x npencrasJ/jseM B BHAC CYMMBI

IBYX uHCeJ Xo H Ax: x = Xo + Ax.

2. Bbl‘-II/ICJlﬁeI;I (f()xo). ()
3. Haxomum f’(x) u BbiunciaseMm [°(xo).
4. Haxoanm npuGnuxenHoe 3Hauenue f(x) mo ¢opmyse

f (%0 + Ax) = [ (%0) + [ (x0) Ax.
Mpumep 7. Busenure Gopmysy A5 BHIYHCHCHHS NPHOIHKEH-

n
HOro 3HaueHHUS x, rae x >0.
PemeHue. Bocnonbayemcss NpHBENEHHbIM Bblllle IJIAHOM Ha-

XOM/EHHS] TPUOIHKEHHOTO 3HAueHHs] QYHKLHH.
1. Tlyctb x = xo + Ax.

2. BoluncasieM f(xo): f](xo)= V’?O-- n ~
5. 1@ =(VFY =Y =t = =

4. Vx = Vxo+bx= Vn+ ‘,f“f - Ax. (3)

Takum 06pa3om, Mbl TOTYYHIH GOPMYJY JJIf BEIYUCTIEHHS npuoJIH-
JKEHHOTrO 3HAYEHHS KOPHS n-fi CTEMeHH H3 MOJOXHTEJIbHOTO 4HC/Ia.
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IIpumep 8. Moanayscs ¢opmynoit (3), BeuHCAMTE npHG.H-
5
JKeHHOoe 3HayeHHe J/241.

Pewmenue. IpencraBum }/5 241 B BHuze 1/5 243 — 2, xp= 243;

Ax = —2.
V243
5 . 243

ITo ¢dopmyne (3) umeem: f/243 — 2~ f/243 —

=3——2 _.9..3_.2 _3_ ~
=3 T 2=3 405,\,3 0,00493 = 2,9951.

Hrak, /241~ 2,9951.

2=

Ynpaxcnenus

1. KakoMy yc/0BHIO 10MKHA yHOB/IETBOPSTH ¢yHKUHSA, yTOGHI
ee npupawmenue Ay wumeno BHR Ay=AAx+ 6, rae A — KOH-
cranra, a 6—0 npu Ax—0?

2. CoopmynupyiiTe onpemeneHHe raaBHOH YacTH npHpalleHus
bynKunK y =] (x).

3. Ha#nute raaBuyio uacTb npupamenuss QyHKmHM ¢ (x), ecanu:
a) e(x)=2x+417; 6) @(x)=—3x24 7x — 10;

: =

4. 3anuwmnure GopMyny ANS BHUHCAEHHS NpHOJIHIKEHHOTO 3Haye-
HUSl QYHKUHH B 3aJlaHHOH TOUKe.

5. ITo dopmyne f(xo + Ax) = f(x0) + (x0) Ax na#iaute npu6au-
KEHHOEe 3HaueHWe ¢yHnkuuu: a) f(x)=>5x>—2x 43 npn x=2,01
H x=198.

6. Ha wmunanmerposoii Gymare nocrpoiite rpaduku ¢GyHkumi
y=x", y=x* y=vx, y={x npu x>0. Hainure npu6au-
XKeHHble 3nauenns (2,4)% (1,9 V4,2 V/78: a) no rpagukam;
6) no ra6auuam B. M. Bpanuca; B) no ¢opmyae (2).

7. Halinute npuGaukKeHHble 3HAYEHHS: a) y1,004; 6) V3 27,02;

B) V13I; 1) ¥/62; n) Y100.

§ 28. TEOMETPUYECKMMA CMBICST MPOU3BOAHOM

IlonsiTne mpou3BOAHOM TECHO CBA3aHO ¢ MOHATHEM KacarteJibHoii
K KDHBOH. YTOYHHM CMbIC/I MOHSITHS KacaTeJbHOI.

B kypce reomerpuu BB noamakomusmch c onpeneNeHHeM Kaca-
TEeJIbHOH TONBKO K OKpyxkHocTH. Kacartenbnas k OKDYXKHOCTH oOripe-
ACISETCSA Kak mnpsiMasi, Jexallas B ORHOH IIOCKOCTH C OKpPYX-
HOCTBIO H HMeEIOWlasi C Hell TOJNbKO OAHY o6uiyl0 Touky. Takoe
Onpene/ieHHe KacaTeNbHOM K OKPYXKHOCTH He MOXKET GbITh NepeHeCceHo
Ha Bce kpusble. Hanpumep, ocb Oy umeer ToabKO OJHy o06u1yio
TOUKYy ¢ rpadukoM ¢QyHKUHH y=x> H TeM He MeHee cuuTaTh
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y Yy
y=x°
1 y=1
£ N\__ — 7
0 x -2n I -:’2—[ 0 g ]z\/
-1 Y=8inx
Prc. 52 Puc. 53

ce KacaTenbHOH K KyGuueckoi mapaGoje B TOuke 0 (sﬂcéec?(%)-'
peab3si. Ilpamas y=1 H CHHycOHAa y==Sinx HMEO Secker
HeyHoe MHOXECTBO OOLIHX TOYeK Spnc. 53). OnHako npgmy_ysmx
eCTECTBEHHO CUHTATh KacaTelbHOH K rpaduxy dyHKIH yc:w—m' X
JIlns BBeJeHHsl OMNpeJe/eHHs] KacaTelbHOH K KpHBO:IpH]C():aC54) p3a-
= K — KpUBYIO JIHHHIO . .
HKuMIo y=1{(x) u ee rpadu
$§KcupyeMy Ha 3TOH KPHBOil NMPOM3BOJBHYI Touky Mo H mpoBeieM
yepes Hee cekyulyio MoM. i .
pnyCTb Touka M, fBHrasch MO KPHBOH, Npub/auKaeTcs K Tqu:o{{vxl&
Ilpu stom cekymas MoM OyneT mnoBopauuBaThCs BOKPYr ToukH
Mo u B mpele/bHOM TOJIOXKEHHH MNpPH M—>M, 3aliMeT MOJO

npsimoit MoT. Tlpamyio MoT Ha3bBaIOT KacaTeJbHOH K JaHHOH

Boii B Touke Mo. .
KpﬂO npenenaeHue KacareabHou MT x rpaduky GyHKUHH

=f(x) B Touke Mo Ha3bIBaeTCA MpepeabHOE no.nomen::eT g:gujj‘,;:

MoM, xorna Touka M, pBurasicb mo KpMBOH, CTPEMHUTCS T mana:

OueBH/HO, BBEJEHHOE ONpeJe/eHHe KacaTelbHOU K Kp 0ft A7
eTcsi 06o6leHHeM H3BECTHOTO H3 TeOMETpPHH OnpeieseH

Yy g\

Puc. 55

Puc. 54
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Puc. 56

Puc. 57

TeJIbHOH K OKpYXHocTH. KacarenbHas K Ji060ii kpuBoil (rpaduxy
(GYHKUHH) B OTJIHYHE OT KacaTeJbHOH K OKPYKHOCTH MOXET HMeTb
C 3TUM rpaguxom GoJiee OnHON OOGILEH TOUKH.

Hanpumep, na pucynxe 55 kacatenbnas MoT B Touke Mo K KpHBOI
Yy =@ (x) umeer ewe aBe Apyrue obwue Toukn M, u M. ¢ 3Toil

kpuboii. KacarenbHass y=1 B Touke x=% K rpaduky GbyHKuuH

Y = sin x uMeeT GECKOHEUHOE MHOXKECTBO OGUIUX TOUEK C 3TOil KPHUBOI
(puc. 53), u Bce oM GyayT TOuKamH kacauusi. ClefyeT HMeTb B
BHNY, 4TO He B JI060H TOYKe KPHBOH MOXHO MNpPOBECTH K Heil
KacartenbHyio. Kpusass AMoB, u3o6paxeHHasi Ha pucyHKe 56, B Tou-
ke Mo He uMeeT KacaTelbHOH. DTa KpHBasi COCTOHT H3 JBYX

uacrefi AMo u MoB. BosbMeM Ha nepBoii M3 HHX TOuKy L u mpose- -

neM cekymyio MoL, a Ha BTopoii — Touky M u npoBeneM ceky-
wyio MoM.

ITpu crpemnenuu Touku L K Touke M, no mepBoH uacTH KpHBO#
cekywasa LM, 3aiimer npenenbHoe mosoxenue M,T. Tlpu npubau-
XeHuH TOYKH M K M, no Bropoii yacTH KpuBoil cekyuasa M,M 3auu-
maer npenesnbHoe nosnoxenne MyK. Ilonyuaem nBe pasnuunbie npsi-.
moie: MT u MyK. Dto o3Hauaer, yTo B Touke M, K HaHHOH
KPHBOH KacaTe/JbHOH He CyILecTBYeT.

BosnukaeT Bompoc: NmpH KakoM YCJIOBMH KpuBas y=[(x) B
3a/laHHO# Ha Hed TOYKe HMeeT KacaTesbHyl0? OTBeT Ha 3TOT BONpPOC
MOXHO MOJYYHTb, BbIICHHB TFeOMETPHYECKHH CMbICJ MPOM3BOAHOM.
leomeTpuyeckoe HCTOJKOBAaHHE MNPOHU3BOAHOH (YHKUHH B HaHHOMH
TOYKE CBSI3aHO C MOHATHEM KacaTesJbHOH K rpauky 3TOH (QYHKLHH.
Paccmotpum HenpepbiBHYI0 GyHKLHIO y = (x) u ee rpaduk — KpH-
Byto [ (puc. 57).

[Tyctbs B Touke M (x; f(x)) kpuBo#t cymecrByer KacateabHas MT
K JlaHHOH KpuBO#. [lamuMm apryMeHty x npupauieHHe Ax H OTMETHM
Ha KpuBOH ! Touky N (x4 Ax; f(x 4 Ax)). Ilposenem cexymyio MN
H 0603HAaUMM uepe3 ¢ BEeJHYHHY yria, o6pPa3sOBaHHOrO CeKyluel
C NOJIOKHTEe/JbHLIM HanpasJjeHHeM ocH Ox.

Hs Ttpeyronbuuka MNK (puc. 57) caenyer, uTO OTHOLIeHHe
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-ﬁi’=tg ¢. Ecin Ax crpemutcst K Hynao, To Touka N Gynger mepe-
X

MelllaThesl BAOJb KPHBOH, npubauxkasich K Touke M. Ilpu stom ce-
Kywas MN noBopauuBaeTcsi BOKPYr TOYKH M H BeqHuMHa yraa ¢
MeHsieTcsl ¢ u3MeHeHueM Ax. IlpefenbHBIM MOJOXKEHHEM CeKylleH
npu Ax— 0 Gyner kacarenbHass MT, Kotopas o6pa3syeT C NOJOXKH-
TeJibHbIM HanpaB/jeHHeM OcH Ox HEKOTOPbIH yroJj, €ro BeJHYHHY
oGo3HauyuM uepe3 a. Taxk Kak a=Aljr_1>10cp, TO tga=AlirEOtg(p=

. Ay , 1
= _—= X).
Al.:r—ljo Ax F'(x)

Takum o6pasom, ecad rpaduk O¢yHKUMH y=f(x) B TOuKe
kpuBoil (x; f (x)) umeer Kacare/ibHYIO, He NePNEHAHKY/ISIPHYIO OCH
a6cuuce, To ¢yHkuua y=7F(x) uMeeT B 3TOHi TOUKE NPOH3BOJHYIO,
KOTOpasi paBHa YIrjioBOMY K03((HLHMEHTY KacaTeJbHOH.

BepHo u o6GpaTHoe yTBepxieHHe: ecau ¢yHkuusa y=f(x) B
HEKOTOPO# TOUKE X MMeeT MPOH3BOAHYIO, TO B Touke (x; f(x)) cyuect-
ByeT KacaTejbHasi K ee rpacduky. 3HaueHHe NPOU3BOJHOH B TOYKEe X
paBHO yrioBoMy Ko3(h@HUHEHTY KacaTeJbHOH, IPOBEAEHHOH K
rpaduky ¢QyHKUHH B TOYKe KacaHHS. i

Takum o6pa3oMm, reoMeTpHYECKH CMBIC] NMPOKH3BOJAHOH COCTOHT B
TOM, YTO 3HaYeHHe NPOU3BOAHOH QyHKuMH y=f (x) B TOuKe X paBHO
yrioBomMy Koad@uUHEHTY KacaTeJbHOH K rpaduky PyHKUKEH B TOUYKE C
adcuuccon x:

F(x)=k=tga.

[Tpumep 1. Hafinure yros, o6pa3oBaHHbIf KacaTeJbHOH K KpH-
Boit f(x)=2x*4+3x+ 1 B Touke x=—1 C MNOJOKHUTENbHLIM Ha-

npaBJjieHHeM OCH albcLHcC.
Pewenue O603HaunM BeTHYHHY HCKOMOrO yrja yepes o, TOrna

tga=F(—1). |
Fx)=0@2x*4+3x+1Y=4x+3, f(=1)=4-(—1D)+3=-—1,
tga=—1, a=135° (puc. 58). p

[Tpumep 2. Haitnure yrnoBo# Kosg-
¢uuueHT KacaTesbHOH K rpauky ¢QyHKUHH
@(x)=1x(x —1)® B Touke x=2.

Pewenue Yriaosoit Ko3pdHUHEHT
KacaTenbHo#l K KpuBoi @ (x)=x(x — 1)?

B Touke ¢ abcuuccoi x=2 paBeH 3Ha- 1
yeHHio npousBoaHoil (x - (x — 1)°)’ B 3TOH

Touke, T. e. k= ¢’ (2), Ho ¢’ (x) = (x — 1)* +

+3(x— 1P - x=(x—1¢@r—1),¢ (2= i

=2—1y*.-(4-2—1)=7, nosromy k=17.

! O nenpepbiBHOCTH dyHKUMK y = tg X GyneT cKa-
3aHO HHXe.

Puc. 58
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Mpumep 3. B kakux Toukax rpapuka ¢yuxuuu f(x)= % —

1 .
—-x2—|—-5x+—3— KacaTeJbHasi K HeMy napaJuie/ibHa  MPsIMOH

y=238x+45?

Pemenue. Ilo ycioBuio KacarteJbHbie K rpaduky M 3anaH-
Hasi mnpsMasi napasesbHbl, TOSTOMY YIJIOBble KO3() PHIHEHTH!
3THX NPSIMBIX PaBHBI MEXAY COGOH.

YraoBoit Kospduuuent k, npsamoii y==8x -5 usBecreH, OH
paBeH 8. YrioBoil KO3(p(HIHMEHT KacaTelbHOH K KPHBOH B HEKO-
TOpO#l TOUKe X PaBeH 3HAYeHWIO MPOU3BOLHOM:

f’(x)=(—’§-—x2+5x+%—)'=x2—2x+5.

Jas HaxOMKJAEHHSI YIVIOBBIX KO3((HIHEHTOB MCKOMBIX NPAMBIX
cocraBuM ypaBHenue x2 — 2x 4 5=238. Pemmu ero, naiizeM aGCuHCCH
IBYX TOUeK Kacauusa: x=—1u x=3.

M3 ypaBHeHHs KDHBOH ompejeJsieM OpAMHATHI TOYEK KaCaHHf:

y=" (145 (=)=t ny=F 3453+

L _ 5L
+-§——153.

TakuM 06pa3oM, MOJYYHM TOUKH Kacauusi: (—1; —6) u (3; 15 -é—) .

3aMeTHM, YTO IOHSITHE MNPOH3BOAHOH BO3HHMKJIO B pe3yabTaTe
MHOTOBEKOBLIX YCHJIMH, HampaBJeHHbIX Ha pelleHHe MABYX 3ajau:
NpOBeNeHHe KacaTeJbHON K 3a/laHHOM KPUBOH H HAaX0X/IeHHE CKOPOCTH
nepeMeHHoro nBHxenus. M B TOM W B apyroM cayyae 3ajpada
CBOAHMTCS K HAXOXKAEHHIO Npejesia OTHOLIEHHS NPHPaIleHHs (YHKIUHH
K NpHpAalleHHIO apryMeHra.

3anaunue 1. Halinure yron Mexay KacaTeJbHOH K rpaguky
¢yukunn y=x* B Touke x=0,5 ¥ MONOKHTENbHbHIM HaNpaB/eHHEM
ocu abciuHcc.

3anaunune 2. Jana ¢yukuus y=2x>-+ 3. Haiigure yriosoi
K03 HIUHEHT KacaTeJbHOH K rpadHKy 9TOH (QYHKLHH B TOUKE X = — 2.

Ynpaxcnenus

1. ChopmyaupyiiTe onpejeneHne KacaTeJbHOH K KPHBOH B 3a/1aH-
HOH Ha HeH Touke.

2. MoxeT JiM KacaTeJbHasi K KDPHUBOH HMMeTb C HeH HECKOJbKO
O6UINX TOUEK?

3. [Iposenute KacaTenbHYIO B KaxXJIOH TOUKe, OTMEUYEHHOH Ha
rpadure ¢pynkunn y=f(x) (puc. 59).

4. Vimeer siu rpaduk QyHKUHH y=|x| KacareJbHYI0O B TOUKe C
aGcnuccoi: a) —1; 6) 0; B) 1?
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5. IMocrpofite cxemaTHueckHit rpaduk 4
KaKoii-m160 QyHKUHH, HePepPLEIBHOA HA Mpo-

mexyTke [—5; 5] u He uMelolled KacaTesb-
Hoit B Touke (0; 0). /\/\
= frx)

6. IMocrpolite cxemaTHueckuii rpaduk -
(GYyHKUHM, HenpepblBHOH Ha TMPOMEeXYTKe 7
[—3; 3] u He uMeiomleli KacaTeJbHOH B
touke (—1; 0).

7. B ueM COCTOHT reoMeTpPHYECKUH CMbICT Puc. 59
NpPOU3BOLHON?

8. Haiigure yraoBoit Ko3bQHUHEHT KacaTeJbHOH K mapaGoie
y=x>— 4x B TOuKe c abcuuccoit x = —1. ,

9. B kakux TOYKax yrjoBble KO3(pGHIHEHTH KacaTeJbHBIX K KpH-
BOil y=x* paBHbl 3?

“ o o 1 o

10. HalixuTe yron Mexjay kacaTelbHoll K KpuBoil f (x) =4 — =X

¥ TIOJIOXKUTENbHBIM HANpaBJeHueM OCH abcuuce B Touke: a) xo==0;
6) x,=—2,5.

11. B kakoil TOYKe KacaTejbHast K KPHBOH y= ]/_x o6pasyer ¢
MOIOXKUTEJbHEIM HAlNpaBJ/eHHeM OCH aGciucc yroa 45°?

12. Haiigute yron mexay KacaTeqbHOH K mapaGose y= — x4
+ 2x — 3 ¥ MNOJIOXKHTEJbHBIM HanpaBJieHHEM OCH abcuucc B TOYKE:
a) x,=0,5; 6) xo=1; B) xo=—1.

X

§ 29. YPABHEHME KACATE/IbHON K KPUBOWM

Paccmorpum dynkuuio y=f(x). Ee rpadguk uzo6paxen Ha pH-
cynke 60. B Touke M (xy; Y,) mpoBeieHA KacaTeNbHas K KpHBOH
y=1{(x). CocraBuM ypaBHeHHe KacarteabHoli AB, 3nas xoopau-
HaThl TOUKH M (Xo; Y,) Kacanusi H ypaBHeHHe y = [ (x) KpHBOH.

KacarenbHasi — 3T0 npsMasi. YpaBHeHHe JIOGOH NpsiMOi HMeeT
BHA y = kx -+ b, rae k u b — napamerpsl. [l cocraBienus ypaBHe-
HUS KacaTeNbHOH HEOGXOAMMO BBIDAa3WThb mapamMerpnl k& H b uepes
KOOpJMHATHl TOUKH KaCaHusl, 3Has ypaBHEHHEe KPHBOH.

Ussectno, uto k=7f"(x,). IlosToMy ypaBHeHHe KacaTeJlbHOH
npumer Bua: y = /[ (x,)x+ b (1). Haiixem
b. Jlns sTOoro BOCHIO/b3yeMCA TEM, YTO Ka-
caTejqbHasi MPOXOAUT 4uepe3 Touky M (xo; Yo)
M NO3TOMY €€ KOOPAHHATHI YJOBJIETBOPSIOT
ypaBHeHHIO KacaTesbHO#: Yo = [ (xo) Xo + b,
otkyaa b = yo — [ (o) Xo-

[MoncTaBuM Temepb HaHAeHHOe 3HAUeHHE
b B ypasHenue (1) KacaTeqbHOH, NMONYUHM:
y=1F (x0) x4+ yo—[' (%) Xo WIH Y —Yo=
= " (x,) (x — xo). Hrak, ypaBHeHue Kaca-
TeabHOH K KpuBoit y=7F(x) B TOUKeE
M (x0; yo) Mmeer BHA:

y—yo=F (x) (x — x) (2) " Puc. 60
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y Ecan ¢ynkuua y=7F(x) B Touke x, He
nuddepenuHpyemMa, To y NaHHOH KDHUBOH B
TOuke ¢ albcuuccoif x, HeT KacaTeJbHOMH.
Mg 13 §X2x [TpakTuueckn ypaBHeHHe KacaTeJbHOH
K KpuBoHl y={F(x) B 3amaHHOH TOUKe X,
MOXKHO OTHICKAThL IO CJeLyIOlleMy IJIaHy.
1. 3anuceiBaeM ypaBHeHue (2) Kaca-
TeldbHOH: Yy — Yo =1[" (%) * (x — X).
2. Haxonum y,="1(x,).
3. Haxonum mnpousBomuywo y' =f’(x).

-1 4. Boluucisiem 3Hauenue [’ (x) B TOuKe
. 4
%ot [/ (%)-
y=-4x-1 5. IToxgcraBasieM 3HaueHusi X, Y, H
f (x,) B ypaBHeHHe (2).

Puc. 61 IIpumep 1. CocraBbTe YypaBHeHUE
KacaTteJqbHOH K rpaduky OyHKIHH Yy=
=x*—2x B Touke x,= — l. Buinosnure

y CXEMaTHUECKHH PHCYHOK.
\ Pewenue. l.y—yo=Ff (x)(x—x0)—
4 ypaBHEHHEe HCKOMOH KacareJsbHOML.

2. yp=(—1¥—2.(—=1)=3.
. F(x)=(x*—2xy =2x—2.
2L \Mwsi2) 4. F(=)=2-(-1)—2=—4

: 5. INoncraBnsieMm 3HaueHUst X, Y, H
f'(x,) B ypaBHeHHe KacaTeJbHOH: y — 3=
=—4(x—(—1) wm y—3=—4x—4,
y=—4x —1 (puc. 61).

[Tpumep 2. CocraBbTe ypaBHeHHe

KacaTeJbHOH K rumep6ose y=—)lc— B TOUKe

¢ abecuuccoli x, = 0,5. BrinonHyure cxemMaTH-
YeCKHH PHUCYHOK.
Pemenune. 1. y— y,=1F (x)(x —xp).

2. yo=-0§—5=2

. rw=(3)=—%

4, f'(0,5)=—r152= —4.

5, y—2=—4(x—0,5); y=—4x+ 4 (puc. 62).
Ynpaxcrenusn

1. Haiinute ypaBHeHHe KacaTeqbHOH K mapaGose y=23x>—2
B TOYKe: a) xo= —2; 6) x,=0; B) x,=1.

2. Hajigure ypaBHeHHe KacaTelbHOHl K KPHBOH y = 2x° — 3x? 4
+ 4x — 6 B TOuKe:

a) xo=0; 6) x,=1; B) x,=3.
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3. Halinute KoopauMHaTHl TOUKM, NpHHAaJJexauled mnapaboge
y=x>—2x+4 6, ecin H3BeCTHO, YTO KacaTe/bHasi, MpOBeJEHHas
K napaGosie B 3TOH TOuke, o0pasyeT C MOJOXKHTE/JIbHbLIM HampasJe-
HueM ocH aGcuucc yroa 45°. '

4. B kakux Toukax Kpupoil y=x°® — 3x® — 9x 4 6 kacarenbHas
napaJjienbHa ocu Ox? ,

5. [Mokaxute, 4To Ha rpaduke ¢yHkunn y==x>+x*+x—5
HCT TOYeK, KacaTejbHasi B KOTOPHIX Napae/bHa ocH aGcuucc.

6. Hajiaute Touku, nmpunaajexauide KpuBbiM y=x>—x—1 u
y=3x>—4x -+ 1, B KOTOpHIX KacaTe/bHble, NPOBELEHHbIE K 3THM
KpHBBIM, NapaJJe/bHbl.

7. Hahpgute ypasBHenne KacaTe/ibHOH, NPOBeJeHHOH K Ky6HuecKon
napa6ojie y= x°, napajJieJbHO NpsiMoil Yy ==12x — 5.

§ 30. NPUMEHEHUE MPOU3BOLHON B OUIUKE

[TpousBoaHasi eCTb MTHOBEHHAsl CKOPOCTb H3MeHEHHs (YHKIHH,
NO3TOMY NMPOU3BOAHAS LIMPOKO NpHMEHsieTcs B (HU3HKe.

Mpumep 1. Ecin marepuanbHasi TOUKAa JBHXKETCS IPSIMOJIH-
HefiHO W ee KOOpAMHATA H3MeHseTcsl MO 3aKoHy x (), TO CKOpOCTb
ee nBuxkeHus v (f) B MOMEHT BpeMeHHM ! paBHa NpOM3BOAHOH x’(f):
v()=x'(¢).

MMpumep 2. Ecain Q(f) — 3axOH H3MEHeHHH KOJHUYECTBA Be-
1[eCTBA, BCTYNHBLIErO B XHUMHYECKYIO peaklHMio, TO cKopocTb v (f)
XHMHYECKOH peakuud B MOMEHT BpeMeHM ! paBHAa TPOH3BOAHON:
v()=Q’(¥). .

[Mpumep 3. Ecau v (p) — 3aKoH H3MeHEHHA 06beMa XKHAKOCTH
OT BHELIHEro AaBJieHHsl p, TO NMpou3BoAHass v’ (p) ecTb MIHOBeHHas
CKOPOCTh H3MeHeHHs1 o6beMa MNpH BHEIIHEM J[aBJIeHHH, DaBHOM p.

[MpousBonuas WIHPOKO NPHMEHAETCS NPH PEIleHHH DPasJHYHBIX
¢u3uyeckux 3anay. PaccMOoTpuM HeCKOJNBKO TaKHX 3ajau.

Sagaua 1. Teno pgBuxercd MNpPSMOJHHEHHO IO 3aKOHY
x({)=23t* 42t 4+ 1, rae x(f) usMepsiercs B MeTpax, Bpems ¢ —
B cekyHpax. Haligute cKopocTb ABHXKE€HHsl TeJa B MOMEHT Bpe-
MeHu {=4 c.

Pemenue. x’' ({)=6t+2, v(4)=x"(4) =06 - 4 + 2=26 (m/c).

3apgaua 2. [asa maumudusl, ABuxyueiicsa co ckopoctbio 30 M/c,
TOpMO3HOIl MyTh ompenenserca no gopmyse s ()= 30t — 163, rae
s () — nyTb B MeTpax, { — BpeMsl TOPMOXKeHHs B ceKyHaax. B Teuenne
KAKOro BPEMEHH OCYLIECTBJISETCS TOPMOXEHHEe A0 TOJHOH OCTaHOB-
K1 MmawuHe? CKOJABbKO MeTpoB OyAeT ABHrathCsl MallHHA C HadaJja
TOPMOXEHHSI 10 MOJHOH ee OCTAHOBKH? ’

PeweHue MrHoBeHHasi CKOPOCTb v (f) MalUHHBI NPH TOPMO-
JKEHHH paBHA NMPOM3BOAHOMH:

v () =s’ (t) = (30t — 16¢%) = 30 — 32¢.
B xoHue Topmo3Horo mytH v (¢)=0, nosatromy umeem: 30 — 32{ =0,

15
OTKyAa t=T€' C. 3Ha‘-ll/l’l‘, TOPMOXKEHHE OCYLIECTBJISJIOCH B TE€YEHHE
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c. Topmo3HO# myTh MaIIHHEL COCTaBHT: § %) =30--—1—Z——

15

16
15\ 2

—16(12) ‘~ 14 m

3anaua 3. Teno aBUKeTCS NMPSIMOJHHEHHO MO 3aKOHY X (¥) =
=3 4 2t + £, rae x(f) usmepsiercss B MeTpax, BpeMsi { — B CEKYH-
nax. Hafinute yckopenue NBHKEHHS Tejla B MOMEHT BpeMeHH { =23 c.

Pemenne. ®ynkuus x(f) ecTb 3aKoH IpPSAMOJHHEHHOroO
JIBHXKeHHSI. MrHoBeHHast CKOpocTh U (f) 3TOro .IBHXKEHHSt paBHa
npou3BonHoil x’(¢#). MrHoBeHHass ckopocTb v (f) ecTb (YHKUHS OT
BpPeMeHH. YCKOpPeHHe JBHXKEeHHSl eCTb CKOPOCTb H3MEeHEHHs CKOPOCTH,
MO3TOMY YCKOPEHHe [BHXKEHHSI B MOMEHT BpeMeHH { PaBHO MpPOH3-
BogHO# o’ (f). Takum o6pa3oM, yCKOpDeHHe IBHXXEHHSI B MOMEHT
BpeMenu ¢ paBHO: v’ (f)=(x’(f)), T. e. paBHO NpPOH3BOAHOH OT
NMPOU3BOAHOH. DTy NPOU3BOAHYI0 Ha3bIBAIOT BTOPOH NPOH3BOLHOH
ot ¢yHkuuHu x (f) u o6osnauvaior x” (¢). [ToaToMy yckopeHnne JBHKeHHS
a(¢) paBHO BTOpOil mpousBoxHO# x” (f).

Urak, a(t)=x"(); *®)=@+2t+4+8y=2+3%5 a(t)=
=x"()=2 + 3t =6t a(8)=06+3=18 (m/c?).

3anaua 4. Teno, Macca KoToporo m (B Kr), ABHXKETCA Npsi-
MOJIHHERHO N0 3aKoHy X (f)=3f> 4t (B M). [loKaxure, uTo ABHXKE-
HHe TeJa NMPOHCXOAHT MOJ JAeHCTBHEM NOCTOSIHHOH CHJIBL

P e w e Hue. Yckopenue a(f)=x" (f), ' (t) = (32 + ty =6t + 1;
a(t)=x"(t)=(6t+ 1Y =6.

Ilpn nanHom 3akoHe NBHXKEHMS TEJO JIBHXKETCS C OCTOSIHHBIM yC-
kopenueM a (f) = 6 (m/c?). Macca Tena m NOCTOSIHHA, 3HAYHT, MO
BropoMmy 3akoHy Helotona gefictsylomasi Ha Hero cuia F = ma =
=6m (H) Takxe nocrosiHHa.

Ynpaxcnenun

1. B ueM COCTOUT MeXaHHYECKHH CMBICJ IMPOH3BOJHOH?

2. Kak HafiTH CKOPOCTb U yCKOpeHHe, 3Has 3aKOH NPAMOJHHEHHO-
ro ABUXKEHHSI MaTepHaJbHOH TOUKH? i

3. Haiinure ckopocTh uamenenus ¢ynxuuu y= 0,2x> — -3—x2 +1
B TOYKE X.

4. Touka ABHXKeTCs NMPSIMOJIHHEHHO Mo 3aKoHy x (f) = 2¢% — 6t 4
-+ 5, rre x (f) uamepsiercss B MeTpax, Bpemsi { — B cekyHnax. Haiinu-
T€: a) CKOpPOCTb B MOMEHT BpeMeHH {; 6) CKOpPOCTb B MOMEHT BpeMe-
HU £ =2 c; B) yCcKOpeHHe B /1060l MOMEHT BpeMeHH.

5. Haiinure yckopeHHe IBHXKEHHS B MOMEHT BpeMeHH {=4 ¢
N0 3aNaHHOMY 3aKOHy naBHxeHusi: a) x(f) =1 — 3% 6) x(f)=
= /2, rae x(f) uamepsieTca B MeTpax, Bpems ! — B CeKyHHax.

6. Haiinure ckopocTh H3MeHeHH$ o6beMa V (x) ky6a B 3aBHCHMOC-
TH OT M3MEeHeHHsl AJHHBl X ero pebpa.

7. Hajigure ckopocTh H3MeHEHHs MOBEPXHOCTH s (x) Ky6a B 3aBH-
CHMOCTH OT H3MEHEeHMSl JJIHHHI X ero pe6pa.
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8. 3aKkoH aBHKeHHs yacTHubl x (f)=1t* — {, rne x(f) usmepsiercst
B MeTpax, BpeMsi { — B ceKynpax. KakoBo yCKOpeHue 4acTHUB! B
MOMEHT BpPeMeHH, KOra CKOpocTb ee pasHa 11 m/c? i

9*, 3eHHTHbIH CHApsiJ BbIGPOLIEH BEPTHKANbHO BBEPX € HaYaJIbHOH
CKOpOCTbIO U, Ha Kakoit BeicoTe i OH GYAeT B MOMEHT t (8 c)? Onpe-
Jle/ITe CKOPOCTb M YCKODEHHe NBHXKeHHsi cHapsina. Yepes cKo/bKO
CeKyHJl CHapsiJ AOCTHTHeT HauBhICLIEH TOYKH H HA KAKOM pacCTOSIHHH
OT TMOBEPXHOCTH 3€MJH OH GyleT HaXOLHTbCS?

10*. Kamenp omymeH ¢ BoicoTHl 81 M. Uepe3 CKOJBKO CEKYHA
OH yaaputcs o 3emJio? KakoBa GyaeT ero CKOpocTb B MOMEHT yaapa?

11*, Teno maccoil 2 Kr HABHXKeTCA MNPSAMOJHHEHHO IO 3aKOHY
x(t)=1® — 312 4 2, rne x(f) n3mepseTcst B MeTpax, Bpems ¢ — B ce-
kyHaax. Haiiute cuiy, HeACTBYIOLLYIO HA TeJO B MOMEHT BPEMEHH
t=3c.

12*. Teso maccoit 500 Kr moMmeuiaercsi B FMAPaBJHYECKHi JuT,
tonkalowuii ero BepX. C Kakoil cuaoil JHGT A0/KeH AeHCTBOBATDH
Ha Tesno, uTOGbl OHO ABHTaJ0Ch C MOCTOSIHHBLIM ycKopenueM 0,5 M/c??

13*. Haiizute BTOpPYIO NpOM3BOAHYIO OT OyHKuHMH f(x), ecia:

a) f(x)=x*+22*—7; 6) f(x)=Vx—8
B) ()= r) fO)=ax®+bx+c.

§ 31. BO3PACTAHME U YBbIBAHUE ®YHKLIMM

INpu nomoud NPOH3BOAHOH MOXKHO YCTaHaBJMBAaThb BO3pacTaHHe
uan y6uiBanue (YHKUMM Ha Pas3jHYHBIX MPOMEXYyTKax obsacTd ee
onpeneneHus.

Ha pucynke 63 uso6paxen rpadux ¢yskuun y= f(x), Bospac-
taiouleil Ha npomexyTke [a; b], a Ha pucyHke 64 — rpaduk QyHKLUHH
y = ¢ (x), yOuiBalouleii Ha npomexytke [¢; d].

UssecTHo, uTO (yHKuMIO y=[(x) Ha3bIBAIOT BO3pacTalolled Ha
npomexytke D, ecan Ans MOGHIX X; U X, MPHHAMJIEKAUIHX ITOMY
NPOMEXYTKY, U3 YCJOBHS X, > X; caeayeT, uto f(x) > f(x,). PyHk-
w0 y = ¢ (x) Ha3bIBaOT yGhIBalolled Ha npomexyTke D, ecan ans
JIOGLIX X, M X,, TPHHAAJEXAILUX 3TOMY NPOMEXYTKY, H3 YCJIOBHS
Xp > x, caenyet, 4to f(xy) < f(xy)- :

y y=fx g
»/
| Ttg 0=Fix)=0
|
olax, x, & x 0
Puc. 63 Puc. 64
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KacarenpHast B Kaxnoil Touxe
rpacduka Bo3pacrawoueil QyHKIHH,
KaK BHMJHO H3 pHCYHKa 63, o6pa-
3yeT C IOJIOXKHTeJNbHBIM HampasJe-
HueM ocu Ox Jau6o ocTpulil yroi,
au60 yros, paBHBIA HyJaI0 (B mO-
clelHeM c/aydae KacaresjbHas mna-
pannenbHa ocu Ox). Hcxonst us reo-
METpPHYECKOro CMbIC/Ia NMPOH3BOAHOM
tg o ={"(x,). D10 o03Hauaer, uTO
NPOU3BOJHAsA B KaXJ0H TOUKe Npo-
MexyTka [a; b] HeorpuumarenbHa,
N03TOMY A/ Bo3pacralouiefi QyHK-
uuH  f(x) BHIIONHAETCS YyCJOBHE
- P>

Kacarenbnasi B Kaxnoii Touke rpadmuka yGuialouieii ¢GyHKLUH
(puc. 64) obpasyer ¢ ocbio Ox aHGO TYNOH yroJ, GO YroJ, paBHbIM
HyJI0, MO3TOMY AJs1 (pyHKuuu @ (x), y6uiBawouiell Ha [¢; d], BHmoJ-
HsieTes yenosue ¢ (x) << 0.

W3 pucynka 65 BULHO TaKXKe, 4TO OfHA H Ta Xe (QYHKIHS MOXKeET
Ha OIHHX MPOMEXYTKax o6/laCTH ee OmpenesieHHs] Bo3pacTaTb, a Ha
Apyrux — yObiBaTh. XapakTep NOBeJeHHs] (YHKUHH HAa Ka)KIOM H3
STHX NPOMEXYTKOB ONpejeNsieTcsi 3HakOM €e NPOH3BOLHOII.

- Teopewma 1. Ecau pynxyun f(x) oupdepenyupyema u sos-
pacraer re npomexcyrxe la; b[, To ee npouseodnas na srom npo-
MexcyTKe He OTPUYATEeAbHA.

Hano: y=f(x) sospacraer na Ja; b[; f(x) cywecrByer
npu x€Jla; b[.

Hoxkasarte: f/(x)=>0 npu x€Ja; b[.

HokasarteabcrtBo. Ilycts x € Ja; b[. Bubepem Ax Takum,
4To0bt ¥ + Ax € Ja; b[. BoamoxHbl nBa ciyuas:

a) Ax>0, torna x4+Ax>x u f(x+Ax)>f(x) B cuny Bos-
pacranus ¢yHkuun y=f(x). Hmeem: f(x + Ax)—f(x)=Ay>0.

6) Ax <0, Toraa x +Ax<<xuf(x 4+ Ax) < f(x) no Toit xe npu-
yune. Umeem: f(x + Ax) —f(x)=Ay < 0.

B o6oux ciyuasx npupaimenne OYHKUHH HMeeT TOT e 3HaK,

4TO M AX, 3HAUMUT, 2—i> 0.

Puc. 65

ITo ycnoBuio B Kaxnoit Touke x € Ja; b[ ¢ynkuus y=f()

uMeeT NpousBoiHyo f/(x)= lim A9 Ho npejesn BbIPaXKeHHS ﬂ,
Ax—>0Ax Ax

NPHHUMAIOLLErO TOJIBKO IOJOXHTEIbHblE 3HAYECHHS, HE MOMKET GbiTh
OTpHIaTeNbHbIM, O3TOMY f/(x) > 0.

Teopewma2. Ecau pynkyus f (x) dugdepenyupyema u yboisaer
Ha npomexcyrke ]a; b[, To ee npoussodnas na srom npomexmcyrxe
He noaoJcuTendbHa.

3 ananue. JJokaxure TeopeMy 2 caMOCTOSTENBHO.

Teopembl 1—2 BhIpaxaloT HeOGXOAUMblE MPH3HAKH BO3PACTAHUS
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u yObiBaHHSA YHKIL
Ba)KHH OGpaTHBIE TEOPeMH,
Bo3pacTaHusl H yGblBaHHs QYHKUHH HA
MYJIHDOBKH 3THX TEOpEM.

Uy Ha mpoMexyTke. [lis pemenus 3aaad 0COGEHHO
BhIpaXKaloliHe JOCTaTOUYHEIe MPH3HAKH
npomex yrke. IIpuenem ¢op-

Teopema 3. Ecau npousgcdnan [’ (x) na npomexwyrke

la; b[ nonroxcureavna, TO dynxyus f(x) eospacraer HA ITOM

e.
npo%teealgy;xe ma 4. Ecau npoussodnas [’ (x) mna npomescyrke

la; b[ orpuyareavra, TO dynxyusn f(x) ybweaer ra 3T0M npo-

MexncyTKe. ‘
TeJbCTBa.

Teopembl 3—4 npumem Oe3 nokasa )

I‘lprsenem NpUMepHb IJIaH OTBICKAHMSI NPOMEKYTKOB BO3

acraHusl 1 y6biBaHHS (QYHKIHH. . _
P 1 Haxon};m o6sacTb onmpefesieHHsi 3aJaHHOH pynxuun y= f (x).

9. Bruncasiem npoussoguyio f’ (x).

3. Pewasi HepaBeHCTBO: N
a) f/(¥)>0, HaxonuM NPOMeEKYTKH BO3pACTAHUA byHKIHH y:f(;cc)),
6) ['(x)<<0, HaxOAHM MPOMEKYTKH yObiBaHHA (QYHKIHH y—-ecm:[
Peilende HepaBeHCTB BHIMOJIHSETCA aHANHTHYECKH, rpaduy

u6o MeTOJOM NPOMEXKYTKOB. '
" IIpumep ll.) Hajifute NPOMEXYTKH BO3paCTaHHA H yGbiBaHHSA

=3 —5x2 —32x +9.
q)yulg’“;ﬂ:] z(:)n e. 1. O6aactb onpeneseHuss (QYHKIHH:
D(f)=]—o0; o[. s 0y — 32
. Bhluncasiem npoussoanywo: f/(x)=3x" — 0x .
g. lelzaem nepasencrsa: a) [’ (x)>0; 6) f’(x)<<0. Ilpn sToM

16 ’ —
sameuaeM, uto [/ (x)=0 nmpu x=— H x= —2, nostomy [’ (x)

=3x2—10x—32=3(x—13§)(x+2).
a) f’(x)=3x2—-le——32>0;3(x——%9)(x+2)>0; f(x)>0
B KaXAOM M3 MpPOMEXYTKOB ] —oo; —2[; ]139; o0 [ (puc. 66);
6) ' (x)=3x?— 10x—32 <O0; 3(x—%6-)(x—|—2)<0; F(x)<0

16
B NPOMEXYTKe ] -2 5 [ (puc. 66).
: OMEXYTKOB
Orser: GyHKuHsl BO3pacTaeT Ha KaxXjaoM H3 TP 2'y16]
J—oo; —2] un 13-6—; 00[, y6biBaeT Ha NPOMEKYTKE [— 3
Mpumep 2. Hafiaure nNpoMexyTKH Bo3pacTaHus M yOblBaHHs

yukuun f(x)= -’%:— — x2—3x+5.

+ = _+
Pewmenue. 1. [lannas Qynkuus ompe- ) 7 ~
JiefieHa Ha MHOXeCTBe BCeX JIeHCTBUTEeNbHbIX 5
yuces:
D(f)=]1—o0; oo[. ’ Puc. 66
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2. Haxopum npousBoanyio 3aaHHOH ¢yHKuum: [’ (x)= x2 —
— 2x — 3.

3. Pemasn ypaBHeHue x> — 2x —3 =0, onpegensieM TOUKU Xx =
= —1 1 x=23, B KOTOPEIX NPOH3BOAHAsA PABHA HYJIO.

4. Toukamn x = —1 u x=23 pasGuBaeM 06GnacTb onpeneeHUs
QyHKUHH ] —oo; oo[ Ha uHMCIOBbie NpoOMeXyTKH ]—oo; —I1[;
1—1; 3[;13; oo [.

5. OnpenensieM 3HaKk NMPOM3BOAHON Ha KaXXIOM M3 MO/NYYeHHBIX
YHCJIOBBIX POMENKYTKOB H [1eJ1a€M 3aKJ/IOUeHHE O MOBEAEHHH (HDYHKIHH
Ha 3TOM NpOMexXyTKe. (3HaK NPOM3BOJHON HA KaXKAOM H3 MPOMEXYT-
KOB MOXET ObIThb HalJeH HeNmoCPeACTBEHHBLIM BLIUHCJEHHEM ee 3Ha-
YeHHs1 B OJHOH H3 TOYEK 3TOro npoMexyTka.) PesyabraThl uccie-
JoBaHus oopMJIsieM B BUAE TaGJIHIbI:

X ]—o0; —1[ 1—- 153 13, [
F () + - +

f(x) BO3pacraer ) y6BIBaeT BO3pacTraer

OrBer. Qyukuua Bo3pacTaeT Ha KaXAOM H3 NPOMEXYTKOB
-] —o0; —1], [3; oo[, yGuBaer Ha mpomexyrtke [ —1; 3].
ITpumep 3. Haiiaure uuTepBajbl Bo3pacTaHusi H YGbIBAHHS

$yHKUHH f(x)=]ﬁ—

Pewenune. 1. O6nacty onpenenenusi ¢pyukuuu: ] —oo; —1[
]—15 1[n]l; oof.
2‘ f,(x)=2’ 1——-x2+2x2=2(l+x2).
(1= (11—

b

3. i’(x)=-2(T(1:+x2—‘§?>0 npu x € D (f) (3nauennss x=1u x=—1

He paccMaTpuBaIOTCA, TaK KaK B 3THX TOYKax 3afaHHasg (QyHKUHs He
onpejeJeHa).

4. Ha npomexytkax ] —oo; —I1[; J]—1; 1[; ]J1; oo[ 3apannasn
¢yHKUIHS Bo3pacraer.

Ynpaxcnenus

1. Chopmyaupyiite onpeneneHnust Bo3pacTaHusi H yObIBaHHSA
¢ynkuuu. [IpuBesuTe npuMepLl BO3pacTalOIMX H YOLIBAIOWKX (yHK-
L.

2. Ilpupennte npumep OYHKUMH, 3afaHHOM Ha NPOMEXYTKe
[—2; 2], Bospacralouteit Ha npomexyTke [—2; 0] u y6uiBaowei Ha
npomexyrke [0; 2].

3. U3obpasute cxemaTHYeCKHA PpHCYHOK rpaduka QyHKUHH,
3ajaHHO# Ha mnpomexyTtke ]—I1; 4[, HuMeOlWEeHd MNONOKHUTENBHYIO
NPOU3BOAHYIO Ha npomexyTke | —1; 2[ 1 oTpHLaTe/bHYIO TPOH3BOA-
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nylo Ha npomexyrke 12; 4[, ecam: Y
a) f/(2)=0; 6) f’(2) ne cymecrnyer.

4. 3anumuTe CHMBOJIHUECKH TeOopeMbl O K y=fx
CBSI3M BO3pAcCTaHUsi H YObIBAHUS (PYHKUHH |

CO 3HAKOM ee IPOH3BOMHOH.
5. Pacckaxure O mJaHe HCC/IelOBaHHUA

¢yHKuuu Ha BO3pacTaHHe M y6LiBaHHe
C MOMOIIbIO POH3BOLHOMH.

6. ITocrpoiiTe B ONHOM H 'roﬁo xe cucteme
KOOpAMHAT rpadpuku OYHKUHH y=x" H
y=2x. Pacckaxure O CBfI3U y6GbIBaHHSA Puc. 67
(BospactaHusi) (YHKUMH M 3HakKa ee Npo-

H3BOJHOM. .
7. Haiinure o6Jactb onpenesneHus QYyHKIHH:

2, —_x+1 . =2 V3+9;
8) y=r2g O fW=gistrs B e()=2V3r+

0 = YW = VTR O b= R

8. AHanm3upysi pHCYHOK 67, OGBsiCHATE, IOueMy NpPOH3BOLHAS
¢ynkuuu f(x), yopiBaiolieil Ha NPOMEXYTKe la; b[, HenoJoX HTEJIbHA.
9. YcraHOBHTE NMPOMEXYTKH BO3pacTaHusl W YObIBaHHS quHKu;g!
no ee rpaduKy, H306paxKeHHOMY Ha pUCYHKaX: a) 68;u 6) 69,. B) 70.
10. BmecTo TOuek BOCCTAHOBHTE COOTBETCTBYIOLIMM TEKCT:

a) ecau f/(x)=>0 npu Beex x€]a; b[, TO ..
6) eciH ..., TO f(x) He BO3pacTaeT B 3TOM INPOMENKYTKE.

11. B Kakux Toukax oGjacT ompejeieHHsi au((epeHIHpyeMoH
(dYHKIUH ee BO3pacTaHHe CMEHSETCs y6biBaHHeM M 06paTHO: yObiBa-

HHe — BO3pacTaHHeM?

0 PN

7 Yy
~13

of |7 "X 2 - o X
|
. |
N |
|
.J —
Puc. 68 . Puc. 69
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Y 12. Hajfinute npomexxyTku BoapacTanus
3 H yOviBaHuA ¢yHKIHH y(X), ecan:

a) y=3x42;

6) y=—8x+7;
B y=x"4+x—2;
r) y==2x%— 24x;

.2/ - 0 1 Z\X 11) !/=X3—2x2—{—x—-l;
e) y=%x“—%x3;
Puc. 70 X) y=x;—2x2+4;
3) y= ;

x—1’

K) y=2 v x;

u)* y=&+4x2;
A1) y=2x>—5x 4 4x — 1.

§ 32. MAKCMMYM Y MUHUMYM ®YHKLMM

B npenwbiaymem onaparpa(pe 6bla ycTaHOBJIEHA CBSI3b Mexny
SHAKOM NPOHM3BOJHOH H BO3PAaCTaHHEM MJIH YGbhlBaHHeM (YHKIHH Ha
HEKOTOPOM MNpPOMEXYTKE.

. I;I:npumep, Ha mpomexytke ]a; c¢[ (puc. 71) f/(x)<<0, moato-
]Z’ b[f?TOM lapomemyrxe ¢yuxuus f(x) yGniBaeT; Ha npomexyTke
; (x)>0, nostomy dynkuus sospacraer Ha 3TOM NpOMEeXK yTKe.
o AaHHOM naparpage pacCMOTPHM BHYTPEHHHE TOYKH 06/1aCTH
PefiesieHns QyHKIHMH, B KOTOPHIX ee NPOM3BOAHAA o6paliaercs B
HYJb MJIH He CYILECTBYET.
’ Takoit Toukoi, Hampumep, sB/IseTCS TOYKA X == (puc. 71).
{c(c)f—(-c;)), TaK KakK KacareqbHas K rpapuky (QyHKUHH B Touke
s napannenbHa ocu a6beuuce (a=20 ()=
& a2 o ( , mostomMy f'(c)=
_l’;)(fcn)rﬂa npomexytke Ja; b[ sanana HenpepoiBHas ¢yHKuHS
_gﬂ— x). I'pacduk ee usobpaxen Ha pucyske 72. Paccmartpusas ero,
AUM, 4TO B TOYKAX X; U X3 QYHKUHS MMeeT 3HauyeHHs, GOJblLiue

Yy Y 1%
5
\ Y
. |
} i
f T '
| I |
N ! a
a 0 c b x {/ 0
fra)
Puc. 71 Puc. 72
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y y

fix,) Makcumym

/ﬂ\d’ﬁ/ﬂl‘uuu \\/Mw/ungﬂ
L l |f0:<o)¢5/”"””“
I : I | h
Ly ! — b 1

|
|
O x,-0 X, X,+0 X O|X,-0 X, X,+0 X /0 a X bl «x

Puc. 73 Puc. 74 Puc. 75

0 CPaBHEHWIO C ee 3HAUEHHSIMH BO BCeX TOYKaX, 0CTaTOYHO 6/1u3-
KHX K TOUKaM X; H Xj.

B Toukax X, U X, 3HaueHHs 3TOH (YHKILHH MEHblIe MO CpaBHEHUIO
C ee 3HAUEHHSIMH BO BCeX TOYKaX, AOCTATOYHO O/IH3KHX K TOUKaM
Xo U X4

3HaueHHs1 apryMeHTa X, H X; HaA3blBAIOTCH TOYKAMU MAKCUMYMA
QYHKUHH, @ Xy U X, — TOUKAMU MUHUMYMA DYHKLHH.

3naueHnst QpyHkuud y=f(xr) B TOUKax MaKCHMyMa HasblBalOT
MakCHMyMoM (YHKIMHM, a B TOYKaXx MHHHMyMa — MHHAMYMOM
(pyHKIHH.

OGpartuTe BHHMaHHe Ha TO, YTO B TOYKaX MakKCHMyMmMa M MHHH-
MyMa NpOM3BOAHAs NaHHOA QYHKUMH PaBHA HYJIO MM He CYLLeCT ByeT.
Tak, [ (x,)=0; ' (x,)=0; [’ (x;) He cymectsyet; [’ (x,)=0.

Onpenenenue 1. Touka x, H3 06JACTH onpeneeHHs tdynk-
win f(x) HasbiBaeTcs TOUKOH MaKkCHMyma 9TOH G(YHKUHMH, €CaH
CYyLeCTBYeT TaKas O-OKPeCTHOCTb TOMKH Xp, 4TO ISl BCEX X 7= Xo
W3 9TOH OKPECTHOCTH BbIMOJHsETCS HepaBeHCTBO [ () <f (%)
(puc. 73).

Onpeneanenue?2. Touka X, u3 06nacTu onpeneneHus GyHKUHH
f (x) nasbiBaeTcsi TOUKOH MHHUMYMA 3TOH (YHKUHH, €CIH CylIECTBYET
Takas O-OKPECTHOCTb TOUKM Xo, YTO JJIfi BCEX X 7= X, M3 9TOi OKpecr-
HOCTH BHINOJHsieTcs HepaBeHcTBO f (x) > f (x,) (puc. 74).

Ewe pa3 MoOmuepKHeM, YTO X, — BHYTPEHHsiss TOuKa 06,1acTH
onpeaeneHuss GyHKIIHH.

TouK¥ MakCHMyMa M MUHUMYMa QYHKIHH f (X) HA3bIBAIOT TOUYKAMH

_ee skcTpemyma', a 3HaueHusl QYHKUHMH B 3THX TOUKax (MaKCHMYyM H

MHHHMYM (QYHKUHH) — 9KCTpemymamu QynKyuu.

Makcumym [(X;) yHKuuH oGo3HauaeTcsi TaK: fmax==[ (%)
(puc. 73). Munumym f(x;) QyHKUMH 0GO3HAYAIOT TakK: fmin = [ (%)
(puc. 74).

Onna u Ta Xe QyHKIUS B 06JaCTH OnpeJe/leHHsI MOXeT HMEeTb He-
CKOJIbKO MaKCHMyMOB H MHHHMYMOB, MpHYEM MHHHMYM MOXeT
oKa3aTbCsl PaBHBIM HJH OOJIbLIHM MaKCHMyMma.

! «dkcTpeMyM» — JIAaTHHCKOe cJ0Bo. B mnepesoje Ha PYCCKHii fI3BIK O3HauaeT
«KpaiHHH».

101



Qyuxuus y = f (x) (puc. 72) B o6nactu onpenenenus Ja; b[ umeer
ABa makcumyma f(x;), f(x;) u nBa muuumyma f(x,), f(x,), npuuem
MHHHMYM OYyHKUHH f(x,) Gonblie ee MakcumyMa f(X,).

ananue l. Haueprute cxemaruueckuit rpapuk dyHKUHH
Yy=¢(x), Koropas: a) onpeneseHa Ha npomexyTtke [—5; 5] wu
F(=9)=[(5)=3;

G) HMeeT IBa MAaKCHMyMa B TOUKaX X = —3 H x=4 g MHHHMYM B

'ro‘;x(g)x = 2,l NpHYEM fmax=f(—3)=05 H fmax=[(4)=7, @ frn=

Teopewma depma' (Heo6xonumoe ycioBue CyIleCTBOBAHHS 3K-
crpeMyma nu¢pdepesunpyemoii ¢yukuun). Ecau Pynxyus umeer
npou3sodnyio 8 Kaxdol TouKe HeKOTOPOZO NPoMeNcyTKa u Xy — TO%-
Ka 3KCTpemyma, TO 8 IT0U TOYKE NPOU3BOOHAR PABHA HYMIO.

Orpanuuumcst reoMeTpHueCcKol HJMIOCTPalHell 3TOH TeOpeMbl LIS
¢yHRuMH y={(x), rpaduk KoTOpOHi H306paxkeH Ha pHCyHKe 75.
3HaueHHe NMPOH3BOAHOH PABHO YIJIOBOMY Ko3pHUHEHTY KacaTelib-
Hoii. KacatesnbHast K kpuBoit y = f (x) B ;060it ee Touke M,, pacnoio-
MXEHHOH JieBee TOUKH M, 06pasyer OCTPbIil yroJ ¢ NOM0XKHTEJAbHbIM Ha-
npasiaenneM ocu Ox, a B mo6oii Touke M, KpuBoil, pacnoJioxeHHo
npasee TOYKH M, 06pasyeT Tynoii yroa ¢ NoJAOKUTENbHBIM HanpaBsJie-
Huem ocH Ox. 3Haunt, f'(x)>0 mpu x€]a; x,[ u /' (x) <O npu
X€]x; b[.

Ilo ycnoBuio npoussonnass cyimiectByer B KaXIoll Touke npo-
mexyTtka ]Ja; b[. Ilpu nepexome uepes Touky x, ee MONONKHTEJb-
Hble 3HAUYEHH MEHSIOTCS Ha OTPHLATeNbHBIE, MOITOMY B TOUKE X,
npousBojHasi obpauiaercss B Hyab: f/(x,)=0. Kacarenbuas AB k
KpHBO# y = (x) B Touke M, napamieabna ocu Ox, TaK Kak [ (xo)=
=1tg a=0, oTkKyna a =0.

Bapnanue 2. PasbsacHuTe reoMeTpHUecKHH CMbiC TeopeMbl
depma ans cayuasi, KOraa x, € Ja; b[ ecTb Touka MHHHMYyMa ¢yHK-
wHH Y = f (x). :

M3 teopemnt ®epma crenyer: 1) ecan dyHkuus umeer NPOH3BOJ-
HYIO Ha npomexyTke ]a; b [, To ee 3KCTpeMyM Ha0 HCKaTh B TOUKaX,
B KOTOPHX NPOH3BOAHAsl o6paliaerca B HyJb; 2) ecad (QyHKUHs Ha
npomexcyTke ] a; b [ umeer npousBoxHylo, KoTOpasi He o6pailaercs B
Hylb HH B OJHOA TOYKE 3TOr0 NPOMEXYTKA, TO AaHHAA (YHKUHS
SKCTpEeMyMa He HMeeT.

3ameuanne. OyHKuHA MOKET HMeTb B HEKOTODOH TOUKe,
NpHHaj/exalled 06/acTH ee OnpeieseHHs, MaKCHMYM HJH MH-
HHMYM H B CJyyae, €C/H MNPOM3BOJAHAsA B 3TOH TOYKE He Cylle-
CTBYeT.

Hanpumep, ¢pynkuus f (x)=1 — |x| (puc. 76) B Touke x = 0 Mmé-

! Tnep ®depma (1601—1665) — ¢panuysckuii matematnk. Bmecte c JHekaprom
OH SBJSETCS OCHOBONOJNOMHHKOM aHAaNHTHYECKOH reomeTpud, a ¢ I[lackasem —
OCHOBOIIOJIOXKHHKOM TEODHH BePOATHOCTH. PepMa Takxe Obll ONHHM H3 KPYHHEHLIHX

CHEUHAJNHCTOB B o6aactu TEOPHH YHCeJ.
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er MakcuMyM: fmax=f(0)=1, ozanako
NpOH3BOAHAs ee B STOM TOUKE He CYLIeCTBYeT.

AHasoruuHoO ¢byukunsa  @(x)= e
(puc. 77) B Touke x =0 MMeeT MHHHMYM:

@min =@ (0)=0, onHako ee NpOH3BOAHAS

¢ (x)= ;_ B Touke x =0 He CyllecTByeT.
3V «x
Onpenenenue BHyTpeHHHE TOUYKH
oGaactn onpenesneHust QyHKUHH, B KOTOPBIX
ee NPOM3BOAHAS PaBHA HYJI0 WIH HE Cy-
IeCTBYET, HAa3bIBAIOTCH KPHTHYECKHMH.
MMpumep 1. Hzal?mme KpUTHYECKHEe
TOUKH (YHKUHH y=x" — 4x. ,
PemeHnune. y =2x —4, y' =0,
2x —4=0, x=2 — KpuTHYeCKas TouKa.
[Tpumep 2. Haiinure KpuTHUECKHE

1
TOUKU (PyHKUHH Y =

Pemenue O6Gnactb onpeiejeHus
nauHoii  ¢yskuuu ] —oo; O[UJ0; oof,

y’=—;2'—. Yy #0 npu x €D (y), y' ne cy-
wecrByer npu x =0, Ho 0 ¢ D (y). PyHkuus
y=-- He UMEET KDHTHUECKHX TOUEK.

X

DyHKUUSA MOXET HMETb IKCTPEMYM TOJb-
Ko B KpuTHueckux Toukax. OnHako Ha-
JIHYHe KPUTHUECKHX TOYeK Y OQYHKUHH Y=
= f(x¥) He rapaHTHpyeT CylleCTBOBaHHE Y
Hee 3KcrpeMymoB. Tak, pas q)’yuxuuéa
y=x° Touka x=0 kpuTHueckas (y' =3« o
y =0 npu x=0), HO 3KCTpeMymMa B 3TOH
Touke (QyHKuUHs He umeer (puc. 78).

DyHKUHST MOXET He MMeTb 3KCTpeMyMa
B KDPHUTHUECKOH TOuKe, NMPOM3BOLHAsA B KO-
TOpOH He CyLleCcTBYeT.

Tak, ¢pyHkuusa

x+1 nmpu x<<0,

f)= { x*4+ 1 mpu x>0,

KaK BHAHO M3 puCyHKa 79, B Touke x =0 He
umeer akcrpemyma. Onnako 3Ta TOUKa AJIA
RauHOM (QYHKUMH SIBJSIETCS KPUTHUYECKOH,
TaK KaK He CyLlecTBYeT KacaTeJibHOH K rpa-
¢uky 3TOli QyHKUMH B TOouke M, moaromy
NpoU3BOJHAs B 3TOH TOYKe TaKkKe He Cy-
1ecTBYeT.

Y

N\

‘\f{x) =1-Ixl

\
N
S

1\7, |

Puc. 76

Puc. 78

fixr=x+t

N

e

S
>

)=x+1
Puc. 79
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Hrak, Hannune y GyHKUHMH KDHTHYECKHX TOYEK SIBJsIeTCS Heo6Xo-
JHMBIM YCJIOBHEM JJISl CYIIeCTBOBAHHSI y Hee 3KCTPeMyMa, HO 3TO
yC/IOBHE He SIBJISIETCS] JOCTATOUYHBLIM.

Teopema (mocraTouHble YCJIOBHSI CYLLECT BOBAHHSI KCTpeMyMa
¢yukuun). Jana ¢yuxyus f (x), nenpepoisnan 8 rouxe x, u dug-
Pepenyupyeman 8 HeKOTOPOL OKPECTHOCTU TOYKU X, Kpome, GviTb
Mmoxcer, 8 camoid rTouke X, Ecau npoussodnasn [’ (x) npu nepexode
4epe3 TOUKY X,

a) menAeT 3HAK € NAIOCA KA MUHYC, TO TOYKA X, ABAAETCA TO4-
Kol makcumyma ynxyuu;

6) Menser 3HAK C MURYCA HA NAIOC, TO TOYKA X, ABAAETCA
TOUKOU Munumyma Pynkyuu;

IlpoBenem noKa3aTeNbCTBO TeOpPEMbl TOJbKO AJsi cayuas a).

HDano: f/(x)>0, ecin x € Jx, — 8; x,[;

' (¥) <O, ecn x € Jxg; %o+ 8 [;
f (¥) HenpepniBHa B TOuke x,.

IHokasarth: x,— Touka Makcumyma, T. e. f(x)<<f(x,) npu
X € Jxo— &; xo+ 8[.

HoxasarteabctBo. Ilo ycnmoBuio npu x€]xg—8; xo[
[/ (x)>0, dyukuus f(x) creBa or Touku x, Bospacraer. Tak Kak
OHa HenpepbiBHA B TOUKe X, TO f (x) << f (x,) anst Becex x € Jxo — 8; x [ -

Ipu x €]xp; xo+6[ [/ (x)<<0, dynkuus y=7f(x) yObiBaer.
B cuny ee mnempepoiBHOCTH B TOouke Xo f(x)<<f(xo) mass Bcex
x €]xo; %o+ 6.

Takum o6pasoM, 115 J10GOro X, NpHHAAJENKALUETO OKPECTHOCTH
TOUKH Xy, f(x) <<f(x,). D10 03Hauaer, YTO X, — TOUKA MaKCHMyMa
dyuxunn f(x): Fmex = f (x,).

3 anaHHue. [lokaxure TeopeMy A5 ciaydas 6) caMOCTOATEbHO.

Ha pucynke 80 uso6paxeH rpadpuk ¢ynkuun y = f(x). [1pu nepe-
XOJle uepe3 TOUKY X, 3HAK NPOH3BOAHOH [’ (x) MeHsieTcs ¢ maloca Ha
munyc (tga >0, tg B << 0). ITosToMy no nokasaHHOH Teopeme TOuka
Xo AIBJISIETCA TOYKOH MAaKCHMyMa JaHHOH (PYHKIMH.

Ha pucynxe 81 uso6paxen rpapuk pyukuuu y = ¢ (x). [Ipu nepe-
XOfe yepe3 TOUKY X, 3HAaK NPOH3BOJHON ¢’ (x) MeHsIleTCsl ¢ MHHYCA Ha
nioc (tga << 0; tg p>0). [Tostomy TouKa x, sABASIETCS TOUKOH MH-
HHMyMa AaHHOH (QYHKLHH.

Ha pucynke 82 usobpaxeH rpapuxk o¢yukuun y=g(x). IIpu
nepexojfe uepe3 TOYKY X, 3HaK NPOHU3BOAHOH g’ (x) He MeHsercs
(tga> 0; tg p > 0). TlosTOMy TOuKa X, He sIBJSIETCS TOYKOH IKCTpe-
MyMa faHHOH (YHKUHH, XOTH NaHHAsl TOUKA SABJSIETCS] KPHUTHUECKON,
TakK Kak [’ (x,)=0.

Heo6xonumoe n mocraToyHoe yc/OBHE CYILECTBOBAHHSA 3KCTPEMY-
Ma ¢yHKUHH f(x) MO3BO/NSIET HAMETHTD NJIAH HAXOX/EHHS ee 3KCTpe-
MYMOB Ha mnpoMexyTke ]a; b [ ee o6aactu onpeneneHus.

1. Haxomum " (x). '

2. OnpenensieM KpHTHYeCKHe TOYKH YHKUHH f(X), T. e. TOukH,
B Kotopbix f/(x)=0 nau [’ (x) He cywecrByer. Pacnonaraem Kpu-
THYECKHEe TOYKH B NOpPAAKE HX BO3pacTaHHs.
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g l Y=9(x)
tgee>0  t9p<0
|
toa >0
ool 9
5’-f(x)= | {90
é | A8 !
70 X, X, X
Puc. 80 Puc. 81 Puc. 82

3. OnpepensieM 3Hak [/(x) Ha KaXHOM K3 MNPOMEXYTKOB, Ha
KOTOpHIE Pasfesuid NPOMEXKYTOK ]a; b [ KpuTHUeCKHEe TOUYKH.

4. Tlonb3ysicb AOCTAaTOYHBIMH YCJIOBHSIMH CYILIECTBOBAHHSl 3KCT-
pemMyMoOB, HaxOJHM TOYKH MakcuMyMa U MHHHMYMa.

5. Haxoaum skcTpemaJsibHble 3HaueHHs1 QYHKIUHH B TOYKAX MaKCH-
MyMa H MHHHMyMa.

Eciu He yKa3aH HHTepBa/l, Ha KOTOPOM Hccieayercsl (yHKUHSA
y = f(x) Ha 3KCTpeMyM, TO BHauaJe cjaelyeT HalTH 06JacTb ee onpe-
JleJIeHHs,, a T0TOM MPOBOJAHMTH MCCJAENOBaHHe Ha 3ToH 06JacTH 10
NpUBeJIEHHOMY BHIILIE TJIAHY.

HOpumep 1. Hccnenyiite  Ha - 3KCTpeMyM ¢yHKuHIO
f(x)=x*—3x.

PemeHnue. O6Gaactb onpefeneHusi AaHHOH -QyHKUHH — MHO-
JKECTBO BCeX JEHCTBHTEJBbHBIX UHCEJ.

L. ff(x)=3x2—3=3(*—=1)=3(x—1)(x+1). ,

2. Pewas ypasuenue 3(x — 1)(x 4+ 1)=0, HaxonuM KpHTHUeCKHE

TOUKH (PyHKUHH: X, = — 1 H xX,=1.
3. Pas6uBaem ToukaMu x, = — 1, x,=1 o6GaacTb onpeneyeHus
¢GyHKIHH Ha TpoMexyTkH. ]—oo; —I[; ]—I; 1[; J1; oo[, ycra-

HaBJHBaeM 3HAK IMPOU3BOAHOH Ha Ka)K[OM H3 HHX H HaxXOIHM
9KCTPEMYMBI (DYHKLMH, COCTaBJsAs1 Ta6GJHLY (CHMBOJ .r O3Hayaer,
uyTO (YHKIHMS BO3pacTaer, a CHMBOJ > O3HAayaeT, 4TO (yHKUHSA
y6uiBaer):

P T — oo; —1[ 1 1-L1[ 1 Mool
P (%) + 0 - 0 .+
f(x) -r . 2 ~ —2 -
max min
B Touke x=—1 o¢ynkuusa f(x)=x>—3x uHMeeT MaKCHMYyM:

fmax=Ff(—1)=2, B Touke x=1— MHHHMYM: fmn=f(1)=—2.
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Y I'paduk mauHo# GYHKIHHM CXeMaTHUYCCKH
n3obpakeH Ha pucyHKe 83.

2t Ynpasxcnenus

1. Bmecto TOuek BCTaBbTe CJOBA, YTOGHI
[ MOJIyYHJINCb BepHble YTBEpXKIEHHs: a) ecJH
il = 0 1 /5 x  $yskuus f(x) HenpepbiBHas HA MPOMEXYyTKe
Ja; b[ na npomexxyTke Ja; xo[ y6biBaer, a Ha
npomexyTke Jxo; b[ Bo3pacraer, TO maHHasi
24 (yHKUMA B TOYKe Xo HMeeT ..; 6) ecuau
¢ynkuua f(x) HenpepbiBHAsi HAa NPOMEXYTKE
Ja; b[ na npomexytke la; xo[ ..., a Ha mpo-
Puc. 83 MexXyTke Jxo; b[ .., To nausas ¢yHkuus
B TOYKE Xo HMEeT MaKCHMYM.
2. YKaxuTe TOYKH SKCTPEMyMa H 3KCTPeMaJsibHble 3HaYeHHUs] (DYHK-
uuH y = f(x), rpadux KoTopoi H306pakeH Ha pHCyHKe 84.
3. Kakue TOukH Ha3blBalOT TOYKAMH IKCTPEMyMa (YHKLHH?
4. Kakve 3HaueHHs (pyHKUHH Ha3blBAlOT SKCTPEMaJIbHbIMH H KakK
OHH 0003HaualTCA? ,
5. Mso6pa3snute cxematnHueckuii rpaduk Kakol-1460 GyHKUHH
Yy = [(x), onpenenenHoii u HempepbiBHOA Ha npomexyTke ] — 2; 2[
M HMelolled MAaKCHMyM B TpPeX TOYKaX, a MHHUMYM B IBYX TOYKax.
6. Moxer qin pynkuus f (x), HenpepbiBHasi Ha npomexyTke Ja; b[,
HMEeTb Ha 3TOM IIPOMEXYTKE TPH MaKCHMyMa H OIMH MHHHUMYM?
7. HauepTute cxemaTtuueckuit rpaduk Kakoi-mu6o ¢yHkuuu
y = f(x), xotopasi: a) ompeneseHa Ha npoMexyTtke [0; 6] u f(0) =
= f(6) = 0; 6) uMeeT 1Ba MHHHMYMAa B TOYKaX X = 2 H X = 4 H MaK-
CHMyM B TOUKe x ==3, npuueM [,n=[2)=f4)= —3, [na=
=f(3)=0.
8. B uem cocToMT Heo6XOJHMOE YC/JOBHE CyILleCTBOBAHHS 3KCTpe-
MyMmMa (yHKUHH?
9. Kakne TOYKH Ha3bIBAIOTCSI KPHTHUECKHMH TOYKaMH?
10. BepHbl J1n yTBepKAEHHS:
a) ecsd TOYKa Xo €CThb TOUKa 3KcTpeMyMma dyHkuuu f(x), To oHa ee
KPUTHUYECKasl TOUKa;
6) ecaM TOYKa xo €CTb KpHTHYecKas Touka ¢yHKUHH f(x), TO oHa
ee TOUKa 3KCTpeMyma?
11. BepHbl JH yTBepXKAEHHS:
a) ecaH QyHKLHS1 HE MMeeT KPHTHYECKHX TOYeK, TO OHAa He HMeeT
H TOYEK 3KCTPEeMyMa;
6) ToukH, B KOTOpbIX [/(x)= 0, ABIAIOTCS TOUKAMH IKCTpPeMyMma
¢dyHKUHH;
B) B TOYKaxX 3KCTpeMyMa (pyHKIHH ee NMPOHU3BOLHAs paBHA HYJIO;
r) B TOYKax 3KCTpeMyMa ()yHKLUHH ee MPOHU3BOJAHAS CylUecTByeT?
12. CoopmyaupyiiTe foCTaTOYHbIE YCJNOBHSl CyLIECTBOBAHHSA 3K-
cTpeMyMa (yHKLHH.
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Y Y
4 4 y-—f/x) 2
3 y<fix
\
&/ 5440 5 N\ x -1 olos 2 X
Puc. 84 Puc. 85

13. IpounaniocTpupyiite Ha rpaukax JOCTAaTOUHbIE YCJIOBHA
CyLIeCTBOBAHHS 3KCTpemMyMa (YHKUHH.

14. PacckaxuTe O [UIaHe HCCJeNOBaHHs QYHKLHH HA SKCTPEMYM.

15. Tlpoananusupyiite rpaduk dyHKunH y = f(x), H306parKeHHbIH
Ha pucylke 85, npoBepbTe NPaBHJBLHOCTb 3aMOJNHEHHS TaGHUbL:

X ] — o0y —1] —1 ]— 1,05 0,5 10.5; 2[ 2 12, 00 [
, He . _ He
P () - CyLLeCTB. + 0 CYILLECTB. +
f(x) ~ 0 r 2 > 0 P
min max min

16. [Mpoananusnpyiite rpadux dynkunu y = f(x), H306paKeHHbIH
Ha pucynke 86, u 3anosnuTe Tabanuy: :

x 1— o0 —1[ —1 1— 100 0 105 1[ 1 Meof
P (%)
f(x)

17. TlocTpoiiTe cxemaTHuecKHil rpaduk cpyHK“uuu, onpeaeneHHOH
H HenpepblBHOH npu x € R, ucxoasi M3 ee CBOHCTB, YKa3aHHbIX B

Tabauue:

x 11— o0; =3[ -3 1-320 2 12,00 [
" (x) .+ 0 — 0 +
' > -3 -
f(x) . 2
max min
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3 a) f(x)=>5x —3;
6) (%) = ' —5x;

B) g(x)=2x+ o—;

r) u(x)=4x> 4+ 124 — 3;

1) P(x) = 2x3 — 347%

e)* v(x) = V (x —2)%.

19. Jlokaxkute, 4TOo (PyHKUHSA
¢(x) = 3 4+ 3x — x* npunumaer
Puc. 86 : MOJIOXXHTE/IbHbBIE 3HAUYEHHS] MpH
x << 2.

20. I/Iccneﬂyﬁure Ha 3KcTpeMyM OyHKUHIO y = f(x) ¥ noctpoiite
ee cxematHdeckuil rpaduk, eciu:

a) f(x)=1-4 4x — x% 6) f(x)= —4‘—-x4 — x>+ 5;
B) f(x) =25, N* f(x)= V% (x — 2).

24137

/ -4 0 1 \x

§ 33. UCCNEQOBAHME KBAAPATUHHOM dYHKLIMU

B nanHHOM naparpade Ha npumepe KBaapaTHUHOH PYHKUHH GyneT
NOKa3aHO NpHMeHeHHe INPOU3BOAHOH K HCCIeJOBAaHHIO (YHKUHH H
NOCTPOGHHIO HX rpaduKOB. Hanomunm, uto KBazpaTHuHoit (yHK-
uuell HasbBaloT QYHKIUHMIO BHIA f(X) = ax® 4+ bx 4+ ¢, rae a, b, c —
IeHCTBUTEIIbHbIE UHCA, @ 5= 0, X — nepeMeHHas. I'padukom kBagpa-
THYHOH (YyHKUHMH siBJsieTcsl mapaoJa.

[Tpumep 1. Hcenenyiite -ynkuno f(x) = x> —2x — 3 u no-
cTpoliTe ee rpaduk.

Pewenne 1. O6nactbio onpenesnenus KBaapaTHUHOH QyHKUHH
SIBJISIETCSI MHOXKECTBO BceX AedcTBHTeNbHbiX uncesn: D(f) = R.

2. ®ynkuus f(x) HempepblBHa Ha Bceii 06sacTH CBOero onpefue-
JieHHs1 KaK MmHorouJsieH (cm. § 18). ‘

3. Hafinem kputnueckue Touku dbyHkuun. [Last 3Toro Heo6Xo0aHMO
pewntsb ypasHenne [(x)=0, f(x)=2x —2, 2x—2=0, x=1.

4. HalfineM npomeKyTKH BO3pacTaHHf H YObIBaHHA (YHKUHH,
TOYKY IKCTpeMyMa M 3KcTpemasbHoe 3HaueHne ¢yHkuuH. CocraBuM
Tabauiy:

f)=1—2—3=—4.
X ] — o5 I[ 1 1 oo [
" () - 0 +
f(x) - —4 e
min

108

Y] 18. Hccaenyiite Ha 3KCTpeMyM (YHKLHH:

5. Haxomum nyau ¢ynxuun. Hasi sToro
BLIUMC/ASieM ee AHCKpHMuHAHT: D = b® —
—4ac, D=(—2)} —4(—3)=16>0.
Tak kak D >0, To naHHas QyHKUuA
HMeeT 1Ba HyJas (KOpHf):

—b+l/_[_)— x;=2+‘/1—6=3‘
2a ’ 2 ’

X =
x2=:__b_—__l/_b:, x2=?_—__l/_r‘i=_ 1.
2a 2
6. HaxoauMm TouKy mnepeceueHusi mnapa-
Gosbl ¢ OCblo opauHAT: MpH X =0y = — 3.

[apa6ona npoxoxut yepes Touky (0; -3).
HaBecTHo, urto mapabosa CHMMETpPHUHA
OTHOCHTE/IbHO MpAAMOii, Npoxoasuled uepe3 Puc. 87

ee BepLIMHY MapaJJiebHO OCH OpAMHAT.

IMostomy Touka (2; —3), cHMMeTpHUHas TOUKe (0; —3) oTHOCHTEJb-
HO mpsiMOii x = |, TakxkKe NpHHAMJEKHT napadose. Crpoum napa-
Gosiy Mo HalJeHHbIM MSITH ee TOYKaM (puc. 87).

3ananne 1. Hccnenyiite dyunkumio f(x)= — x>+ 3x + 10
¥ mnoctpoiite ee rpaguk.

PaccMoTrpuM Temepb HccleqOBaHHE KBaApPaTHYHOH  (YHKUHH
f(x) = ax® + bx + ¢ (a % 0) B obuwem BHIE.

1. O6nacTblo onpeneeHHsi KBaApaTHYHOH (QYHKUHH sBJsETCA
MHOXecTBO Bcex aeficTauTenbhbix unucen: D(f) = R.

2. ®ynxuus f(x) = ax® + bx + ¢ HempepbIBHA Ha Bcell obnacTu
CBOEro onpejesieHnss Kak MHOroYJeH.

3. Haiigem KpuTHuecKHe TOUKH (YHKLHH: f(x) = 2ax + b,
2x+b=0, x=— -29;. KBaapaTuuHasi (yHKUHSI HMEeT TOJbKO
OHY KPHTHYECKYIO TOYKY. '

4. HajizeM npomeskyTKH Bo3pacTaHusi H YObIBaHHSA (pyHKUHH,
TOUKY SKCTPEMyMa M SKCTPeMaJbHOe 3HaueHHe (YHKUHH. CocraBum
aBe Ta6auupl masi caydaes a >0 u a<<0. [as yno6eTBa onpe-
AeJIeHHS] 3HaKa NMPOM3BOJHOH JaHHOH (yHKLHH B OKPECTHOCTH TOUKH

b 10 Y — _ b
X = — -~ MPeICTaBHM ee B BuIe ['(x)= 2a(x ( e ))

Cayuait a >0 Cayuait a <0

b b b - b b b
X ]—co,—2—‘;[ ~%a ]_ﬂ"w{ X ]— oo _ﬁ[ ~ % ]_‘2—‘1- °°[
(%) - 0 + P (%) + 0 -
| « |2 ~ ~ | =21 -
- fw | o
min max
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KBanparuunasi ¢ynkuus f(x) = ax? 4 bx + ¢ B Touke x = — Eba-

npu a > 0 nmeer MHHHMYM

i) =0 S~ 2) e

npH a << 0 uMeeT MakKCHUMYM [, = — ZDE'

5. Haiigem HyH, (kopHH) KBazpaTH4HOH (yHKUHH:

a) ecit D =0 —4ac >0, TO GYHKUHS HMeeT .HBA HYJS:
X1 =——2'*;—'/_, x2=-—b2—a£, B 3TOM cayuae napa6osia nepe-
cekaeT och abcuHcc B ABYX TOYKax;

6) ecin D =0*—4ac=0, T0 (GyHKIMA HMeeT OJHH HYJb:
b
¥=—o~, B 3TOM CJyyae napa6osa kKacaercsl ocd aGcuuce;

B) ecau D = b% — 4ac < 0, To bynkuus Hydell He HUMeeT, B 3TOM
caydae mapaGosa He HMeeT OGLIHX TOYEK C OChIO aGCLHCC.

6. Ilas noctpoennsi napa6oJbl yN06HO HaHTH TOUKY MepeceyeHHsi
ee ¢ ocblo opauHat (0;. ¢) W eit CHMMETPHUYHYIO TOUKY OTHOCHTEJNbHO
npsiMoll x = — 5”; — OCH CHMMETPHH mapaboJibl.

HccnepoBanye kBaapaTHUHOH (YHKUHH NPHBOAHT K CJAEAYIOLIHM
cAy4yasiM pacnoJioxkeHHsi mapaGosibl Ha KOOPAMHATHOH MJIOCKOCTH:

>0 0=0 D<o
Y Y y
\
a>0 \\ / ‘ \/ \'/
0[xox, x 0 X 0 X
y y ‘ y
aco| —AN\ -
50| x M 0//\)( 0 /\x

"YMeHHe CTPOUTb rpad K KBaApaTHUHONH GYHKUHH y = ax® + bx +
+ ¢ NO3BOASET HAaXONHTh DELICHHE KBAJPaTHHIX HEPaBEHCTB:
ax®> 4+ bx+¢c>0, ax®? + bx + ¢ <0. :
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[TETTITh TTTTRTE T, vy —_——

7 0 1 X 0 3 X 0 X

Puc. 88 Puc. 89 Puc. 90

IMpumep 2. Pewnte nepasencrso 3x* -+ 4x —7>0.

P e w e ue Bruucisem AHCKPUMHHAHT: D =1b%*—4ac=16 +
+ 84 =100>0. IlapaGona y=3x®-4 4x — 7 nepecekaer ocb Ox
B ABYX Toukax. W3 ypasuenus 3x%+ 4x —7=0 HaxoIuM KOpHH

KBaApaTHYHOH (PYHKUHH: X| = —-;—, x,=1. [lapa6ona nepecekaer
ocb Ox B JABYX TOUKax: (— %; 0) u (15 0). CxemaTHuecKHii
rpaduk ¢ynkuun y = 3x> + 4x — 7 npeacrasieH Ha pucynke 88. M3
3TOro PHCyHKa BHAHO, uTo y >0 npu x<——§— uad npu x> 1.

OrBer: ]—oo; —-Z-[U] 1; oo[.

MMpumep 3. Pemure nepaBenctso — x% 4 6x — 9 < 0

Pemenune. D=236—36=0. INapa6ona y= —x*>-4 6x—9
Kacaercsi ocd- Ox. AGcuuccy TOYkdH KacaHusi mapaGoJgel ¢ ocbio Ox
HaXOJHM, pelliasi ypaBHeHHe x2 — 6x 4+ 9=0; x = 3. CxemMaruyeckuil

rpaduK KBaApaTHUHOH (QYHKUMH y = — x> + 6x — 9 H306pakeH Ha
PHCYHKe 89. M3 pucynka ciaexgyer, uro KBajparHuyHad (QyHKUuA
Yy = — x? 4 6x — 9 npHHMMaeT OTpHiaTeJbHbIE 3HAYEHHUS NPH JIOGOM
x 3.

Otser: ] —o0; 3[U]13; oo [.

I[Ipumep 4. Peunre HepaBeHCTBO x4+ 5 < 4x.

Pemwmenne. x2+5<4x x2—4x+5<0, D=16—20<0.
KBazlpambm Tpexunen x> —4x-+5 He HMeeT [eACTBHTEJbHbIX
KOpHe#, no3ToMy ero rpa¢uk He HMeeT OOLIHX TOYEK C OCbIO
abcuucc. ‘

CxeMmaTHueckuii rpaguk ¢yHkuun y=x*>—4x-+ 5 nsobpaxeH
Ha pucynke 90. Y3 pucynka BuaHO, uTo ¢yHKuus y=x>—4x+5
OTPHLIATEJNbHEIX 3HAYeHHH He NpHHHUMAET.

OrBer: .

3apganue 2. Pemnre HepaBeHéTBo 5x% 4 9x — 14 << 0.
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Ynpaxcuenusn

1. Hfl pucynkax 91—94 wusobpaxeHs rpad@Hky KBaApaTHUHBIX
¢ynxkuuii. Ilo rpaduxky xaxaoii W3 HHX yCTaHOBHTE: a) 3HaK na-
pamerpa a; 6) 3HAK AMCKDHMHHAaHTa; B) 3HaKH KOpHeH; r) peiue-
Hust  HepaseHcTB y>0, y<<0; n) 3KCTpemajbHble 3HAYCHHA
(PYHKUHH.

2. [To o6pasuy, mpuBeJeHHOMY B Tabsule, 3alOJHUTE IMYCTbie
KJIeTOUKII.

Hak
Fuckpurmumantal ¥ <9 >0 D<0 | D=0

3Hax _
napameipa | <0 a<o a>0 |a<0

CXEMaTL(%?CA’U(/'w

epapuk

QYHKYUU

3. ll)/IaBecmo, yTo ¢yHkuua y=ax’>-+ bx-+ ¢ B TOuKe Xx=
= —~ HMeeT: a) makcumywm; 6) munumym. Kakofl BHIBOJ MOX-
HO clesaTh OTHOCHTEJNbHO NapameTrpa @ JMJs KaxXxJAOro M3 3THX
ciayyaen? .
¢ 4. Uccnepyiite KBaapaTHuHylo (YHKUHIO M MOCTPOHTE ee rpa-

HK:

a) y=x"—Tx+12; 6) f()=— 2+ Fx+5

B) 9(x)= —4x*+2x—1; 1) h(x)=2x—x*—3;

1) z(x)=2x*+T7x; e) g(x)=—3x*+5x—4.

4 Y\ y y
41> \
|
i y=1rx) \ y-pn
: %:' T !Z AN X
r 2] I A v Sl I / y=won

Puc. 91 Puc. 92 Puc. 93 Puc. 94
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5. Pemnte HepaBeHCTBa:

a) x2>2x; 6) xX2—4>0;

B) -;—x"’gx; r) 2x2 —13x+4+15>0;

1) —44+4x—1<<0; e) 382 —5x+4>0;

®) —3x2+44x—10>0; 3) —é—x’—x—|— 1,56<0;

ny @x—DEx+3)—Ex+7(x—1)—4x<0.

6. JlokaxkuTe, dTO KacaTenbHasi, [pOBeNeHHas K KPHBOH

f(x)=x®—5x*+49x 4 12, B qoGoit ee TOUKE o6pasyeT OCTpbIi
YIOJ C TMOJIOKHTR/bHBIM HAMpPaBJEHHEM OCH aGcuuce.

§ 34. OBLLLAS CXEMA MCCNELOBAHUSA dYHKUKUU
M NOCTPOEHME EE FPADUKA

OzHa H3 OCHOBHHIX 3afiai MaTeMAaTHKH COCTOHT B HMCC/EJOBaHHH
¢yuxkuuii (HaXoXKAeHHH 3KCTPEMaJbHbIX 3HaueHuil, HyJei, npome-
M YTKOB BO3PaCTaHHA WM yObIBaHHSA H APYTHX cBoiictB) . [Ipumenenne
Npou3BOAHOI 3HAUHTE/IbHO O6/eryaeT 3afayuy HCCICL0BaAHUs dyHKUHH,
a BMecTe C TeM M NocTpoeHHe ee rpaduka.

HUccnenoBanue (GyHKUMM H TOCTpPOeHHE ee rpadHka 6ynem BHI-

MOJIHATL MO TAKOMY IJIaHy.

1. Haxonum obaacTb onpejejeHHst QyHKUHH.

2. HaxomuM NpoMexyTKH HeNpepbiBHOCTH (yHKUHH.

3. Haxomum KpuTHueckHe TOYKH (YHKILHH.

4. HaxoauM TpoMexXyTKH Bo3pacTaHusi H yObIBaHHS, TOUKH K-
cTpeMyMa W JKCTpeMasibHble 3HaueHHs (QYHKUHH.

5. Haxoaum Hyau (KOPHH) (QYHKUHH, €CJIH OHH CYLIeCTBYIOT.

6. CrpouM rpadHk (pyHKLHH.

CnefyeT HMeTb B BHAY, YTO MPH MOCTpoeHHH rpaduka dyHKIHH He
BCErJa HYXHO TOYHO CJiel0BaTb YKa3aHHOMY MJaHy. Hanpuwmep, ne
BCErja Mbl CMOXKeM HaiTH HyJH QYHKUHH, AaXKe €C/IH OHH CYLILECTBYIOT.
Hnorna [ONMOJHHTENbHO HAaXOAAT KOOPAHHATBHI HEKOTOPBIX TOYEK
rpaduka, HanpuMep TOUKH MepeceyeHHs C OCbl0 OpAMHAT. '

PaccMoTpuM npuMepbl HccaenoBanust yHKUHE W NOCTPOEHHS
HX rpadHKOB.

Mpumep L. Mceaenyiite pynkuuio f (x) = x* — 3x® u nocrpoiire
ee rpaduk. :

Pemenune 1. O6aacTb onpeieneHHs NaHHOH (YHKLHH —
MHOXecTBO jaeiicTBurenbHbix uncen: D (f)=R. ’

2. JlauHasi GyHKIHSI HeNpepbIBHA HA MHOXECTBE JCHCTBHTEJbHbIX
yycesJ Kak MHOTCUJIEH. A

3. HaiineM KpHTHYeCKHe TOUKH (PYHKUHH:

f (x)=3x> — 6x =3x(x — 2),
f(x)=0, 3x(x —2)=0,
x=0 uau x=2.
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4. CocraBuM Tabauuy:

X

11— o0; O[

0

10; 2[

2

12; o

%) + 0 - 0 n
f(x) - 0 ~ —4 -
max min

KpuTnueckne TOYKH pa3GUBAIOT KOOPAHHATHYIO MpSIMYIO HAa TPH
npomexyTtka (puc. 95): ]—oo; O[, 10; 2[, 12; co[. Ha pucyuke
95 ykasanbl 3HaKH NPOM3BOAHOH f’(x) HA KaXIOM H3 3THX Npome-
KYTKOB, KOTOpble MOryT ObITb HaW[eHbl HEeNOCPeACTBEHHbIM Bbl-
yhcnenneM 3HaueHuil [/ (x) B OQHOH M3 TOYEK KaXKIOro NMpOMEexKyTKa
au60 peienneM HepaBencTs [/ (x)>>0 u [/ (x) <O0; fuax=[(0)=0,
fuin=F(2)=2°—3.2°=—4.

5. Hafinem nyan ¢ynxuun: x° —3x*=0, »*(x —3)=0, x=0
Ha x =3. ‘

HaiinemM KoopauHaTbl elle OAHOH TOUKH rpaduxa: ecau x==—1, 10
f(=D=(=1)=3-(=1=—4.

6. Tpaduk nanHoll GyHKUMH H306paxceH Ha pucyHke 96.

Mpumep 2. Hccnenyiite ¢yHkuuo y=;—x3 —3x*48x u
nocrpoiite ee rpadHxk.

Pewenne. 1. O6nacts onpenenenuss dynkuun: D(y)=R.

2. JlanHasa QyHKUHsI HENPePbIBHA HA MHOXECTBE [AEHCTBHTE/NbHBIX
yuces.

3. HajineM KpuTHUeCKHE TOUKH (PyHKUHH: y =x*>—6x 48,
y=0,x>—6x+4+8=0, x=2 wm x=4.

4. CocrasjsieM TaGauuy: .

5. Haiinem Hyan ¢yHKUMH: —13;5x3—3x2—|-8x=0, x(-:;—xz—
Ly _3x4+8=0. x*—9x+24=0,

16
Ymax = y(2)=23‘l’ Ymin = y(4)=T'

——3x+8)=0, x=0 uiu

-+

A4

2
Puc. 95

x 1— o005 2[ 2 12; 40 A 4 H; of

y + - +
20 16

Y Fed 3 > 3 -r
max min

D =92 —4 .24 <0, KpazpaTHoe
ypaBHEeHHe KOpHeil He HMeer.
Jlannasi yHKLHSA HMEET TOJb-
Ko oauH Hyab: x=0. Ilpu x=0

y i
y ‘
!
20 .
J ;
4 0 2 3 b 1oy an |
i i 21-f+ =5 X-3X38
" I Lol
| I
71\ ! | :
| | Juex33x L
| | o 2 4 X
ok
]
Puc. 96 , Puc. 97

y=0 — rpaduk PyHKUHH TPOXOAHT Yyepe3 HayaJO KOOPAHHAT.
6. I'padpuk nanHofi pyHKuHH H306paxkeH Ha pHCyHKe 97.

x3

x—

IMpumep 3. Hccnenyiite dynkuuio f(x)= 1 H nocTpofite

ee rpaduxk.
Pemwmenue 1. Haxomum o6aactb onpenesneHusi (yHKUHH:
#—=1£0,x%=1L, x5 —1,D(f)=]—o00; —1[U]—1;1[U]1; oof
2. JlanHast GYHKUHSI HEPepbLIBHA BO BCeX TOYKAX 06JacTH CBOEro
onpeneeHus.
3. Haxoaum kpuTHueckne TOUKH (yHKIHH:
, (P —1)—2x- % KPP —23)
po= -2y -9
=1 (= —1)
IMpoussoanas onpenenena npu x € D (). f/ (x) =0, x> (x* — 3) =0,
oTKyna x;=— y 3, x,=0, x3= }/—3
Kpurtnueckne touku u ToukH x=1, x= —1, B KOTOpHIX AaHHasA
dbyHKUHs1 He omnpenesneHa, pa36GUBAlOT KOOPAHHATHYIO MNPsAMYIO Ha
NpOMeXyTKH, H306pa’keHHble Ha puUcyHKe 98.

Jns Gosnee ynoGHOro omnpenesneHds 3HaKa MNPOH3BOAHOH Ha
KaX@JioM M3 3THX NPOMEXYTKOB NPeACTaBHM MNPOH3BOJHYI0 B BHIE

Lx—V 3+ V3

f’(x)= o — 1y ’ + - -~ - 4 o )
RY
(x** —1>>0 npu a06bX x 5% 4+ 1, F10 1 W
x2>0 npu x =0, Puc. 98

FF(x)>0nHa ] —o0; — ;/_Z;[U] ;/_5; oo [,
fF(x)<Omal—y 3 —1[U]—1: 1[UIL; ¥V 3[.
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4. CocrapasieM Tabauiy:

]— oo —vV35l1—1- . . N
P B B 1-V3i|-nor| o 10 10 11,/?[ EVER
@ + 0 — - 0 — — 0 +
F@ ——32‘5—? ~N o 0 ~ ~ igﬁ s
HeT
max 3KCTpe- min
Myma

3V3

-3¢y 3 =
fmaxzf('—l/_g)= 3 _1 - 9 )
f(0)==7=0,

= (/B =22 =2

(N

5. Hyan ¢ynkuun: f(x)=0 npu x=0.
6. I'paduk nanHOil GyHKUMH H300paken Ha pucyHke 99.

Ynpascuenusn

1. ITo rpadury odyukuun y=f(x), n306paKeHHOMY Ha PHCYHKe
100, ycraHoBuTe: a) o6.aacTb omnpeleneHusi ¢yHKuuH; 6) HYJH
GyHKUHME U HHTEDPBAJILI €€ 3HAKONOCTOSIHCTBA; B) TOUKH IKCTPEMyMa,
IKCTpeMaJibHble 3HaueHHs1 (PYHKUMH M HHTEpBaJbl €e BO3pacTaHHs
H yObIBaHHS. :

2. Oynxkuua y= @(x) onmpenejeHa M HenpepbiBHa npu x € R.

NS
1

k=l

116

D

S
~

1}
r\a|:"‘§|

Puc. 99

Ha pucynke 101 ykasanwl Bce
ee XapaKTepUCTHYECKHE TOUKH:
X1} X9 X3, X4 — HyJH (YHKLHH;
m ¥ n — TOYKH MHUHHMYyMa, 0 —
TOYKa MakcHMyMa (COOTBETCTBY-
jolHe UM Toukd M,, M; M,
npunagiexar rpaduky). Ha-
yepTHTE CXeMaTHYecKuil rpaduk
stoit  ¢ynkuuu. Ilo rpaduky
Ha30BHTE NPOMEXYTKH €e 3HaKO-
MOCTOSIHCTBA, BO3pacTaHus H
yObiBaHHA.

3. Ha pucynke 102 usoGpa-
xen rpaduk OyHkunH y= ¢ (x),
onpefeseHHOR H  HenpepbiBHOA
npu x € R. Ilo rpaduxy QyHKLHH
y=¢(x) yKaxure ee CBOHCTBa
H 3anoJiHuTe TaGJHILy:

y %
! |
s
+M.
—— _f_._J,__ 2
—_— ! . ! !
2 II" o 1| 2 X X, mx0| X5 In X, X
I | 1 ——b
l l Mf ’7 M3
| |
| |
| |
Pic. 100 Puc. 101
x ']—-°°; —I1[ —1 ]—1; 0[ 0 105 oof
9’ (x)
9 (x)

4. CpoiictBa (pyHkuun y=f(x) onucanbnl B TabGnuue. HM3obpa-
3uTe cxemaTtHueckuii rpaduk (YHKUHH, €CIH OHa HempepblBHA Ha

MHOXKECTBe BCeX NeHCTBHUTEJNbHBIX YHCEI.,

x 1—oo; I[ i 1t o[
(%) - : 0 +
F(x) . ~ 1 —r-
min
5. M3o6pa3ute cxemaTHYecKH rpaguk L)

dyHkuun y=h(x), obnanatouieii caenyio-
ILMMH CBOHCTBaMH: a) (yHKIHA onpeae/eHa
U HempepbiBHAa npu x € R; 6) @yHKUHSA
obpaliaercsi B HyJb B TOYKax x=—4,
x=0un x=4; h(x)<<0 Ha npomexyTkKax
J—o0; —4[U]0; 4[; A(x)>0 Ha npo-
mexytkax | —4;0[U]4;00[;B) x=—2—
TOUYKAa MAakCHMyMa QYHKUHH, Ay =h(—2)=
=4; x=2 — Touyka MHHUMyMa QYHKLHH,
hmin=h(2)=—4. Ha npomexyTkax ]—oo;
—2[, 12; oo[ ¢ynkuma BospacTaeT H Ha
npomex ytke ]—2; 2[ — y6uiBaer.

Puc. 102
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6. HasoBuTe OCHOBHbIE MYHKTHl MJAaHA HCCAENOBAHHA (YHKUHH.
7. Uccaenyiite ¢pyHKUHMIO U TOCTpoliTe ee rpaduk:

a) f(x)=12x — x% 6) ¢(x)=x*—x%
B) p(x)=x"—x% r) y(x)=x'—18x"+17;
1) z@=E—=DE+1%  o* h()=x+—;
®)* g(x) =12

1 —x
§ 35. HAMBOJIbLUEE 1 HAUMEHbBLLUEE 3HAYEHUA dYHKLNA

Ha pucyskax 103 n 104 usoGpaxcennl rpaduku QyHKUHHA f(x)

H @(x), 3anannbix Ha npomexyrke [a; b]. Ileppas u3 Hux BO3-
pacraeT, a BTopasi yObiBaeT Ha 3ToM npomexyTke. Ha mpomexyrke
[a; b] nanmenbuiee 3Hauenne pyHKuuH f (x) paBHo f (a), a HauMeHblLuee
3nauenne QyHkuun ¢ (x) paBHo ¢(b). CooTBeTCTBEHHO HaHGoJbLIKE
3HaueHMs STHX (YHKUHA Ha [aHHOM mnpomexyTke pasubl f(b)
n ¢(a). Takum o6Gpa3om, ecnu (yHKIHS HenpepbiBHa M BO3pacraer
(yGpiBaeT) Ha KaKOM-TO MPOMEXYTKe, TO

HauboJblliee ¥ HaHMeHbllee 3HAUEHHsl HOCTH-

raloTcsi €0 Ha KOHLAX 3TOr0 MNpPOMEXYTKa.

y Ha pucynke 105 wn3o6pakenbl rpagHku
© yerblpex OyHKUMA. AHanu3 3THX TrpaduKoB
NoKasbiBaeT, YTo HauboJ/blliHe H HaHMeHbLUHe

T

y=fx) fib) ~ 3HAUCHHS GyHKUMHA, HenmpepbiBHBIX HA MpoMme-
xyTke [a; b], nocTuraioTcs 3THMH (QyHKUHSIMH
fia) Au60 Ha KOHLAX MPOMEXyTKa, JHGO B KpH-

= THYECRHX TOuKax. MTak, pyHKIHsA HA 3alaHHOM
0} a 6 x NpomeKyTKe MPHHHMaeT HauGoJibllee HJH HaH-
MEHblllee 3HayeHHe B KPHTHYECKHX TOYKax
HJIH Ha KOHIaX NPOMEXYTKa.

Haub6osbilee WM HauMeHbllee 3HayeHHe
¢dyukunu y=f(x), HenmpepbiBHOH Ha npome-
xyTke [a; b], 6yneM HaxoAHTb NO MJaHY.

1. Hafimem KpuTHYeCKHe TOUKH (YHKUHH
y=7{(x) na npomexyrke [a; b].

Yy 2. BoluicauM 3HaueHusi (QYHKUHH B 3THX
TOYKax M Ha KOHUAx mpomexyTka [a; b].

3. M3 Bcex nosyueHHbIX 3HauyeHHH (QYHK-

g=bx uuH BbIGMpaeM HauboJbliee HJIM HaHMEHbLIEe.

I1pumep. Halinure nauGoabliee H Ha-

Puc. 103

pra) Peb) HMeHbluee 3HaueHHs QyHKuuH f(x)=6x>—
0 3 — 3x> — 12x + 7 na npomexyrke [ —1; 2].
a X Pemwmenue. 1. HaxomuMm KpuTHYECKHE
TOYKHM 3aJaHHOH (PyHKUHH:
/(%) =18x* — 6x — 12, [ (x)=0;
18x? — 6x — 12=0,
Puc. 104 x=lmmx=—-§-.
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y Y Y Y
y=fex gzt yeheo
_] X, X,
ola x\ b x Ola b x Oola x Ybx 0
fﬂaub’ =fex,) fnau(f: fra) Daus =H (X Gvaus=9 %)
waun = (X2) Fuaun=f (X0 Puaun =Nx2) Guaun=9.@)

Puc. 105

2. BoiuncisieM 3HaueHust GyHKUHH B KPHTHYECKHX TOYKax H Ha
KOHLlaX 3ajaHHoro orpeska [—1; 2]:

(= 3)=6-(~3)=3- (=3 =12 (- )=
f()=6-1°—3.12—12. 1 4+ 7=—2;

F(—1)=6-(=10=3- (=1 =12 (=1)+7=10;
f(2)=6-22—3.22—12.247=19.

3. U3 nosyueHHBIX 3HaueHHii (YHKUHH BbiGMpaeM HaHMeHbluee
1 Hauboabuiee: foum=[(1)= —2, fuaus =F(2)=19.

3anaunne 1. Hailgure HauGoJsibilee H HaHMeHbluee 3HAUEHHS
¢oyukuun f(x)=2x* — 6x + 1 na npomexyrke [0; 2].

3ameuaunune [Ilpn pelleHMH MHOTHX TNPaKTHYECKHX 3ajay
NPUXOAUTCS HAXOAHTb HauGOJbLIHE HWIH HAMMEHbIUHe . 3HaUeHHs
¢yskuuii. B rakux 3anauvax ¢yHKuUMS, KaK NMPaBHJIO, He 3ajaercs, H
ee HeoGXOAMMO COCTaBHMTb MO YCJOBHIO 3ajayH.

3ameTuM, uTO ecan (YHKUHSI MPHHUMaeT HauGoJbluee (HIH HaH-
MeHbliee) 3HaueHHe Ha MPOMEXKYTKe B HEKOTOpO#d TO4Ke Xy, TO Ha
JI060M NPOMEXYTKE, SIBJASIOIEMCS YacTbio IAHHOTO M colepKalieM
TOUKY X, 35Ta GyHKUMs OyneT npHHHUMaTb HauGoJbluee (UJH
HaHMeHblllee) 3HayeHue B TOH e Touke. Hanpumep, ¢yHruus
y =g (x), rpaduk KoTopoil H30GpaxeH Ha pucyHke 105, mpuHHMaer
Haubosblliee 3HaueHHe Ha npomexyTtke [a; b] B Touke x;. fcHo, uTO
3Ta ¢yHKUHsI B TOYKe x; OylAeT npuHMUMaTb HauGosbllee 3HaueHHE
Ha Jio6om npoMexyTtke [a;; b,], ABAsIOLIEMCS YACTbIO MPOMEXKYTKa
[a; b] u conepxaleM TOYKY X;. DTHM CBOHCTBOM 4acCTO MOJIb3YIOTCH
NpH pellieHHH NMPaKTHYECKHX 3alay.

3 a naua l. Umeercs npososoka anunoi 200 m. TpeGyercs orpa-
JUTb €0 MPSAMOYroJbHbIA yuacToK HauGoJblied nuowaau. Haiaute
pasmepn! yuyacTka.

"Pewenue. 1. OG03HaYuM AJNHHY CAHOF H3 CTOPOH HCKOMOTO
NpsAMOYroJibHUKa x (B M), TOrAa JJIMHA APYro# CTOpOHbI OyaeT paBHa
(100 — x) (B ™).

2. Muowans S(x) npAMOyroibHHKA Bbipaxkaercsi Gopmy.oi

S(x)=x - (100 — x) = — £* + 100x.
: A9
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3. Haiinem kputnueckue ToukdH ¢yukuuu S(x): S’ (x)=—2x+
+ 100, —2x 4+ 100=0, x=250 — KpHTHUeCcKas TouKa.
To ycaoBhio 3agaud ¢yuxuus S (x)= —x’ + 100x paccmarpu-

Baetcs Ha npomexytke ]0; 100[. B cooTBercTBHM ¢ NpuBeAEHHBIM
Bbillle 3aMeyaHHeM HaiileM ee HauGoJbliee 3HaUEHHE Ha NMPOMEXKYTKe
[10; 60], conepxkallleM KPHTHUYECKYyIO TOUKy x == 50.

S (10) = — 100 -+ 1000 = 900;
S (50) = — 502 + 100 - 50 — — 2500 4 5000 = 2500;
S (60) = — 60% ++ 100 - 60 = 2400.

Takum o6pasom, S,..c =S (50) = 2500.

Orser: yuyactok umeer ¢opmy kBaapata 50 X 50 m.

3anaunue 2. TpeGyercs Oropoautb 3360p0M y4acTOK 3eMJIH
npsiMoyroJibHo# ¢opMbl 3anaHHol nuomanu 800 M. Jlauublii yuac-
TOK NPHMBbIKAE€T K 3JaHHI0, MO3TOMY C OJHOH H3 CTOPOH orpany
cTpoutb He Hano (puc. 106). Hadinure pasmepsl Takoro ywacrtka,
utoGbl AJMHA 3a6opa Gbla HaHMeHbIUeH.

3anaua 2. Ilpoudocts 6ankH C NPSAMOYTOJNBHBIM CeudeHHeM
M3MEeHSIETCSl MPSIMO MPONOPUHOHANBHO NPOHU3BEAEHHIO ee IIHPHHBI Ha
KBajpaT BbicOTbl. KakoBbl HO/MKHBI ObITb pasMepbl ceueHHs Gajiku
Hau6osblIeH MPOYHOCTH, ecau Gasika BbIWJIEHA U3 Kpyrioro 6peBHa
nuamerpa d (puc. 107)?

Pemenue. 1. [lyctb x (B M) — AAHHA ONHOH H3 CTOPOH ce-
uennsi Ganku, Toraa 42 — 52 (B M) — nJuMHA JApYyrod CTOPOHBI ce-
YeHHs.

2. Ipounocts P Ganku Kak (yHKUHS apryMeHTa x CcOriacHo
ycioBHIO Bhipaxkaercsi ¢dopmynoii P=kx - (@® — &%), rae k — He-
KOTOpO€ YHCJIO.

3. Uccnenyem ¢yukunio P(x) Ha  3KkcTpemym: P/(x)=
=k(d® — x? — 2x%) =k (d® — 3x%), P/ (x)=0, d?—3x*=0, x=
=-—9 =2V 3_ ypurnueckas Touka (GepeM MOJIOXKHTENbHbIH KO-

peHb).
®yukuus P(x) paccmMaTpHBaeTcsli Ha MNPOMexXyTke ]0; d[. B

COOTBETCTBHH C MPHBEAEHHBLIM BbIllle sameqauueM HafijeM ee HaH-
2d
GoJiblliee 3HAUEHHE Ha MpOMeXYyTKe ] coaepxalleM KpHTH-

Yeckylo TOYKY —-@
P(=ta(e—)=dur
P(F) =t (e —(=5) ) =% 2=
=2;/_kd3=6;/—kda.
27

()3 )
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Puc. 106 Puc. 107 Puc. 108 Puc. 109

_ d \_2y 3-kd®
Takum oGpa3som, P"m_P(;/_s)_ 3 .

1ABl=-%; |BCI= V& — ¥ = Y/ dz-(%)éd =

dy 3 dy 6
OrBeT: ‘;_; ——-—‘;_

I[ITpumeuanue Ha npakTuke NJIOTHHKH MOJb3YIOTCS CJedyio-
ILHM MPOCTHIM MPHEMOM BBLIMH/HBAHHS GaJKH HaHOO/bIIEH NMPOYHOCTH
u3 6peBHa UHAHHApDHYecKOH ¢dopmbl. [Inamerp ceuenns MN peasit Ha
TPH orpe3ka paBHOH anauubl (puc. 108). M3 Touek neneunss A u B
nposoaaT nepnenaukynsapst AC u BD k puamerpy. Touku C, N, D, M
NOC/IeAOBATEJNbHO COENHHSIIOT OTpe3kaMH. B ceueHnun noJyuaercs
npsamoyroabHuk MCND. JlokaxKuTe, UYTO TAaKOH NpHEM BHINMHJHBA-
HUsA 6ajKn u3 OpeBHa obecneynBaeT ee HaHOOJbLIYIO NMPOYHOCTD.

3 anaua 3* Tpe6Gyercss H3rOTOBHTb 3aKPHIThIi LHIHHAPHYECKHI
6ak o6bemom V (puc. 109). Kakumu nonxHbl GolTb pasMepnl 6aka,
4TOObl HAa €ro H3roTOBJIEHHE MNOLIJIO HauMeHbllee KOJHYECTBO MaTe-
puana?

Pewenune. L. Ilyctb x (B M) — paguyc OCHOBaHHSI LHJHHAPA,
TOrAa ero oGbeM Haiigem no ¢opmyae: V=nx’.h, oTKyna
h_nxz

2. BoipasuM mJoumanb MoJHOHA MOBEPXHOCTH LHJMHAPA Kak (yH-

KUuuo paguyca x: S =2nRh + 2nR? uan S (x) =ZxZ + 2nx? (x £ 0).
3. Hccnenyem dyukuuio S(x) Ha aKkcTpemym:
3 —
S’ (x)=5“—"‘x—& S’ (x)=0, 4nx®* — 2V =0, x= V3 —2‘;—— KpUTH-

yeckasi Touka. Pynkuus S(x) onpeneneHa Ha npomexyrtke ]0; oo [.
CocraBum Tabinuy:

- [1VEL] VE Ve

S’ (%) - 0
S (%) ~> 2nV* -
min
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% ' dynxunsi S (x) HMMeeT eIHHCTBEHHbIA

3 o o
KCTPEMYM NPH X = —2‘% Haiinennblit
MHHHMYM SIBJISIETCS HAUMEHbLIUM 3HaUEHHEM
¢ynxkuun. Mckomblil UMIHHAD HMEET TakHe

3
pasmepbl: R = x = EVR' L h=-L =

X
_ v
i

0] a %o b x N3 nonyueHnHblx 3HaueHuit R H h BHIHO,

Froax= Fraus =X 4TO Ha H3roTOBJEHHE {WJHHApDA 3ajxaH-

Horo o6beMa mMofileT HauMeHbliee KOJH-

Puc. 110 4yecTBO MaTepHuaJ/ia, eC/li BbICOTA LHJIHHApPA

paBHa ero auametpy.

IMyctp ¢ynkuua f(x) HempepbiBHA Ha

y=fix) ~ TPOMEXYTKe [a; b] u xo € [a; b] ee Kkpu-

tuueckass Touka. Torpa f(xo) HaunGoabliee

(HauMenbiuee) ee 3Hauenue Ha [a; b], ecan

oHa Ha mnpomexytke [a; xo] Bo3pacraer

(y6biBaer), a Ha mpomexyTke [Xo; b] y6uI-
Baer (Bospacraer) (puc. 110, 111).

y=frx)

ol X, b x Ynpascrenusn

=fix,) 1. dyukuuss ¢ (x)=—2x-+4 3 3anana
Ha orpeske [—3; 10]. Bouucanre ee Hau-
GoJsbliee M HaHMeHbllee 3HayeHHs Ha
TOM OTpe3Ke.

9. HajfiauTe HauGoJibliee M HauMeHbluee 3HaueHHs] (YHKUHH
f(x)=x® — 3x* 4+ 4 na npomexytke [1; 3].

3. BcraBbTe COOTBETCTBYIOIIHE CloBa B TeKCT: «Ecau QyHKUHA
HempephIBHA Ha orpeske [a; b] ¥ HMeer HAa HEM €AHHCTBEHHYIO KPUTH-
YecKylo TOUKY, TO B CJIydae MakCHMyMa 3TO Oyler ... SHaueHHe byHK-
MM, B CJydae MHHHMYMa ... H2 5TOM OTpesKe». IMpouastocTpupyiire
noJiyueHHble YTBEPXKIEHHSI HAa PHCYHKaX.

4. Paccka)kure mjaH OTBICKAHHSI HaHGOJbLIEro ¥ HaWMEHbLIErO
sHaueHHsi (YHKIUH, 3aAaHHON Ha mpomexyTke [a; b].

5. Pasnoxure uyucio 40 Ha [ABa TaKHMX CJllaraemblx, yTOOBl HX
npousBeneHHe GbUIO HAHGOJABLINM.

6. B kpyr paamyca R BnuiuHTe NpSAMOYrO/NbHHK. IIpu Kakom
COOTHOILIGHHH [JMH CTOPOH MpPAMOYrOJIbHHKA €ro mnJjowaigb Gyrer
Hau6obluefi?

7. CyMMa JJIMH KaTeTOB NPSIMOYTOJIbHOTO TPEyroJbHHKa paBHa
20 cM. YcTaHOBHTE BHI NPSIMOYTOJIbHOTO TPEYrOJIbHHKA C YKa3aHHOH
CyMMOi#i [JIHH KaTeTOB H HauGoJiblued MJOLLabIo.

8. M3 npsiMOyroJibHOro JIMCTa XXeCTH pa3Mepom 8X3 am mno ero
yraam Bblpe3aHbl KBaJpaThl H M3 OCTABLIEroCsl KyCKa XKeCTH H3ro-

fmin= fualm

Puc. 111
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TOB/JEHa OTKpbiTass KopoGka (puc. 112). 8
Hajinure nnanHy cTopoHbl Boipe3aHHOro KBaj-
paTta, ec/H HeO6XOAHMMO M3rOTOBHTH KOPOOKY

HauboJsbliero o6bema.
9 *. B npsMOYroJibHO#M cHCTeMe KOOpAH-

HaT uepe3 Touky (l; 2) npoBemena npsimas én

\\}

C OTPHLIATEJNbHBIM YIJIOBBIM KO3 PHLHEHTOM,
KOTOpasi C OCAMH KOOpPAHHAT o0pasyer Tpe-

YTo/IbHHK. KaKoBbl [OJIXKHBI GbITb OTPE3KH,

oTceKkaemble APSAMOH Ha OCAX KOOpPIHHAT, Puc. 112
4ToObl MJIOLlaAb TPeyrosibHMKa O6bl1a Ha-
HMeHblL e ?

* o

10 *, KaK?BbI IOJIKHBI GbITb pa3Mepbl KOHCEPBHOH GaHKH IH-
JIHHAPHYECKOH (OPMBI, HMeIOleH HaHGOIbUINA OGBEM NPH 3aJaHHOH
IJIOIAAH IOBEPXHOCTH S?

§ 36. NOBTOPEHMUE

1. Hafigure raasnyio qa;cn: npupauenuss QyHkuuu: a) @(x) =
=—2+7506)* f(x)=VE + Vx: 8)* hx)=L+1.
X

2. Tpumensin dopmyay f(xo + A x) ~ f(x0) + f'(x0) A x, Hafinure
npu6nuxennbe 3mauenus: a) (3,1)5 6) (2,03)7; B) V7.98;

4

r)* y3i.

3. Haiipure yrnosoit kosdpduuueHT KacaTenbHOH K KPHBOI
Y= VY x B TOuKe c aBCIHCCOH x=-%— .

4. Halinure, moa kakum yriom mapaGona y = — x® 4 x nepe-
CeKaeT OCb abClHCcC B HayaJje KOOpAHHAT.

5. B Kakoit Touke rpaduxka GpyHKUHH y = x° KacaTeJbHAs K HeMYy
o6pa3yer ¢ NONOXHTEJbHLIM HanpaBieHHeM ocH Ox yron, pas-

o T
HbIH — ?
6
6. Ilokaxure, uTO KacaTesbHble, IPOBEJACHHLIE K rpadHKy (YHK-
x—4 )
ouH y =
Yy x—2
paJjJyesbHEl MeXAY COGOH.
7. Jlokaxxute, 4TO KacaTesbHasi, NMPOBEAEHHAsA B JIOGOH TOuKe

= — 3
KPHBO# f(x) = x° 4 2, HaKIOHEHA K MOJOXKHTEJIbHOMY HaNpaBJeHHIO
ocH Ox moj OCTPHIM YIJVIOM.

8. Hanmuwure ypaBnenne KacaTeqbHOH K napaGose y = 3x% 4

B TOYKaxX NepeceyeHHs ero ¢ OCAMH KOOpJAHHAT, ma-

+ 4x — 2 B Touke rpaduka ¢ abcuuccoi x = — 3.

* . .
9 . Ipsamas y = — x —g SIBJISIETCSI KacaTesJIbHOH K KpHBOi, 3a-
AaHHOM ypaBHeHHeM Yy = x° — 4x. Hahgure KoopaHHATH TOuYEK
KacaHHus. ‘ :
¢ y 3 2 - .
10. Ha kpusoit y = x° + x* — 7x + 2 naiiaure ToukH, Kacarenab
Hble B KOTODLIX NapaJieabHH NnpsAMoil y = — 2x + 1. ‘
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11. Teso ABHKETCS NpSIMOJHMHEHHO MO 3aKoHy S(f) = 0,5¢* —
— 5t% 4 12¢2 — 1, rae nytb — S B Merpax, Bpemsi — ¢ B CeKyHJax.
B Kakue MOMEHTH BPeMeHH YCKOPEHHE [IBHXKEHHS Tejla PaBHO HYJIo?

12. ¥Yron a (B paauaHax), Ha KOTOPbIA MOBEPHETCS KOJIeCO uepes
t (B c), pasen a(t) = 4> — 32t + 21. Haiinute yrioBylO CKOPOCTb
KoJieca B MOMEHT BpeMeHH ! ==3 C W OnpejejuTe, yepe3 CKOJbKO
CeKYHJL OHO OCTaHOBHTCS.

13*. Teso, GpolLIéHHOE BepTHKAJbHO BBEPX, ABHXKETCS MO 3aKOHY
h(t)=2 4+ 6¢ — 4¢2. Hafinure HanGOJIbLIYIO BBICOTY NMOLbEMA TeJa.

14. Haiinute uHTepBa/bl BO3pacTaHus H yObIBAHHS (DYHKLUHIL:

a) [(r)=x"—4x; 6) P()=x+—;
B) Y(x)=—x245x—7; 1) h(x)=x(1+2Vx)
1) * s(x)=V(x*—9)*; e)* y=x—|x|.

15. Uccneayiite Ha Bo3pacTaHue M YOblBaHHE H 3IKCTPEMyM
(QYyHKUHUH:

a) f(x)=x"+2; 6) ¢(x)=38x"+5x+1;

B) h(x)=—x>4+6x—9; 1) s(x)=2x"—3x%

N* g)=x-V1i—x; e)* v(x)=x>+ V.

16. Haiigute HauGosbliee W HauMeHbllee 3HAYEHUs] QYHKUUH
y=/[(x) Ha 3ajaHHOM NPOMENKYTKe, €C/IH:

a) f(x)=x*—2x*+5, xe[—2; 2];
6) f(x)=x+2Vx, x€[0; 4];

B)* f()=%+-2, xe[—6; —1I;
r)* f(x)=3 Vx— 17 +x, x€[1; 2].

17. Yucso 24 pasbefite Ha Takue [Ba cjlaraeblx, ytobbpl cymMMa
HX KBaaparoB Oblla HaHMeHbLUEH.

18. Hajizure TaKoe IOJOXKHTENbHOE YMCJI0, KOTOpOe, OyAyuH
CJIOXKEHO ¢ O6paTHbIM €MY YHCJIOM, 1aCT HAaHMEHbLIYIO CyMMY.

19.- JlokaxkuTe, 4TO H3 BCeX HPSMOYroOJIbHbIX TPEYro/sibHHKOB,
BOMCAHHBIX B Kpyr paauyca R, Haubosbluyio MJOIAAb HMeEeT
paBHOGeApEeHHbIH TPeyroJbHHK.

20. TpeGyercsi H3rOoTOBHTb KOPOOKY C KBaApaTHbIM OCHOBaHHEM
HauGoabuiero o6beMa Ge3 KpbllKH. [lio1afb MOBEPXHOCTH KOPOOGKH
LOMKHA 6biTh paBHoil 12 cwm® Hajiaute pasmepbl KOPOGKH.

21. Hafinute oTHOlIEHHE BBICOTHI KOHyCa K ero AuaMeTpy, eC/d
npu 3agaHHoM o6beme V KOHyC HMeeT HaHMeHbLIYIO mJjollaib 60-
KOBOH MOBEPXHOCTH.

22. B TpeyrosibHHK C OCHOBAHHEM Q M BbICOTOH A BIHCaH MPAMO-
yrosibHMK HauGoJbLiell Miowand. Beiuncante 3Ty miowlaib.

23*. HaiiauTe BLICOTY Tpaneuuud HauGoJsblieid MIOLLAAH, BMHCAH-
HOll B MOJYKPYr pajuyca r M HMelolledl HHXHHM OCHOBAaHHEM
JMameTp MoJyKpyra.
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24. HccsenyiiTe KBaapaTHUHYIO (PYHKIHIO H OCTPOIiTE ee rpadHk:

a) y=4x*—4x+1; 6) y=2x>4-x—3; B) y=8—2x—x%
r) y=x*+5x+8; 1) y=10x—x>*—25; e) y=3x—x2—’6.

25. Peunte HepaBeHCTBa:

a) 2x§—7x——30>0; 6) x24-2x—15<0;
B) 2x*—9x—35>0; r) x*—x46<0.

26. Hccaenyiite dynkuuio u nocrpoiite ee rpaduk:

a) y=4x—x* G6) y=—§——x2—3x; B) y=% + 2,

2 X
r) y=x"(1—x) n) y=—"%; e) * y=2x—3 Vx?;
K)F = ls/x—2—l.

'§ 37. BAAAHUA AN CAMOIMPOBEPKM

1. Coct i
1, Cof aBbTe ypaBHEHHE KacaTeNbHOH K rpaduky ¢yHKUHM
y==x X B TOUKe ero ¢ abCLHCCOl x==—1.

2. MartepuasibHasi TOYKa [ABHXKETCS MO 3aKOHY s(t)=-2i‘{i

. t41°
Haiizute ee ckopocTb B MoMeHT #==2.

3. Ykax

3. KHTE TPOMEXYTKH BO3DACTAHMAA M YObBaHWA (YHKUUH
Yy=x>—3x*—9x.

4. Hccnenyiite ¢ynkunio y=0,5x>—2x—6 u mnocrpoiite ee
rpa¢uxk.

o 5. Hccnenyiite dynkuuio y=2x*—3x*>+45 u nocrpoiite ee rpa-
HK.

6. Haai'mm;e HauboJibllee H HaMMeHblllee 3HAaueHHs (YHKLHH
[(x)=x>—3x*—9x na npomexytke [—2; 1].

7. I% paBHOGEpEHHbLIH TPEYroJbHHK € OCHOBaHueM 60 cM H
GoKoBOH cTopoHOH 50 CM BIHCAaH MPAMOYrOJIBHHK HauGoJbluel
nJowWaad Tak, 4TO J[B€ €ro BepIIHHbl MPHHAMJIEXKAT OCHOBAHHIO,
a /Be jpyrue — OOKOBLIM CTOPOHAM TpeyroJbHHKa. HaiiguTe mIMHLI
CTOPOH NPSIMOYIOJIbHHKA.



Fnasa V.

TPUTOHOMETPUYECKME
PYHKUMUN U TOXKOECTBA

§ 38. TPAAYCHOE U3MEPEHHUE
YrnoOBbIX BEJIMUMH

B BochbMHJIeTHEH 1IKOJIe MBI H3MEPAJIH YIJIOBble
BeJIMYMHBL (yrJbl, AyTH, IOBOPOTHI) B rpajycHOi cucTeMe efuHHL. B
3TOH CHCTeMe eJIHHHLAMH H3MEPEHHs YIJIOBbIX BeJHUMH OblIM rpanyc,
MHHYTa, CeKyHZa. MexAy 3THMH €IHHHLAMH CYLleCTBYeT CBS3b:
1°=60’, 1’=60”. B rpanycHo#i cucTeMe €IHHUL H3MEpPSIOTCA H
yrabl [OBOPOTA MJIOCKOCTH. HanmoMHHM, 4TO NMOBOPOTOM MJIOCKOCTH
BOKpYr Touku O Ha yros o Ha3bIBAlOT TaKOe reoMeTpHuecKoe mpe-
o6pa3oBanue, Mpu KOTOpOM: a) Touka O orobpaxaercs Ha cebs;
6) xaxnawit Jayd OX oro6paxaerca Ha Jyd OX,, Tako#, uro

~
XO0X,=a u |0X|=]0X,|. 3anuce X;=R%(X) uuTalOT TaK: «TOYKa
X, ecTb 06pa3 Touku X NP NMOBOPOTE IJIOCKOCTH BOKPYr Toukd O Ha
yroa a» (puc. 113). IlpunsATO cyuTaTh BEJHUYHHY yrya IOBOPOTA NpoO-
THB JBUXKEHHMS YacOBOH CTPEJKH NOJOXHTEJbHOH, a MO0 ABHKEHHIO
yacoBoi cTpeJkH orpuuarenbHoit (puc. 114). OtoGpaxeHHe oxHOro
Jyda Ha Jpyroil MoxeT GbiTb OCYILECTBJEHO BPalUEHHSAMH MJIOCKOCTH
C OOHHM H TeM e LEeHTPOM H PpasJU4YHBIMH BeJHYMHAMH YIJIOB
ppauennsi: B=RY" (4) = R;%” (A) (puc. 115). Bpawenue xa 360°
eCThb TOXKIECTBEHHOE OTOGpaK eHHe MI0CKOCTH Ha cebsi: R**=R°=E.
BpallieHusi MJIOCKOCTH OTHOCHT@/NbHO OJHOrO M TOrO XKe LeHTpa Ha
yrasl o, o+ 360°, a —360°, a+2-360°, a—2-360° ..., a+360°-n,
rie n — ueioe, cosmagamr, T. e. R3V"=RE nas Bcex n€Z.
C nomolbio 3TOH (GopMy/nbl MOXKHO JiIOGble BpalleHHs CBOAHMTb K
moBoporaM ¢ yrjamu u3 mpomexytka [—180° 180°]. Hanpumep,

45°

X,=R,(X)
-330°
xf
+45°
ol
0 0 -45° X

X

X,=R1X)
Puc. 113 Puc. 114 Puc. 115
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REC=R¥"+20" = R¥°. W Boobue, ecau )

BpalueHue R} HeoGXONHMO CBECTH K IOBO- A

pory R%, rme a € [—180°; 180°], To mocty- p, A

NamT CAeAYyOLHM 00pa3oM: YHCJIO ¢ AeNAT 135

Ha 360, nycTb A — uyacTHOe, o — OCTaToK &, A,

tTakoro peaenus (a€[—180°; 180°]); torma 0 11 x

R3 = Ry = R}. \,\J
PaccmotpuM oKpyxHOCTh paauyca 1 ¢ 22

LEeHTPOM B HayaJje KoopauHat (puc. 116).

Takyio OKpPYy>HOCTb Ha3bIBAIOT €IHHHUYHOM. G

EnunnyHas oKpy»KHOCTb €CThb rpauK ypas- Puc. 116

Henuss x’+y*=1. Ilyctb P, ecTh Touka
¢ xoopaunatamu (1; 0). Halimem oGpdsni
9TOH TOUYKM NPH PaA3JHYHBIX BPALIEHHSIX MJIOCKOCTH C OOLIHM LEHT-
poM — HayaJjioM KOOpJHHAT:

8" (Po)= P1, RE® (Po)= Py, R5™ (P)= Py,
R3¥% (P)=P;, RE”(Pp)=P, R3°(Po)=Ps, RY"(Py)=P;.

HMrak, KaxaoMmy yray BpalleHHsl COOTBETCTBYET €AUHCTBEHHasl
TOYKA OKPYXKHOCTH — 00pa3 ganHoi Touku P, Ilpu arom kaxnas
TOUKA eJHHHYHOH OKPYXKHOCTH COOTBETCTBYeT HE OAHOMY, a Gecko-
HEYHOMY MHOXeCTBY YIJIOB BpalueHusi. Hanpumep, Touka P, ecTb
o6pa3 Touku P, npu Bpauwenuu Ry %" nostomy Touke P, enu-
HUYHOH OKPYXHOCTH COOTBETCTBYeT GECKOHEUHOE MHOXKECTBO YIJIOB:
90°4-360° - n, rpe n€Z.

Ynpaxcrenusn

1. BoluhcauTe BeJHUMHBL YIJioB, o6pa3yeMble 4aCOBOH H MHHYT-
HOi1 CTpesIKaMH, ecJii Yachl NOKa3biBaloT: a) 4 u; 6) 6 u;-B) 13 u 30 mun.

2. Hafigure BesHUYMHBl LHEHTPAJNbHBIX YIJIOB AJs I1ara 3y64aroro
KoJlieca, uMeioutero: a) 48 3y6reB; 6) 36 3yGbes.

3. Boluncaure BesMUMHY Yyraa noBopoTra 3y64aToro KoJeca,
HMelollero 72 3y6a, ec/id KaxAblii nocjaeqyolui 3y6 3aHs/A MOJOXe-
HHMe Npeblayllero.

4. CuennieHnl fBa 3y6uyaTblX Kojeca, OfHO H3 KOTOphX umeer 10,
npyroe 80 3y6beB. Ha ckoJIBKO rpanycoB MOBEpPHETCA BTOpOE KOJIECO,
€CJIM IepBoe cleJsiaeT INOJHbIA 060poT?

5. Halinute noBopoTh, oToGpaxalouiHe JaHHbIH OTPEe30K Ha
cebs.

6. A;=R,'""(A). 3anumure MHOXECTBO Bcex BpalleHHil. C
ueHtpom O, oTo6Gpaxkamolux TouKy A Ha TOuky A,.

7. Cnenyolue BpallleHUs] CBEIMTE K I[OBOPOTaM IIOCKOCTH
R,%, rne — 180°<<a<<180°: R,~"; R,*”; R,'™C.

8. Jlana eauHHYHast OKPYyxHocTb. [locrpofiTe 06Gpassl TOYKM
P (—1; 0) npu noBopore RY, rae O — HayaJ0 CHCTEMBI KOOPJAHHAT, a
a npunAuMaer 3HaueHusi: a) 180°; 6) 220°; B) —180° r) —220°.
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§ 39. PAODUAHHOE U3MEPEHUE YIJIOBbIX BEJIMYUH

Bo MHOrHX pasjenax MaTeMaTHKd H QHU3HKH, a TaKike Ha npax-

THKe yHOGHOH CHCTeMOH H3MepeHHs YIJIOBbIX Bennqnulsgimﬂemﬁ
uTo
panuanHasi cucrema. Hanomuum, uto 1 pannan paBeH ——,

npubamKeHHo paHo 57°17745”, 1° pasen —lé’g— pai, u4To MNpHOIH-

kenHo pasuo 0,017 pan.

I/Issgcrﬂo, YTO JJIMHA OKpYXHOCTH pajuyca R pasua 2znR. Bcs;
OKpYXHOCTb cofepxur 360° nau 27 papuad. Beluucium AJHHY
LYT'H 3TOil OKPY?KHOCTH B OJIUH TPaiyC M JUIMHY m JYTH 3TOH OKPYXK-

2nR nR . 2aR YHIIH. YTO
HocTH B 1 pajman: l=—-=-—; M=—o_ R. Tloay ,

AMMHA Ayrd B | pajnmaH paBHa pajauycy OKPYMKHOCTH. IToaTomy
IS HAXOXK/IEHHS DPAJUaHHON BeNMHHHBL AYTH (HJIH LeHTPaJIbHOrO
yria, €l COOTBETCTBYIOLLEro) Heo6X0AMMO MAJHHY 3TOH AYrH pas-

JeJHTh Ha ee pajuyc:

1
G=T,
rie R — paguyc nyru, | —ee ajnuHa, o — pajuaHHas BeIHYHHA
3TOH AYTH. i .
dopmyabl 15l NepeBOAAa FPafyCHOM BeJHUHHBL G° B PaHAHHYIO
A M 06paTHO MOXHO MOJYYHTb M3 COOTHOUIEHHS:

180° = 1,45
a’=A,,.
=T _.q° 1
A— 180° a, - ( )
o =189 4. (2)
T

l'Ipu BbINNOJIHEHHH Bbl'-ll/lCJleHPll’l 4acTo o6o3HauyeHHe «pan» Ol'ly;
CKalorT. an HSMGPCHHH erIOB IlOBOpOTOB B paﬂ,nanax cnen?’)%egoumel‘b
B BH,U,y, 4yTo Bpamex-me JIOCKOCTH Ha 2n pazmag, T. géooua E , €C
TO2KJIECT BEHHOE oroépameﬂne IJIOCKOCTH R =R = H IIpH
JHO6OM eJioM n BBINTOJITHAETCA paBeHCTBO
Ra+ 2nn=Ra.

PaccMoTpuM TMpHMEPHL. . .\ . .
Hap HM é)p l.pBblpasme BeJIHYHHbI YTJIOB 30°, 45°, 90°, 270

B pajuaHax. .
pP e e Hue. [pumensisi dopmyay (1), monyuum:

I

) T, o .
30 =45 90 ==
) N, o 3n
45 =7 270 =
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i
i

[Tpumep 2. Bolpasute BeaHuHHbI Y
n, 3n T, 3n i 7
yrJoB R o5 > B rpaapycax.

(e
<O

Peuwewnue. Tllpumenss dopmyay (2),
MOJIYUHM:

I —60°: — T — _gQ°
3 60°; > = 90°;
3 __ °. 3n o
T = 135% — 5 =—270

[Tpumep 3. Mana Ttouka Py(l; 0).
Ha ennnuuHoll OoKkpyKHOCTH mocTpoiite 06-
pa3sbl Touku P, npy noBOPOTAX MJOCKOCTH BO-

KpYr Haya/ja KOOPAHHAT HA YIJbl BEJIHUHHOI

Pewenune nsobpaxkeno Ha pucynke 117. Cumsosamu P, Py, Py;
P,; Ps; Pg; P;; Pg 0603HaueHbl COOTBETCTBYIOLLHE o6pasbl TOUKH P
NPU JaHHBIX MOBOPOTAX MJOCKOCTH.

Kaxnomy 3nayenuio yrioBofl BenMUHHBI B pajgHaHax COOTBET-
CTBYeT OJHA H TOJBKO OJHA TOYKA eIHHHYHOH OKPYKHOCTH
(puc. 117) — o6pas Touxku P,(l; 0) npu mOBOpPOTE MJIOCKOCTH Ha
yron 3ajaHHol BenunHbl. 3HaueHuio 0 COOTBETCTBYeT Touka Pg;

0

b1 11
3HAYEHHIO —- — TOUKa P,; 3nauenuio 5 — TOuKa P, u 1. 1., 3Ha-

YeHHI0 27 — CHOBa ToYka Py, 3nauenuio 2m +—11 -— CHOBa Touka P,

u 1. . Ilpn 3ToM Kaxpaast TOYKA OKpPYXKHOCTH COOTBETCTBYeT
He OJHOMY, a GECKOHEUHO MHOTMM 3HAUEHHSIM YIJIOBHIX BEJNHUHH.
Tak, Touka P, coorBeTcTBYeT 3HaueHusm 0; 2m; 4m; 6m; ...; —2n; —A4m;
—6m; ..., 7. e. uucaam Buaa 2nn, rae n€Z. Touka P, cooTBeTcTBYyeET
uucaam w; 3m; Sm; ..., —m; —3m; —5m; ..., T. e. ykcaaM BHAA
n+ 2nn=n(14 2n), rae n€Z. HeTpyaHO 3aMeTHTb, UTO €CJH UHC-
JIy « COOTBETCTBYeT €JHHCTBEHHasi Touka P, (puc. 118,a), To
Touke P, 6GyaeT COOTBETCTBOBATb GECKOHEUHOE MHOMKECTBO UHCEN
Buaa a-2nn, rae n€Z.

Y
)}
A
0 ' X
7216 5 -4 x-3 ’z'-g-/ 0 1;_72 3t 4 5 6m7
a) ]
Puc. 118
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HUHaue O6GCTOMT [€JO C COOTBETCTBHEM MEXAY MHOXKECTBOM
3HAUEHHH YIJIOBbIX BEJHYHH H MHOXKECTBOM TOYEK KOOPAMHATHOM
npsiMoii. JTO COOTBETCTBHE B3aHMHO OJHO3HAYHO: KaXJOMY 3Ha-
YEHHIO YIJIOBOH BeJHYHHbl COOTBETCTBYET €AHHCTBEHHasl TOYKa
KOOpJHHATHOH NPsAMOH M OGpaTHO: Ka){IOH TOYKE KOOPAHHATHOM
NpAMOi COOTBETCTBYET €IHHCTBEHHOE 3HAUeHHE YIIOBOH BeJHYHHBI.
Ha pucynke 118, 6 H306paKeHO ONMHCAHHOE COOTBETCTBHE.

Jlnsi o6Jaeruenust pa6GoOThl, CBSI3aHHOH C MePeBOAOM TrpaayCHOM
BEJIHUMHBLI YIJIOB B PaJAHaHHYIO, COCTaBJEeHbl CreluasnbHble TaGaHLbI
(cM. Tabn. XI, «UeTblpexaHauHble MaTeMaTHUYECKHE TaGJHIbI»
B. M. bBpanuca).

I1puwmep 4. Hafigure paauannyio BeqHunHy yraa 37°24°.

PemeHnue. B Jesoit Kosonke Tabauubl XI HaxoauM YHCIO
rpanycos: 37°, B BepxHeHl (WM HHXKHEH) CTpOKe TAGJHLL HAXOAHM
yucao MHHYT: 24’. Ha nepeceuensy CTPOKH € 4HC/IOM 37° H KOJIOHKH
¢ uHcJOM 24’ HaXOAMM J[ECSITHUHbIE 3HAKH NPHOJIHKEHHOrO OTBETa
6528. llenast uacTb OTBETa 3alHCaHa TOJbKO B INEPBOH KOJIOHKE.
IMostomy 37°24’ ~ 0,6528 pan.

ITpumep 5. Haiigure paguannyio BeauunHy yraa 60°207.

PeweHnue. B nesoil kosonke TaGauusl XI HaxopHM 4YHCJIO
rpaaycos: 60°. B Bepxueil (uwin HHXKHeHl) cTpoke Tabauup Her 207,
nosToMy HaxonuM Ginxaiiuiee K Hemy uucio, uM Gyaer 18’. Ha nepe-
CeYyeHHH COOTBETCTBYIOLIEH CTPOKH H KOJOHKH HAaXOJHM:

60°18’ ~ 1,0524 pax.

B npaBoii yacTH Ta6/HUBl €CTh TPH KOJOHKH IMONPABOK (AECATHTH-
csiuHble 3HaueHHs paauaHa s yraos 17, 27, 3”). Ha mepeceuenun
CTPOKH, cofepxxaulei yucao 60°, H KOJOHKH MONPaBOK, copepxaiuen
2’, naxogum: 2’ =~ 0,0006.

Tenepb MOXHO HaiiTH HYXHbIi oTBeT: 60°20” =~ 1,0530. Pewenne
odopMIsAIOT B BHIE:
60°18’ — 1,0524

2 — 6
60°20’ ~ 1,0530 paa.

+

B Ta6aune XI mpuBeseHbl 3HaueHHs B paaHaHax yrao ot 0°
10 .90°. OpnHako C nNOMOWIbIO 3TOH TaG/HMUbl MOXHO HaXOLHTb
palMaHHYl0 BeJHYHHY Jio6oro yria, pasbuast €ro rpaaycHyio
BeJIMUHHY Ha 4acTH, He mpeBocxoasiiue 90°.

I[Tpuwmep 6. Halinutre pamnannylo Benuuuny yraa- 136°43’.
Pemenue. 136°43'=90°46°43".
ITo Ta6auue XI Haxoaum:
90° —1,5708
46°42’ — 0,8151
1" — 3
136°43’ =~ 2,3862 paxn.
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Ta6auna XI mnosBossier Takxke pewatb 06paTHYlO 3ajgauyy —
HaxoOJHTb TPajyCHYI0 BeJHYHHY Yyria, BeJIHUHHA KOTOpPOro JaHa B
pajHaHax. ‘

Mpumep 7. Haligure rpagycHyio Bennuuny yraa 0,9658 pan.

Pewmenune Haxonum B Tabaune uucio 0,9652, Gauskoe K
0,9658. HaiigeHHoe uuc/0 ecTh pajuaHHasi BeJqHuHHa yraa 55°187.
B, crpoke, comepxameit 55°, B Kosonke mnompaBok 0,0006 pan
cootBetcTByet 2’. ITosromy 0,9658 pang = 55°20’.

Pemenne odpopmisiercss B BUAE:

0,9652 — 55°18’
6 — 2’
0,9658 pan = 55°20°.

Ynpaxcuenun

1. Ilpumensist popmynbl nepeBoja rpagycHON BeJTHYHHBI B pajHaH-
Hyl0O H O6paTHO, 3aMOJIHHTE TaOJIHLbL:

a) Ipanycuas BeauyH- 10° 20° 35°

Ha AYrH

Panuannasa sesnuu-
Ha AYrH

6)

I'panycHas Bennuu-

Ha LyrH 32°5" —63°45" 93°

Paguannas Besuuu-

Ra ayrh 1,2 1,51 —08

2. BequuuHbl yryioB, NMpHJEXAIHX K GOKOBLIM CTOpPOHAM Tparne-
UMK, OTHOcATCS Kak 2:7. Hailiaute rpaaycHylo H pajHaHHYIO
BEJIHYHHBI 3THX YIVIOB.

3. Beqnuunbl yra0B NPSIMOYroNbHOrO TpPeyroJbHHKa 06pasyioT
apudmeruueckyio nporpeccuio. Onpenenute rpaaycHble H paau-
aHHble BeJIHUMHBI 3THX YIJIOB. =z

4. Tocrtpoiite 06pa3 Touku P (—1; 0) npu nosopote R 2 naockocTH,
rae O — Hawano cuCTeMBl KoopauHart. Haiinute KoopauHaTbt
MOCTPOEHHOH TOUKH. — o

5. INocrpoiite o6pas touku P(0; —1) npu spamwenun R, 2 ,
k€Z, rne O — Havano cHcrembl KoopauHat. Haiigure Koopau-
HaTbl MOCTPOEHHOH TOYKH.

6. IToctpoiite  o6pasbl  Touku  Po(l;0) nmnpu  BpalleHuu

BOKPYr Hauana KOOPAMHAT Ha YIibl - —%; —%; —m;
5x 3n, n
—T T T T
7. TToBopot BOKpyr ﬁéﬁi‘pa O exuHHYHOH OKpYXKHOCTH oOTOGpa-
5* ’ 131
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xkaer Touky Po(l; 0) ma Toury P,(0; —1). Haiiaure wMHo-
JKeCTBO YIJIOB BpalleHHs, CBOASIUIHXCA K JaHHOMY IIOBODOTY.
8. Koseco mammuHel 3a 2 ¢ jpenaer 6 oGoporoB. Buipasurte B
rpajycax H paaMaHax BeJHUYMHY Yrja, Ha KOTOpbIH moBep-
HeTcsl koseco 3a 1 ¢, 3a 10 c.
9. IMoabaysick Tabauueit XI u3 tabnun B. M. Bpanuca, naiinure
PanMaHKYI0 ¥ TPAaAyCHYIO BeJHUHHBI JYTH:

I'panychas Bennuu- ocpr oA(Y o
Ha gyTH .| 28°56 36°407...} 172°15’ .

Papuannas Beanuu- ' - . e
Ha AyrH | 0,6981 | —0,8727 | 1,4643

10. OKpy>KHOCTb MOPCKOTO KOMMaca JeauTcsi Ha 32 paBHble
1yrd, HasbiBaemble pym6amu. Haiinure BeanunHy opHoro pym6a
B rpajycax M pajHaHax.

11. B apTunnepun npuMeHsieTCs CHelHaNbHasi CHCTEMA H3MepeHHs
YrJIOBBIX BeJHUYMH. B 3TOH cucTeMe enuHHIa H3MepeHHs Ha-
3blBaeTcAd JesieHHeM yriomepa. Benunuunna passepHyTOro yria
copepxkut 3000 nmenenuit yrnomepa. Belpasute B rpamycax H pa-
AHaHaxX BeJHYMHY yraa, copepxamylo 100 genenuét yraomepa.

§ 40*. ONMHA OYITA OKPYXXHOCTU

Paccmorpum okpyXHOCTb ¢ ueHtpom B Touke O paguyca R
(puc. 119). BuiBenem ¢opMyny nis BBIUHCIEHHA IJHHB [ AyrH
AB 31Ol OKPYKHOCTH, €CJIH H3BeCTHa pajMaHHas BeJHUYMHA o 3TOH
ayru. MIsBecTHO, YTO A/MHHA Bcedl OKpPyXHOCTH paBHa 2nR. [nnuHa
JLYrH 3TOH OKpyXHOCTH B 1 pax paBHa 2;—"‘5=R. Hnuna ayru AB,
cojepxauleil o paanan, paBHa Ra. Mitak, noayuunu dpopMmyny anuHbl
JYTH OKPYKHOCTH

l=Ra,

rage | — pauHa ayru, R — pajauyc Ayr, o — BeJIMYHHA AYTH B pa-
JHaHax.
ITpumep 1. Hafinute nanuHy Ryru OKpy»KHOCTH pajuyca 24 cm,

8 €CJIM lyra COMAepKHT g pan.

L Pewenune.
4 l=24-'%=3n (cm).

[Tpumep 2. Halinure anuHy AYrH OKpyX-
HocTH paznyca 20 cM, rpagycHasl BeJHUHHA KO-
TOpOil paBHa 45°.
Pewenune Haligem pagvaHHylo BenHYHHY
Puc. 119 ayru 45°:
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A =-lg—0 . 45=%. Huanna | gyru paBHa: [=Ra=20 --%= 5m (em)
IIpumep 3. CkoabKo rpaiycoB COmep:KHT Ayra OKpYMKHOCTH,
AJIMHA KOTOPOH paBHA YABOGHHOMY PajHYCy 3TOH OKPYXHOCTH?
Pemenue. Ilo ycnosuio l=2R, U3 ¢GOpMyabl AJHHBI AYTH
OKDYXXHOCTH HaiineMm: a =LR, ‘OTKyla o =2 pax ~ 114,6°.
I[Tpumep 4. [Iyra okpyxuoctu copepkHUT 200° M HMeeT ANHHY
50 cm. Haitaute pagnyc sTOH OKpYMHOCTH.

Pewenune Haiinem paguanuyio seawunny ayru  200°:

1 o
A =T’8’;.—- 200 =—g—’-‘pau. Haiinem pamnyc R oKpy»XHOCTH:
R.—_'L: 50.9 =i5-z14,3 CM.
a 105 n
Ynpasxcrenusn

1. Hafiaure nauny nyru oxpyxuoctn paamyca 80 cM, ecau nyra
COIEPKHT % panuan.

2. Haiigure rpagycuyio Bennuuny ayru paguyca 18 cwm, coxepxKa-
et % panuaH.

3. Haiipure aauny ayru, comepxameii 120°, ecau ee cTAruBaer
xopaa pauHont 10 cm. '

4. OxkpyxHocTb paanyca 12 cm pasornyra B ayry paauyca 30 cu.
Haiinure rpagychyio Bennuuny stoi AYTH.

5. Hadinute mnepumerp cekropa paauyca 20 cM, paauaHHas

BEJIHYHHA AYCH KOTOPOro paBHa —g— '

§ 41°. NNOWAAb KPYTOBOIO CEKTOPA

Paccmorpum okpyxHOCTB ¢ uentpom B TOuke O paauyca R.
Boisenem ¢opmyay asasi BblUMCIeHHS mwiowaan S cektopa OAB
(puc. 119).

H3BecTHo, uto miowazne kpyra paBua mRZ2 [laowansb cekropa,

2 2
ayra koroporo comepxHT | pan, pasua 52%=RT IMnowanb S cek-
2
Topa OAB, nyra KOTOpOro COAepKHT & pafuaH, paBHa 52- - o (KB. en.).

Hrak, nonyunnu ¢opmyay naowanu Kpyroeoro ceKTopa:
R
S= 7 %
rape S — nJjaomanb, R — paaunyc AYru, o — BeJHUYHHA AYrd ceKTopa.
2n

[Tpumep 1. Beruuuna ayru cekropa B paguaHax paBHa 3

a
,
ero paauyc paseH 9 cMm. Ha#iaure naowann ceKTopa.
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2
Pemenne. S=%’; S=—2"_=

5‘, =27x (cm2).

[Tpumep 2. Pagnanuass BeauuuHa Ayru
KpyroBoro Cekropa pasHa 3, ero mjaowanb
584 cm®. Haiinute paauyc cexktopa.

Pewenue. [To popmyne naowanu Kpy-

Pue. 120 roBOro cekTopa S=i25 naitnem: R?= 2: ;
R2=i.'35ﬁ=256; R= y/256 =16 (cm).
Ynpasxcnenus

1. HaiinuTte nuowmaapb KpyroBoro ceKTopa, pajHyc KOTOporo paBeH
18 cM, a BeHuHHA AYrH B pajuaHax -g—

v

2. Paguyc kpyroBoro cekropa paBeH 12 cM, Ayra ero COAepHT
50°. Bplunc/HTe MJAOHIAAb CEKTOPA.

3. Isuua nyru KpyroBoro cekropa pasHa 120 cm. Haiiaure nio-
uiajb CEeKTOpa, €C/lH BeJHYHHA ero AYrH B pajHaHaXx paBHa 25—"

4. Boluncaute mJolaAb MJIOCKOM JeTanH, H306parKeHHOH Ha pH-

cynke 120 (pasmepbl NpOCTaBJEHbl B MM).

5. Inowans kpyrosoro cekropa pasHa 300 cm2, a Beauuuna ero
Ayrd B paauaHax paBHa 1,5. Haiianre pajuyc cekropa.

6. Iiowans cektopa paBHa 400 cm?, a ero paamyc 15 cm.
Hafignte BenHuHHY AYrH cekTopa B pajHaHax H rpapycax.

§ 42. TPUTOHOMETPUYECKME ®DYHKLIMA
YUCJIOBOTO APIYMEHTA

B BocbMHJIeTHEH IIKOJIe Bbl M3yuyasH TPUrOHOMETPHYECKHe (pyHK-
uun yrjos. Tak, BH 3HakoMbl ¢ (QYHKUHSMH y=sina, y==cosq,
y=1tga, rie o — HeKOTOpLIA yroj. BBeieHue paauaHHOH CHCTEMBI
H3MepeHHSl YIVIOBhHIX BeJHYHH H YCTAaHOBJIEHHE B3aHMHO OJHO-
3HaYHOro COOTBETCTBHS MeXy MHOXECTBOM 3HAaueHHH YIJIOBbIX BeJH-
YHH H MHOXECTBOM JeHCTBHTEJbHBIX UYHCeJ I03BOJISIET PacClUHPHTb
NpeAcCTaBJ/ieHHe O TPHrOHOMETDHYECKHX ¢yHKuHAX. BBenem Temepn
TPHroHOMeTpHYecKHe (YHKUHH UHCIOBOrO aprymeHra.

Paccmorpum KOOPAHHATHYIO TJIOCKOCTb M €AMHHUHYIO OKpPYX-
Hoctb x° 4 y? =1 (puc. 121). Touxa Py umeer koopauuats (1; 0).

PaccmoTpum BpallleHHe NJIOCKOCTH BOKPYr HauaJjla KOOpAMHAT Ha
o panuaH (3gecb e — Ji06oe pefdcTBHTeNbHOE uyHcio). [lycTs B aTom
BpalleHHH o6pa3oM TOukH Po 6yaer Touka P, C KoopauHaTaMHu
(x; y). Touky P, GyaeM Ha3biBaTh COOTBETCTBYIOLLEH UHCIY .

Onpenenenne CHHycOM uHcaa « Ha3blBaeTcs OPAMHATA
TOUKH €AHHMUHOM OKPYXKHOCTH, COOTBETCTBYIOIlas YHCJAY d.

OGo3HnaueHHue: sina=y.
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KaK JIIo60MY MAeHCTBHTE/NBHOMY YHCAY CO-

Onpepgedetue KocHHycom uncaa o yi
HasbiBaeTcd abGcuMcca TOUKM eAHHHYHOMH 2 P,
OKPYXKHOCTH, COOTBETCTBYIOHIAst YHCAY «. - —p&

OGo3naueHue: cos a = x. O61acTb omnpe- y Lo
neneHHst QYHKUHHA Sina M cOSa €CTb MHO- J, N\ \ama
XEeCTBO BCeX NEHCTBUTE/IbHBIX YHCeJ, TakK oy x

OTBETCTBYET OMNpele/qeHHAass TOYKa €4H-
HHYHOH OKPYXHOCTH.

Onpepnenenue. TaHrencom uucia o F%,
Ha3biBAeTCA OTHOLIEHHE CHHYCA 3TOro HHcaa
K KOCHHYCY 3TOro uHcia.

Puc. 121
O6o3nauenue: tg o= ::;Z, cos o == 0.

DyHKUUA TaHTeHC ONpeaeneHa TONbKO /IS TeX 3HayeHH# apry-
MeHTa a, KOTOpble He 06pallaloT B HYJb COS .

Onpeneaenue KoraureHcoM uncaa o Ha3biBaercsi OTHOLIe-
HHEe KOCHHYCA 3TOro YMCJa K CHHYCY 3TOro 4YHcJaa.

Ccos a .
O6o3Hayenue: ctga= g SinoeFE 0.
DyHKUUA KOTAHTEHC ONpefiesieHa TOMbKO IJs1 TeX 3HaueHHHd apry-
MEHTa a, KOTOpble He ofpallaloT B HyJAb sina.

Onpenenenue CekaHcOM uucaa o HasbiBaercs oGparHoe
3HaueHHe KOCHHYCa 3TOr0 4Mcaa.

1
O6o3HayeHHe: sec o =——, cos o 5= 0.
cos a

DyHKIHA CEKaHC ONpeeeHa TOIbKO /151 TeX 3HaueHHi aprymMmeHra
a, KOTOphle He 06pallaioT B HYJb CO3 Q.

Onpeneaenue KocekaHncom uncaa o HasbiBaeTcsi oGparHoe
3HaueHHe CHHyca 3TOro 4ucaa.

, sina 5= 0.

DyHKUHUA KOCEKaHC OmpeJesieHa TO/bKO AJ/sl TeX 3HauyeHHi apry-
MeHTa @, KOTOphie He obpalialoT B HYyJb Sin a.

dyukuuu sina, cosa, tga, ctga, seca, coseco Ha3bBAIOT
TPHrOHOMETPHYECKHMH (YHKHHAMH YHCJIOBOrO aprymeHTa.

[Ipumep 1. 3anonuure Tabauuy:

1
O603HaueHHe: COSecC o =
sina

Aprymenr
Dyuxuua 0 % u 3_5,‘ on
sina
cos a
tga
ctga
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Pewenue. Paccmorpum enMHHUHYIO OKpYXHOCTb (puc. 121)
Ecan =0, to Po(1; 0)—>Po(l; 0). INostomy sin0=0, cos0=1,

tg0= sn®__ 0 _ 0, ctg0 He cymecrByer, Tak kKak sin0=0.

ITonyueHHble pe3ynbTaTbl 3aHeCHTE B MEPBYIO KOJOHKY TaGJIHLbL.
3ano/iHHM “elle OJHY KOJIOHKY 3To#l Tabauubl. Ecau a=7",

T0 Po(l; O)-—»Pg,_.(O; —1). PacCMOTPHM eIHHHUYHYIO OKDYMKHOCT:
3 sin%
sin - = —1; cos—— 0; tg 3, — He CYLIeCTBYeT, TaK Kak
cos_-?il_ COS7
cos%—O ctg—g—{‘-————s%=-_?—l=0. Ocra/nbHble KOJNOHKH 3a-
sin—2-

NOJIHHTE CaMOCTOSITENbHO.

YkaxeM 06J1acTH OnpeneseHHl H MHOXKeCTBa 3HAY€HHH TPHUrOHO-
METPHYECKUX (PYHKLHH UYHCJIOBOTO apryMmeHTa.

Tak kak opauMHata M abGcuucca Ja10060H TOUKH €JHHHUHON OKpYXK-
HOCTH MO MOAYJIO He NPeBOCXOAAT €AHHHLBI, TO MHOXECTBOM 3Ha-
yeHHH (yHKUHH sina W cos a sBasieTcss orpe3ok [—1; 1].

O6nactp onpeneseHuss ¢GyHKUUH tg o €CTh MHOXKECTBO BCex jeil-
CTBHTEJbHBIX YHCeJ, NMPH KOTOPbIX 3HAUEHHe KOCHHYCa OTJHYHO OT
Hysas. @PyHKuUS KOCHHYC obpaiiaeTrcs B HyJdb MOpPH CJAELYIOLLHX

T 3, 5m, T 3n 5n

3HAaYE€HHAX aprymeHra: 7' —2—, 7, eeey —'°-2—; ——2—, —-—2—, ceosy

T. €. TPH BCeX 3HAYEHHAX apryMmeHTa BHAA —g—+nn, rae

n=0; £ 1; &£ 2; & 3; ..., 7. e. n € Z. [Tostomy o61acTbio onpesese-
HUSl PYHKLHH TAHrEHC C/AYXHT MHOXECTBO BCE€X J€ACTBUTEJbHBIX UM-
cesl, KpOMe YHces BHAA —g— + an, rae n € Z.

O6nacth onpenenenusi GyHKUHU ctg a ecTb MHOXKECTBO BCeX nefi-
CTBHTe/IbHbIX YHCeJ, KpOMe TeX, NPH KOTOpPbIX 3HaueHHe CHHYca
paBHO HyJsio. PyHKUHA cHHYC obpallaeTrcss B HyJb NPH CAeLYIOLIHX
3HaueHuax aprymedra: 0; =n; 2m; 3m; ..., — @, — 2m;, — 3m; ...,
T. €. MNpH BCeXx 3HAYeHUsIX aprymeHra Buaa nn, rae n € Z.
[TosTomy obaacTbio onpeaeneHusi GYHKUHH KOTAHIEHC CJAYMHT MHO-
JKeCTBO BCeX NeHCTBHTE/bHBIX YHCe]1, KpOMe UHces BUAa nn, rae n€Z.

MuoxecrBo 3HaueHHH ¢GyHKUHA tga M ctga ecTb MHOXeCTBO
BCeX JAeHCTBHTEJIbHbIX HHCe.

QyHKuHA
sin @ cos a tga ctga
O6nacty onpefe- a % + nn, a = nn,
JIEHHA R R n=0; +1; +2; ...|n=0; +=1; £2; ...
MHoxecTBO 3Ha- . .
(=11 | =11 R R
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Mpumep 2. M3BecrHo, uTo Sina =

o

n —’21 < a < n. Hafigure 3Hauenus QyHKuUHi
cos a, tga, ctga. '
Peuwenue 3anauy Jerue peuIHTb, |
NOJIb3YACh eMHHYHOH OKPYKHOCTbIO L
(puc. 122). Ilycrb Py = R%(Po). Paccmort-
pUM NpPsIMOYTOJIbHbIH TPeyroJbHHK
OBP,: sina u cosa €CTb COOTBETCTBEHHO
opauHaTa M abcuucca TOYKH Pg, | OPy =1,

A(10)

A
&

\f

IOB|=—;. BocnosbzoBaBiuch Teopemoit

IMudaropa, Haiigem |P.B| = |cosal: Puc. 122

lcosal = | P.B| = V|P.O|® — |OB|2 = ]/1—( )

Tak Kak -52°—<a<n, T0 cosa << 0, mosTomy cosa = — t—;

3
3

’

I
<3

L]

3

Ynpasxcnenun

1. CpopmyaupyiiTe onpeneseHHsi TPHUTOHOMETPHUYECKHX (pyﬂxuml
ypcna. 3anuiute 06JACTH OMpENesNeHHs] H MHOXXEeCTBAa 3HaueHHH

5THX (YHKIHH.
2. Ha wmunaumerpoBoii Gymare nocTpoidTe €JHHHUYHYIO OKpYXK-
Hoctb. Ha Heli mocrpoiite TO'—IKH P, nns Takux 3HaYeHHH aprymeHra

a: a) %; 6) —; B) 3 ; T) —-%. Haiigure npHOAHIKEHHbIE

3HaueHHUs] TPUTOHOMETPHYECKHX (YHKIHMA NpPH NAHHBIX 3HAYEHHSAX
aprymeHTa.

1 . LW

3. CpaBHHTEe 3HayeHHs (bymmpm a) sin—Z- M sm(——),

n Y. 5) sin® 3n, 3n In .
6) cos-— H cos(—-—s—), B) sin 5 W Cos=; r) cos Y cos4
A) cos—= u cosdE
8 4
4. JlaHo: cosa == L 438 < o < 2n. Haiigure snauenus GyHKunH

. 2
sina, tga, ctga, seca, coseca.
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5. Ha exunuuHOf OKPYXHOCTH NMOCTPOHTE TOUKH, COOTBETCTBYIO-

we umcaam: 00 X B.®. 2n., 3, S5n., . Tn. 5%, 4m .
1 ’4’3’2,3’4’6’ '6,_4-’—3_’

2’3’4’ 6°
tga, ctgo npu 3THX 3HaueHHSX aprymenTta. 3amojHHTe Tabauuy:

2n. Haiigure 3Hauennss ¢yukuuii sina, cosa,

Aprymenr

P
YHKUHSA 2n 3x | 5n 7 | 5n | 4x | 3x | S5n | 7n | lIx
6

R |l === 1=1—-1]1=1]2n

6 4 3 2 3 4 6

sin a

cos a

tga

ctg o

6. Bbluucaurte:

3n 1 . oT;,
a) 2cos 5 — 7tgn + sin—&;

6) 2sina + cos2a — 5sin3a — 4cos6a npu « =% .
7. BepHo /M paBeHCTBO
c0s30°tg30° — 1 = ctg60°(1 + sin?45°)?

8. Haiigure MHOXECTBO 3Ha4eHMi aprymeHTa X, NPH KOTOPBIX
pasHoctb | — sinx: a) nonoxurenbHa; 6) paBHAa HYJIO; B) OTPH-
unatesbHa.

§ 43. \SMEHEHUE TPUTOHOMETPUYECKMX DYHKLIMA
C USMEHEHUEM APTYMEHTA

Paccmotpum npsiMoyro/ibHylo cHCTEMY KOOpPAMHAT M B Hell elH-
HHUYHYIO OKPYXHOCTb (puc. 123). Ocu KoOpAMHAT AENAT MHOXKECTBO
TOYEK IJIOCKOCTH, He NPHHAAJEeXAallHX OCAM, Ha 4YeThlpe Hemepe-
CEeKaloLLHXCA NOAMHOXKEeCTBA, Ha3biBaeMbIX YeTBEPTAMH WJIH KBaJApaH-
Tamd. OGbluHO ueTBepPTH (KBaAPaHTbl) HyMepylOTCs, KaK MOKa3aHo
Ha pucynke 123. Toukam eAHHHYHO} OKPYKHOCTH, JIeXKaLUUM B NepBOil
yetBepTH (I), cooTBeTcTBYIOT AeficTBHTEeJbHBIE UHCJAA @ M3 NpOMe-

Kytka [0 + 2nn; % + 2nn[, rane n € Z. Toukam eAUHHYHOH OK-
pyxHoCTH, Jexawum Bo BTopoit uyerBeptd (II), coorBercTBylOT
ANEeACTBHTE/IbHBIE YHC/IA O H3 MPOMEKYTKa ]—g-+2:rm; n + 2nn[,
roe n € Z.
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3apaunune . 3anuute YHCJIOBHIE y
NPOMEXYTKH, COOTBETCTBYIOlLHE TOUYKaM
eJMHHYHOH OKPYXKHOCTH, JeXalluMm: a) B
111 yerBeptyu; 6) B IV uerBepTH.

PaccmoTpuM H3MeHeHHe 3HAYEHHH TpH-
FOHOMETPHYECKHX (YHKUHH € H3MEHEHHEM
3HaueHHH aprymMeHTa MO YeTBEPTAM OT
0 mo 2m.

[Mpocaennm BHaua/le, Kak H3MEHSIOTCSA
3HaueHHs] (PYHKIHH Sina C H3MEHEHHEM .
BcnoMHKM, 4TO Sina — 3TO OpAMHATA TOYKH
eAHMHHYHOH OKPYXHOCTH, COOTBETCTBYIOLLAs
upeny a. Ilyetb o Bo3pacraer ot 0
20 —g- , sina 6yaer Bospacratb oT 0 a0 1;
ecJii 3aTeM o BO3pacraer OT -g— a0 m, To sina y6biBaer ot 1 no 0;
npu AajbHeileM BO3PaCTAHHU aprymMeHTa a OT J 10 %’1 3HayeHus

EA
2

5]

2
Puc. 123

sina npomosxaioT y6uiBath or 0 o —1, a 3arem ¢ BO3pacTaHHeM
o oT —322 10 27 3HaueHHs sin a BospacraioT ot —1 np0 0.

[MocTpoum cxemaTnueckuit rpapuk GyHkuun y = sinx (puc. 124)
ansi x € [0; 2n]. O6paTum BHHMaHHe Ha 3HAKH 3HAUEHHH QYHKUHH
sina ¢ M3MeHeHHeM aprymeHTa o no uyerBepTsiM. CxeMaTHUeCKH 3HAKH
3HaueHH QYHKUMH Sina ¢ H3MEHEHHeM apryMeHTa a Mo 4YeTBepTaM
npeacraBJeHbl Ha pucyHke 125.

3anaunue 2. Ilpocaeaure u3MeHeHHe (QYHKIHMH COS® C BO3-
pacranueM aprymesta o ot 0 no 2.

CxeMaTHYeCKH 3HAKH 3HaueHMH KOCHHyca € H3MEHEHHeM apry-
MEHTa o MO0 YeTBepPTAM NpPEACTaBJeHbl Ha pHCyHKe 126.

CxemaTHuecKHil rpaduK (QYHKLUHH Y == COSX H300pakeH Ha pH-
cyHke 127.

Puc. 124 Puc. 125
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Puc. 126 Puc. 127

[Tonbsysce onpenenenusiMu ¢yHkuun tga u ctga, MoxHo npo-
C/Ie[INTh MX H3MEHEeHHe C H3MEHEeHHeM apryMmeHTa a.

3anaunue 3. Ilpocienure W3MeHeHHe TaHreHca M KOTaHreHCa
¢ u3MeHeHHeM aprymeHTa a or 0 go 2.

Ha pucynkax 128—131 nmokasaHo, KaK MOXKHO YCTAHOBHTb 3HaKH
3Ha4YeHUH TaHreHca M KOTaHTeHCa .0 YeTBEPTSM.

Ha pucyukax 132—133 cxemaTH4ecKH MpeaCTaBJEHO H3MeHeHHe
3HAKOB 3HAYEHHH TaHreHca M KOTAHreHCa C H3MEHEHHeM aprymeHTa
NO YeTBEPTSM.

Hawu BbIBOABI MOXKHO CBECTH B TabJHlly:

Gyuruua
YerBepTb
sin a cos a tga ctga
I + + + +
11 + — — -
111 —_— — + +
v —_ + — —
y y| y
Ry RlXeid)
[ ()
< »
<
3\ /r B
0lcost>0 | x cost<0 0 X
sint int Boreigo sint
- _St -
tgt-c——ost:o t9t"'_t’coss 1:(7 tyt-cc—z-%t >0
_€0S _co -
Cctgt=sroz >0 ctgt=groe <0 ctyt=srm>0
Puc. 128 Puc. 129 Puc. 130
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i

s/‘Jt (ﬁe ile)
wn
tgt-1E00
ctgeEr<o

Puc. 131 Puc. 132 Puc. 133

Ynpaxcnenus

1. INpocsenute H3MeHeHHe CEKAHCA H KOCEKaHCa C BO3pacTaHHeM
aprymenta ot 0 o 2n. CocraBbTe TaGJHILY 3HAKOB 3HAYEHHH STHX
GYHKUMA C H3MEHEHHEeM apryMeHTa Mo YeTBepTsM. i

2. HaiinuTe 3HAKM 3HAUYeHH TPHrOHOMETPHYECKHX (YHKUHH nO
3aJaHHBIM HHXe B TabsuLax 3HAa4YeHHSIM aprymeHTa:

a) DyHKUHA

Aprywent sin a cos a tga ctga

285°

—150°

390°

660°

6) GyHKuHA

A eHT
prym sina cos a tg a ctga
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B) Dynkuus
Aprymenr

sine cos @ tga ctga

1,6

—2,3

—6

3,1

3. Haiigure 3Haku 3HaueHuii BulpaxkeHuii: a) sin200° . cos320°;
e E) . ctglln, _te5
6) cos 3 tg( 4 ) ctg 3’ B) cos( — 3)sin(—2)°

§ 44. TABJIULIbI 3HAYEHUA TPUTOHOMETPUMECKKUX
DYHKLIMA YUCNIOBOIrO APIFYMEHTA

IMpuGauKennole 3HaueHHst GyHKUHMH Sine H COSA MOXHO HaHTH
npU NOMOLH eAHHHYHOH OKpyxHocTH. Ha pHcyHke 134 u3o6GpaxeHa
eIMHHYHAs OKPYKHOCTb B Macwtabe | en=>5 cm. Ha okpyxxHocTH
oGo3HayeHbl TOYKH, COOTBETCTBYIOIlHe uHciaaM oT 0 mo 2n uepes
kaxzable 0,05 paguana. C noMouiplo TaKOH OKPYXXHOCTH MOXHO
HaxoAuTb 3HaueHHs sina H cosa ¢ ToyHocThio mo 0,02 — 0,03.

Jisi HaxoxAeHHA 3HA4YeHHH TPHUrOHOMETPHYECKHX (YHKUHH C

Goubllefi TOYHOCTbIO COCTaBJeHbl TabauLb. B «Uerbipex3aHauyHbiX Ma-.

TeMaTHuecKHx Ta6auuax» B. M. Bpaaguca rta6auus VIII, IX, X
Nno3BOJISAIOT HaXOJAHTb 3HaueHus sina, cosa, tga, ctga, ecan 3agaHo
3HayeHHe aprymeHnTa o B rpagycax ot 0 no 90°; ra6auua XII nossonser
HaXOJHTb 3HAYeHHS 3TUX (QYHKUHHA NpH 3HAuUEeHHAX aprymeHra B pa-
auanax ot 0 go m.

[No3gHee 6GymeT noKa3aHO, YTO 3THMH Xe TabJHLAMH MOXKHO
BOCIMOJIb30BATbCSl /IS HAXOXAEHHS1 3HayeHHH TPHrOHOMETPHYECKHUX
(yHKUHH npH JIOGbIX 3HAYEHHSAX apryMeHTa.

PaccmoTpuM npumephl.

TIpumep 1. Haiigure sin50°18’.

Pewenue Bocnoabsyemcs tabauueir VIII. Uueno rpanycos
(50°) HaxoauM B JIeBOH KOJIOHKe, a 4ucja0 MHHYT (18’) — B BepxHe#t
cTpoke. 3HaueHHe CHHyCa HAaXONHM Ha MepeceYyeHHH CTPOKH, CO-
nepxaueit 50°, U KoJIOHKH, comepxaued 18: sin50°18’ =~ 0,7694
(uesnasi yacTb YHCJA yKasaHa TO/IbKO B KoJioHke 0°).

ITpuwmep 2. Hafigure sin65°20’.

Pewenue B JeBoil KoJOHKe HAXOAUM 4ucI0 rpagycoB (65°),
B BepxHeil cTpoke HeT uucsia 20°, nosTomy Gepem 6/HKalilllee K HEMY
uucsao 18. Ha mepeceuenun cTpoku, comepkauieil 65°, H KOJIOHKH,
coaepxaiueit 18/, Haxomum: sin65°18 =~ 0,9085. Heobxoaumo Te-
nepp ‘ydectb mnomnpaBky Ha 2’. ITompaBku (AeCATHTBICAYHbIE) Ha
1, 2 u 3’ comepxarcs B Tpex MOCJeNHMX KOJOHKaX. Tak Kak Ha

142

v ' .

18 17 161 15 14 45 : :

g v AT | i |
g e .

1 2
20
21 32 - </ 40 !
22 I, 99 |
23 08 |
24 % . 07 “
25 06
26 06 05 ,
) \
274 X 04

294 02 |

307 g 01
I Fo0u ;

32 |-08 |-06 |-04 |-G2 [ @ 02 | 04 | 06 | 08 o

33- 102 -6’1

34 jfb_ .

3 = 4 29‘
367\ _ Kss
37 106 57 |
3'8/ A 5,8,
39’ ° 108 55
0 5%
" 9T S < 53
42 ,
45 ] Tk 173 52
?

I A
49 4547 48 49 57

APuc. 134

npomexyrke or 0 g0 90° ¢ BospacraHueM aprymeHTa BO3pacTaer
3HaueHHe CHHYCa, TO HalfileHHylo monpaBKy NpHGaBJsieM K 3HaUeHHIO
sin65°18’.

[NpuBeneM 3anuch pellieHHA:

sin65°18” — 0,9085
+ 2/ —_— 2 +

sin65°20’ ~ 0,9087

Tlpumep 3. Hakinnre cos34°13’.

Pewe#ne s HaxoXKAeHUs 3HAYeHHH KOCHHYCa NOJb3YIOTCHA
T0H e Tabauueit VIII, 4T0 H AAA HAXOXKAEHHA 3HAUEHHH CHHYCA.
ToabKO uuCI0 rpasycoB 6GepyT H3 NpaBoi KOJIOHKH (4yeTsepTas
KOJIOHKA crnpaBa, nepel KOJOHKAMH HOMNPABOK), @ UHCAO MHHYT —
M3 HUXHeH CTPOKH. B HuxkHell cTpoke Her uucaa 13/, nostomy Ha-
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xoaum Oauxkaidiuee K Hemy uucao 12/, ‘Ha' nepeceueHHH CTpOKH,

coaepxauleit 34°, 1 KOJIOHKH, cofepKalued 127, yurtaem: cos34°12’ ~

=~ 0,8271. B 3Toi1 e cTPOKe HaXo4HM NonpasKy Ha |/, paBuyio 2 ne-

CATHUTHICAYHbIM. Bcnomuuaem, uTo ¢ yBe/uueHHeM aprymeHTa Ha

NPOMEX yTKe OT 0 no 90° 3naueHuss KocuHyca yOblBaIOT, MOITOMY

Hal[leHHYIO MONpPaBKy Hal0 BbIYECTb OT 3HAaueHHsA cos34°12’.
[Mpusenem 3anuchb petueHusi:

c0534°12" — 0,8271
+ 1" — 9~

cos 34°13" = 0,8269

AnanoruuHo 3HauyeHHst TaHreHCa W KOTAHreHca MNpH rpanycuon
BeJIHYMHE aprymeHTa HaxoAsit no tabG.auue IX.

[To Tta6anue X HaxoadT TaHreHcol yraos, 6au3kux Kk 90°, U Ko-
TAHreHCbl MaJbiX YIJIOB. '

[To ta6anue XII HaxoaAT 3HAUeHHS TPHFOHOMETPHUYECKHX (YHK-
LI YHCJOBOro aprymesra.

[Tpumep 4. Haiigure cos1,47.

Pewewnue. Ilorabauue XII B KosoHKe x (3HaueHHS aprymeHTa)
Haxonum 1,47. Ha nepeceueHuu crpoku, comepikaliledl 3TO 3HaueHHe
apryMeHTa, 4 KOJIOHKH CcOSx uuTaeMm oTBeT: cos 1,47 =~ 0,1006.

[Tpumep 5 Haitaure tg1,7832.

Pewenue. tgl,7832 ~ tg 1,78 ~ — 4,7101.

Ynpaxcrenusn

1. Haiigure:

a) sin56°30’, 6) cos32°18’, B) tg17°12’, r) ctg16°30’,
sin59°40’, cos61°107, tg 48°49’, ctg47°35/,
sin78°57; cos 74°27; tg64°53’; ctg 78°23’.

2. Haiinure 3HauyeHusl cHHyca, KOCHHYCa M TaHIeHCa CJEAYIOLIHX

uucesa: a) 1,48; 6) 0,26; B) 2,381; r) 3,051.

§ 45. PEWLWEHME NPOCTEMLLMNX TPUTOHOMETPUYECKMX
YPABHEHWUA U HEPABEHCTB HA MNMPOMEXXYTKE
OT 0 4O 2n

[MpocrefilinMH TPHrOHOMETPHUYECKHMH ypaBHEHHSIMH OOLIUHO Ha-
3bIBAlOT ypaBHEHHUSl BHAA Sinx =a, cosx =a, tgx=a u ctgx=a
B 3Tux ypaBHeHMAX nepeMeHHas HAXOAMTCS [M0J 3HAKOM TpH-
roHOMeTpHYeCcKOH (YyHKUHH, @ — JaHHOe uuciao. B sTom naparpa.
(e Mbl HayuMMmca peluaTb JIHIUb MepBbie ABAa YpPaBHEHHS HA Mpo-
mexyTtke [0; 2m]. 3amerum, uro [sinx| << 1 u [cos x| << 1, nostomy
ypaBHEHHsl Sinx=a W cosx==a umeloT pelweHusa npu |a|<I.
PaccMoTpUM KOHKpeTHble MpPHMEpDI.

[Tpumep 1. Pewnre ypaBHenue sinx = 0,5.
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Peuenne PaccMOTpHM eAHHHUYHYIO - Y
okpyxHocTb (puc. 135). Halizem Ha Heit ‘
TOYKH, OpAHHATHl KOTOpbIX paBHbl 0,5. Ta--
Kux Touek nBe: A u B.

Paauausbie Bennununl ayr MA n MB \ 4
M 6yayT pelleHHeM [1aHHOTO ypaBHEHHsl Ha
Y . : i -
npomexKyTKe OT 0 o 2n: X =MA = g M x
MB-— T — BN 3ameuaeM, 4TO BN =
5.
=MA, NO3TOMY Xg == Jt — -i;———ﬁf . i)
[Mpumep 2. [Tonb3ysicb  €AMHHUYHOK .
OKPYXHOCTbIO, H300pa><€HHOH Ha pHCYHKe Puc. 135
134, pewwure ypaBHeHue cosx = — 0,4 Ha

npomexytke 0 < x < 2m. , _ )

Pewenune Ha eauHnuHoli OKPYXXHOCTH HaXOLHM TOUKH
aGcuuccol koTopblx paBHbl —0,4. Takux Touek JBe, 3THM TOUKaM
Ha npoMexytke ot 0 no 2n coorBercTByioT uuciaa 2,0 u 4,3.

Ortset: x; =~ 2,0; %2 &~ 4,3.

Mpumep 3. Pewure ypaBHenue cosx =1 aa x € [0; 2m].

Pewenune Ha ernHHYHON OKPYXKHOCTH HMeeTCA TOJNbKO OJHA
Touka ¢ a6cuuccoir 1. 1o Touka M (puc. 135), eit cooTBeTCTBYIOT
yucaa 0 u 2n. [Nostomy x; = 0; x; = 2.

[Mpumep 4. Pewnte ypaBHenue cosx =0 m1a x € [0; 2n].

Pewenune Ha eiuHuuHON OKPYKHOCTH HMEIOTC ABE TOUKH
¢ a6cuuccoit 0. 3to Touku C u D (puc. 135). DTHM TOUKaM COOTBETCT-

BYIOT 4ucaa % H % , MO3TOMY paccMaTpuBaeMoe ypaBHeHHE HMeeT
IBa pelIeHUs X| =—’2-‘- H x2=% Ha npomexytke [0; 2n].
3ananue l. C moMoubio eSHHHYHONH OKPYXKHOCTH peLIuTe HA
npoMexytke [0; 2n] ypaBHeHusi: B) sinx = —g; 6) cosx=
T
2

[MpocTeiiwiiMH TPUrOHOMETPHUECKMMH HepaBEHCTBaMU OGbIYHO
Ha3blBAlOT HepaBeHCTBa BHAA sinx = a (sinx < a) uau cosx >=a
(cos x < a), tgx = a, ctgx = a. B aTHX HepaBeHCTBaxX nepeMeHHas Ha-
XOJMTCA MO 3HAKOM TPUrOHOMETPHYECKOH (PYHKLHH, a @ — JaHHOe YHCJIO.
B nanHom naparpajge Mbl C MOMOILBIO €AHHHYHOH OKDPYXKHOCTH
HayuMMCsi peliaTb TakHe HEPaBeHCTBA TONbKO Ha MPOMEXYyTKe
[0; 2n]. PaccMoTpuM npuMepsl.

[Tpumep 5. Pemnre HepaBeHcTBO sin x < 0,5 Ha npomexyTke
[0; 2xn].

Pewenue PaccMoTpuM efHHHUYHYIO OKpYxKHOCTb (puc. 136).
Haiinem Ha Heil TOUKH, OPAMHATHl KOTOPLIX paBHbl WiH MeHbure 0,5.
sicHo, YTO 3TOMY YCJOBHIO YINOBJETBOPSAIT TOouku aAyrh AMDNB.
MHoxecTBO TO4YEK 3TOH AYrH MOXHO 3anucaTtb B BHIe OoObegnHe-
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Puc. 136 Puc. 137

HHMSl JBYX YHCJOBBIX NPOMEXYTKOB: [0; —g] U [—%‘; 2n], rae npo-
MEXYTOK [0; —’61] cooTBeTcTBYeT Jayre MA, a npoMexyToK

[%’—‘; 2n] — nyre BNM.

Orser: [ ; ] 2n]

[Tpumep 6. Peunre HepaBeHCTBO cosx>-—— Ha NpoMexyTKe
[0; 2x].
Pewenue PaccmMorpum eAHHHYHYIO oxpymuocrb (puc. 137).

Haiizem Ha He#t TOYKH, aGCLHCCHI KOTOPHIX GoOJblue -é—. $lcHo, uTO
3TOMY YCJIOBHIO yIlOBJIETBopﬂIOT BHyTpeHHHe ToukH ayrd AMB. Touke
B cooTBETCTBYET YHCJIO — 3 , Touke A — uyucao 2n——;1——— BayT-
peHnue Touku Ayri AMB MoxHO sannca'rb B BuAe OObelAHHEHHSA

YHCJIOBBIX npomemy'n(oa: [0 [ 2n]

Omser: [0; 5[ U .‘Zn]

3anpaHue 2. C nomombxo e[IMHHUYHOH OKDYXKHOCTH Ha npome-
x)yTtke [0; 2n] pewnte HepaBeHcTBa:
V2

-—?2-; 6) cosx< ——YZ.

a) sinx > 5

Ynpaxcrenusn

1. C noMmowbio eNMHHYHOH OKpyXHOCTH (puc. 134) peunte
C/eAyIOlLHe TPHTOHOMETPHYECKHE YPABHEHHS Ha MPOMEX yTKe [0; 2x]:

.a) sinx=1,5; 6) cosx=0,45; B) cosx= —0,65;

r) sinx~0,85; a) sinxx~—0,65; e) cosx=—2.
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2. Cnenyouiye TPUrOHOMETPHYECKHE YPAaBHEHHS PeLIHTe Ha mpo-

mexyrke [0; 2n]:
a) sinx=1; 6) cosx=0; B) sinx=Lf-;
r) cosx=—'/22; n) sinx=—0,5; e) cosx=—0,5;

x) sin?x-42sinx+1=0; 3) cos?x=cosx.
3. Pemnte HepaBeHcTBa Ha npomexyTtke [0; 2n]:

a) sinx>=0,5; 6) cosx<<0,5; B) sinx<<—0,5;
r) cosx>-—0,5; ) sinx<L2_§—; e) cosx}—‘/—;—?’—;
X) sinx<-——-ﬁ; 3) cosx>—@.

2
4. C noMolLbiO €IHMHHUHON OKpyXKHOCTH (puc. 134) peudte ciae-
AylOlllHe TPHrOHOMETPHUECKHe HepaBeHCTBa Ha npomexytke [0; 2x]:
a) sinx>0,52; 6) sinx<<0,7; B) sinx<<—0,21;
r) cosx<<—0,25; 1n) cosx>0,7; e) cosx<<0,44.

§ 46. SABUCUMOCTU MEXAY TPUrOHOMETPUHECKMMU
DOYHKUUSIMHU OQHOITO U TOIO XKE APTYMEHTA

HekoTopblie 3aBHCHUMOCTH MeXAY TPHFOHOMETPHYECKHMH (YHKIHSA-
MH HaM YyXe H3BECTHBI:

tga_—__Siﬂl, a;e-—’zl+nn, rne n€Z (1)

cos a
COoS o

ctga=—— Py

, a=nn, rae n€Z. (2)
DTH 3aBHUCHMOCTH BBeJEeHbl KaK onpeie/eHHs. YCTaHOBHM elle
HECKOJIbKO 3aBHCHMOCTEH.

PaccMoTpuM eauHHYHYIO OKPYXKHOCTb (puc. 138) H Hekoropylo
ee Touky P, (x; y), cooTBercTByOLLyi0 YHCAYy 0. KoopauHaThl Jo6oi
TOUKH P(x Y) eIHHHUYHOH OKDYXKHOCTH CBSI3aHbl COOTHOLLEHHEM
%24+ y?’=1. Tlo onpenenenuo x==cosa, y==sina. [Tosromy

sina 4 cos?a=1, rae o €R. (3)

Toxnecrso (3) noka3elBaeT, 4YTO, 3Has 3HAueHHe OJHOH H3
¢yHKUHMA sine HIH COSa, MOXHO HAaHTH COOTBETCTBYIOLee 3HaueHHe
apyroii u3 Hux. Tak, ecnin H3BeCTHO 3HayeHHe COSa, TO H3 pa-
BeHCTBa (3) HaxoAuM:

|sina] = ¥'1 —cos?a.

Yro6bl HaliTH Sina, HAKO elle 3HaTb, KAKOH YeTBEPTH NPHHAMJIEKHT
TOYKAa eJMHHYHOH OKPYXKHOCTH, COOTBeTCTBylowas uucay a. Hanpu-

1
M€p, €CJH HU3BECTHO, 4TO COSQ=?, TO O 3aAaHHOMY 3Ha4Ye€HHIO
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MOXHO HalTH [Ba pa3jHuYHBIX 3HaueHus sin o (puc. 139): sina=
2 ]/ 3 . V3
= l—-(—;—) =—3— W sine=——— (opauHate! Touek M u N).
Ecan e Ham, HanpuMep, H3BECTHO, UTO TOYKA, COOTBETCTBYIOLLAs
3n
yucay @, npuHamiexur IV uerBepTH, T. e. 7<a<2n, TO 3Haye-

V3

HHe CHHyCa OMNpele/IfeTCsi OJHO3HAYHO: Sina=——5—.

AHasorHyHo OGCTOMT H€JI0 C HAXOXAEHHEM 3HAUEHHS COSa npH
3aJlaHHOM 3HaYeHHUH sina:

lcosal= V1 —sin%a.
ITepemnoxkuB nousnenHHo paseHctBa (1) u (2), moayuum:

sina cosa
tga-ctga=——.——=1.
g g cosa sina

DTO paBeHCTBO CNpaBeIJIMBO TOJNbLKO NMPU TeX 3HAaUEHHSX apryMmeHra,
npH KOTOpLIX omnpedeneHsl ¢GyHKuuu tgoa u ctga, 1. e. npu
a;&—g—+ nin U a=nn, rae n € Z. Ha equauudoit okpyxHoctu (puc. 140)
KPYKOUKaMH BbIJ€J€Hbl TOYKH, COOTBETCTBYIOLIHE YHCJAM BHAa
%—{-nn, IJIsT KOTOPBIX He onpejeneHa ¢yHKUHA tga, a TakXe TOUKH,

COOTBETCTBYIOLHE YHC/JaM BHAA 7.7, JLJS KOTOPHIX HE OlpejeseHa
¢yHkuus ctg a. O6beaHHEHHEM STHX MHOXKECTB GyaeT MHOXKECTBO el -
CTBHTE/IbHBIX UHCEJ BHIA “2—”, rae n € Z. [lostomy paccmarpuBaemoe

PaBEHCTBO CMNpaBENJIHBO MNPH BCEX AEHCTBHTENBHBIX UYHCJIaX, KpoMe

yHces BHAA ’fz—n, rae n€Z.
Hrak,

tga . ctga=1, a#:%'i, rae n€Z. (4)
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Pasencrso (4) nossonsieT HaxXOAHTb 3HaueHHe tga MO 3aJaHHOMY
1 1
ctga tga '
ToxnectBo (3) pasgeauM nounesHo Ha cos?a, uTO BO3-
MOXKHO NPH BCE€X 3HAYEHHAX a, He o6pau1,alou.mx COsa B HYJB, T. €.

3HayeHHIo ctgo u o6paTHO: tga

; ctgo

npu a;&%+nn, rae n€Z. Monyunum:

sinfa |, cos’a __ 1
cos’a ' cos’a  cosia ’
1
l+tg2a=m, a;&—g-]—:m, rae n € Z. (5)

ToxnecrBo (3) pasgenum nouseHHo Ha sin®a, YTO BO3MOMKHO
MpH BCeX 3HAYEHHAX o, He O6pallAOIHX Sino B HYAb, T. €. NpH
a = nn, rae n € Z. INoayuum:

sinfa , cos’a __ 1
sina sin‘a sin*a ’
1
1 + ctgla= ——, as=an, re n€Z. (6)
sin’ a

®opmyanl (3) — (6) ABAAOTCA TEOPeMaMH B OTJHYHE OT (HOPMYJ
(1) — (2), BBeneHHBIX KaK ONpejeseHHs.

ITpumep 1. Bripasure uepes tga: a) cosa; 6) sina.

Pemenue. a) Bocnoabsyemcss coornomennem (5). M3 Hero
Ha#jaeM:

1
V1+4igla .

6) Bocnosb3ayemcss cootHoumienuemM (1). U3 Hero Halimem:
sina =tga - cosa. Tenepn, 3Has BbIpaxkeHHe cosa uepes tga, momy-
unm: [sina|=—8% _ .

V1+tgle

l'lzp umep 2. Ynpocrure Bripaxenue (1—cosa)-(l4cosa)—
—sin“a.

Pemenue. (1 —cosa)(l+4cosa)—sina=1—cos?a—sina=
=1—(cos’a+sin‘a)=1—1=0.

9 1
COs“ 0 =————, OTKyZa |[cOoSa|==
1+tg’a yaa | !

sin*¢ 4 cos*t — 1

ITpume . YnpocTHTe BHIpaXKEHH
p p3 P paxenue sin® £ 4 cos® ¢t —1

PemeHnmue.

sintt4costt—1 _ (sin®f+cos*t—1 _ (I—cos?t)P’4costt—1

sin®t +cos®t —1 = (sin®f)° 4 cost —1  (I—cos2f)+cosi—1

1 —2cos?t 4 cos*t 4 cos*t—1 _ _2cos’t(cos®t—1) __
1 —3cos?t43cos*t— cos®¢+ cosbt—1 3cos’t (cos?t—1)

2
=

[Ipumep 4. JlokaxuTe TOXKIECTBO:
sina (14 ctga)+cos®a (1 +tga)=sina + cosa.
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Pewenue. sina(l4ctga)dcosPa(l+tga)=
= sin a(l 4 52 c"s“)—{—cos a(l+ S'"a)

Cos a
. sin a €0s a cos a sin a
= sin a___.-*____l_cos a.__-+_—=

sina cos a
=sin?a (sina 4 cosa) -+ cos?a (sina 4 cosa)=
=(sina +cosa)(sin®a + cos’a)=
=sina -+ cosa, sina+ cosa=sina-} cosa.

I[Tpumep 5. HaecrHo, uro cosa=—-§— " 12”-<a<n. Haii-

IuTe 3HaueHus sina, tga, ctga.
Pewenue 1. M3 cooTHowenns (3) Haxoaum:

inal= v 2 R —(EVy_ V"
|sina|l= V1 —cos®a, |sinal= ¥ 1 ( 5)— -

k11 .
B 3agannom HHTepBaJle —- < a <7 3HaueHHs SIna MOJIOXKHTEJbHbI,

2
. 21
No3TOMY sxna=—5C.
vl i
sina 5 21
2. tga= cosa’ tg __2___—2_'
5
_msa’ctga=_2 2;/_2_1.
na '/2_1 21 -
Ynpascuenun

1. [To paHHOMY 3HayeHHI0 OJHOH M3 TPHrOHOMETPHUECKHX
¢yHKUHH H HHTEpBajly, B KOTOPOM HAaXOIHTCH apryMeHT, HaHIHTe
3HAYEHHS OCTaJbHbIX cpyuxuuﬁ:

a) smoz—l <a<n, 6) cosa=—%, n<a<ﬂ;

B) tga=2, :n'.<a<-5- r) ctga——-3— ——<a<2n

2. CyuecTByeT Jii Takoe 3HauyeHHe aprymeHra X, NPH KOTOPOM:
a) sinx=-§- H tgx=%; 6) sinx=1 n cosx=1;

B) sinx=0 u cosx=0; r) sinx———ﬁ H cltgx= 152

3. HaliguTte 3HaueHHe BLIpaXKeHHH:
sina+tga 1 3n .
—T = =—1 1 T<a<2n
a) cosa+ctga’ ectn tga 2 <e<<im
6) 5 3sina - cosa

_3sina-cosa ——9:
sin?a —3cosTe’ oM ciga ’

B) sinacosa ,ecau sina—cosa=1;
r) tga+4ctg’a, ecan tga+ctga=>5;
1) tga-cos’a, ecau sine+cosa=—
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4.

a) sina-seca; 6) tga-coseca;
r) ctga-seca; a) sina-cosa-tga; e) sino-cosa-ctga.

5.

a) 2—sin%?a —cos?a;
B) sin’a+cos?a+tga;
1) cosec’a — ctg?a —cos?a; e) sec’a—tgZa—sina;

6.

Ynpocrure BbIpakeHus:
B) cOSa - coseca;

YnpoctuTte BhIpa)KeHHs:
6) 14 cos?a—sin%a;
r) sin?a+ctg?a -4 cos?aq;

2sin?a— 1 . 4 2 .2 2
S EE—— 3) sin‘a cos“a sin“a cos“a. f
sinea —cosa ’ ) + + it

Jloka)kuTe TOXK/AecTBa: ‘

1 — cos?a |
=1—cosa; i

sina + ctg a sin a 4+ cos’ @
6) (14 tg2a)(l — cos’a)=tg?a;
B) ctga ’ |

+ —;—=2seca - cosec a;
r)* (seca - ctga)® + (cosec a - tg a)’ = sec?a - cosec?q;

tga

sina cos’a

1) cos’a 4 sin’a - sin?p 4 sin?a - cos?p=1;

e) sin*a 4 costa + 2sin®acosla=1;
X)) (sin @ 4 cos a)’ + (sin @ — cos a)? = 2;
1 4 cos a + cos’a

2
3)* = cos‘a.
) 1 4+ sec’a + seca

YnpocTute BbipaKeHHS:

a) LSy, 6) secx+-£5 —
cos®a cos x
B) I — (sin x — cosx)?, : ) sin o 1l —cosa,
1 4 sin’x — cos®x’ 1 —cosa sin o
sina + 2 cos®a 3cos’a 1 1 sin?¢
1) 2sinfa — 11— 2cos’a’ e) cos’t  ctg’t | tg't

Jlokaxkute ToXjaecTBa:
a) tg’x —sin’x =tg?x . sin’x;

6) cos’a - 2sin’a + sin’a - tg?a =

cos?a ’
cos® a+sin’ o _ .
) (1 —cos a sin a) sin a—l_Ctg &
— cosec’a

r)* _— ct a———l

) 1 — 3sin’a + g2

cos x + sinx - ctg x .

bt 2sinx = ;

) tgx + sin x

e) (1 + ctg x) - sin®x 4 (1 + tg x) cos’x -
(sin x + cos x)? v
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' sin?t - sint 4 cost .-
K — =sint -4 cost;
) sin{ — cos ¢ tg?t —1 +
3) ctgla —Zcosza sinacosa __ |
ctg®a ctga

1T— 1
9. YnpocTHTe BbipakeHHe sna fsina  ecnm
1 + sina | —sina :

—g— < o<
§ 47. NOHATUE YETHOM U HEYETHOW dYHKLIMK

Paccmorpum  ¢yukuuu f(x)=x> (puc. 141) u @x)=x"
(puc. 142). Kaxpas u3 HHX 3aJaHa Ha BCeM MHOXECTBE J€HCTBH-
TeJbHbIX yHces. 3apuKcHpyeM IBa pa3jiMyHbIX 3HaUeHHs apryMeHTa,

paBHbIX MO aGCOJIIOTHOH BeJHYHHE H OT/IHYAIOWMXCA 3HAKOM, HampH-
mep 2 u —2. CpaBHHM COOTBETCTBYIOUIHE

gy o 3HAuYeHUs] KaXJof M3 paccMaTpUBaeMbiX
M, M ; GyHKUH:
4 f@)=2"=4u[(-2)=(-2'"=4

T. e. [(2)=[(—2);
@(2)=2°=8, ommako ¢(—2)=(—2)°=
= —8, 1. e. p(—2)=—0(2).
Hetpynuo noranatecs, uTo Anst GyHKUHH

-2 0 2 X
f(x)=x° cnpaBeanuBo ciexyiollee paBeH-
ctBo: f(—x)={(x); Takylo ¢yHkuuio Ha-
Puc. 141 abiBaloT ueTHoll. Hast ¢pyukunn @(x)=x°

crpaBeasuBO paBeHCTBO @ (—x)= —q(x);
TaKyl0 (pYHKLHIO HAa3bIBAIOT HEYETHOH.
y CyLiecTBYIOT, 04HAKO, (QYHKIHH, He OT-
X HOCSILHECS] HH K YETHbIM, HH K HEUYEeTHbIM.
Paccmorpum, Hanpumep, ¢yHKUHIO P (x)=
=x -+ 1, 3ajaHHyl0 Ha BCEM MHOXECTBE
AeHcTBHTeIbHbIX uHcea, Pp(—x)=—x 4 L.
fdeno, uto Y(—x)s=P(x), a  TaKkxke
P (—x) #%= — P (x), nosToMy QyHKIHIO P(x)=
=x -+ 1 Heib3d OTHECTH HH K UETHbIM,
HH K HeYeTHbIM (YHKUHSM.
Onpenenenune 1. ®Pynkuus f(x)
¢ obaactbio onpeneaenuss D naspiBaetcs
yeTHOH, ecan aasa aob6oro x€ D u —x €D
BuinonHserca pasedctso [ (x) =f(—x).
3anaunue 1. lokaxunre, 4T0 QyHKLHUS
: f(x)=|x| uernas.
K Onpenenenune 2. dynxkuna f(x)
-8 ¢ obaactbio onpeneienuss D nasbiBaercs
HeueTHO#, ecau aas aw6oro x € Du —x €D
BbinoAHsAETCA paBeHcTso [ (—x) = —f (x).

L
y=x’

Puc. 142
152

Bananue 2. Jlokaxute, uTo (PyHKUHs [(X)==X HeueTHas.

3anpaunue 3. [lokaxure, yto ¢pyHkuus f(x)=2 — x He ABaf-
eTci HH YeTHOH, HH HeueTHOH.

Vs onpenenenust yeTHOH (YHKUHH HENOCPEACTBEHHO CJenyerT,
yTO e€e rpaduKk CHMMETpPHYEH OTHOCHTEJBHO OCH OpAHHAT (CM.
puc. 141). [eiictBurenbHo, ecnu y=f(x) — ueTHaa QyHKuUHsA, TO
[(—x)=f(x) u Toukn M(x; f(x)) u M;(—x; f(x)) rpadpuka pac-
cMaTpuBaeMoil (yHKUMHM CHMMETPHYHBI OTHOCHTEJBHO OCH ODJAHHAT.

W3 onpenesnenusi HeyeTHOH (YHKLHH HEMOCPEACTBEHHO CJeAYeT,
uyTo ee rpaduKk CHMMETPHYEH OTHOCHTEJbHO Hauvaja KOOpAHMHAT
(cm. puc. 142). NeiicTBUTENbHO, €ciH Yy = [ (x) — HeueTHast QyHKLHS,
10 f(—x)= —f(x) u Tourn K(x; f(x)) u Ki(—x; —f(x)) rpaduka
paccmaTpuBaeMod (PyHKUHH CHMMETPHYHBl OTHOCHTENIBHO Hauaja Ko-
OpAMHAT.

I'padukn pyuxuui, He ABJAAIOIIHECH HH YETHLIMH, HH HEYETHBLIMH,
He CHMMETPHUYHbI OTHOCHTENIBHO OCH OPAHMHAT H HE CHMMETPHUHHI
OTHOCHTEJIbHO HayaJja KOOpJHHAT.

HeTtpyaHo mokasaTbh H o6paTHbBE YTBepIKAEHHS.

1. Ecaiu rpaduk ¢yukuuu f(x) c¢ obaactbio onpenenenus D
CHMMETpHYEH OTHOCHTE/IbHO OCH OpJAHHAT, TO 3Ta (YHKUHS UeTHas.

2. Eciu rpapuk ¢yukuuu ¢(x) ¢ obnacrelo onpepenenus D
CHMMeTpHYEH OTHOCHTENbHO Hauaja KOOPAHHAT, TO 3Ta (QYHKLHSA He-
yeTHas.

JokaxuTte 3TH yTBEPKIEHHS CaMOCTOSITeNBHO.

Ynpasxcnenusn

1. Ha pucynkax 143—150 uso6paxeHnl rpaduku ¢yHKuui, 3a-
IlaHHbIX HA MHOxecTBe [a; b]. ¥YcraHOBHTe, KakHe H3 NpPHBEAEHHBIX
¢yukuuit: a) uerHnle; 6) HeueTHble; B) HH Y€THble H HH HEUETHbE.

: i %

a ¢ b x al/ 0 b x

ro b X

Puc. 143 Puc. 144 Puc. 145 Puc. 146
axef ) . :_f
! yeIxi-2 J
A 1 2 2] _
a0 b x N /b X Ofa b x a 0 b x
Puc. 147 Puc. 148 Puc. 149 Puc. 150
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2. Hokaxure, uto pyHKuusa f(x)=x* vernas.

3. Hokaxure, uto pyHkuus f(x)=x> Heuernas.

4. Noxkaxwure, uto ¢yHkuus f(x)=2x — | HM yeTHas M HH He-
yeTHas.

5. Kakne u3 npHBefeHHBIX HHXKe (YHKUHH 4YeTHble, KakHe He-

YeTHble, KaKHe HH YETHble H HM HeueTHmle: a) y==2x; 6) y=—§-;

B) y=x"+4; 1) y=(x—3)% 1) y=2x—5; e) y=I[2x—5];
X) y=x—x+43?

§ 48. YETHOCTb M HEYETHOCTb
TPUFOHOMETPUUYECKMX dYHKLIMA

Teopewma. DPynkyua cos o ernan, ¢pynkyuu sina, tga, ctga
HeueTHOIE.

HJokasarteabcTtBo. 1. Paccmorpum o¢yHkuuio cosa. OHa
3ajJlaHa Ha MHOXECTBe BCeX MAeHCTBHTEJIbHBIX uHces. PaccMorpum
€JHHHYHYIO OKPYXHOCTb (pHc. 151), mpoH3BOJBHOE 3HaueHHe apry-
MEHTa @ H 3HayeHHe apryMmeHtra —a. Haiinem cootBercTBYyIOlIHE
3HaueHHs1 (QyHKUMH KocuHyc. UHcay & cooTBeTCTByeT TOuka P,
e€AHHHYHON OKPYKHOCTH, a YHCJIY —@ — ToukKa P_, 3TOil OKPYXKHOCTH.
Touku P, u P_, cUMMeTPHYHbl OTHOCHTEJIbHO OCH abcuuce, MoIToMy
X a6cuuccel (3HayeHHs KOCHHyca) coBmagaior. TakHm o6pa3om,
npu Jio60M ¢ BBHINOJHAETCS PaBEHCTBO cOS(—a)=CoSa, O3Haua-
oltee, YTO (PyHKUHS COS 0. HUeTHas.

2. PaccmoTrpum (yHKUHIO sin a, 3aJaHHYI0 Ha MHOXeCTBe BCeX
neAcTBHTeabHbIX yHucen. Halinem 3HaueHHsi 3TOH (yHKUHH AJas —d.
H3 cummerpun touek P, M P_, enHHH4YHOH OKpyxHOCTH (pHc. 1561)
OTHOCHTEJIbHO OCH alCLMCC CJelyeT, YTO HX OpAHHATHl (3HaueHHsA
CHHyCa) NMPOTHBOMOJIOXHB. TakuM o6pa3oM, npH JMOGHIX O BLINOJHA-
ercst paBeHCTBO sin(—a)= — sin o, o3Hauaiollee, 4YTO (YHKUHA
sin @ HeueTHas.

3. JlokaxkeM HeueTHOCTb (PYHKUHH TaHreHc. BHauane 3amerum,
yto ecan a € D (tg), o u —a € D (tg).

sin (—a)- —sina

tg(—a)= cos(—a)  cosa

PapencrBo tg(—a)= —tg a o3Hauaer, 4TO

9\ (GyHKUHSA TaHreHC HeyeTHas. '

. 4. JlokaxeM HEYEeTHOCTb (PYHKIHH KO-

tanreHc. 3ameTuM, uto ecau o € D (ctg),

/ TO H — tg).

£os oL o€ IZO(SC(EZ) __ cosa

of <ot sin (—a) T —sina

N PaBencrBo ctg(—a)= —ctgoa o3nauaer,
uTO (pYHKIHS KOTAHreHC HeueTHas..

ITpumep 1. DBoluHciauTe 3HaAYEHHSA
¢yHkuuit sina, cosa, tga, ctga mnpu
Puc. 151 a = 330°.

= —tga.

fS]

= —ctga.

ctg(—a)=

n(<)Suno
x|

)
!

330° —30°
Pemenue R, =R, , nosromy

sin 330° = sin (—30°) = —sin 30° = — —;
3
cos 330° — cos (—30°) = cos 30° =-LE.;
V3

tg 330° = tg (—30°) = — tg 30° = — ——;
ctg 330° = ctg (—30°) = —ctg 30°=— y3.
Mpumep 2. YnpocTHTe BbipaXKeHHE:

(cos (—a) + sin (—a))’ — |

cos?(—a) — sin*(—a)— 1~

Pewenue Bocrnoabayemcss paBeHCTBamMHu sin(—a)= —sina,
cos (—a)==cos a. [Tonyuum:
(cos (—a) 4 sin(—a)! — 1 _ (cosa — sin of —1
cos?(—a) — sin*(—a) — 1 T Tcosla —sinfa—1

2q — i infa — 1 —2cos asina
__ cos'a 2 cosa sin @ + sin‘a L S =ctga.
cos?a — sin’a — (sin’a + cos®a) — 2sin’a
Ynpaxctienusn

1. JloKaxkuTe YeTHOCTb (PYHKLHH CeKaHC.
2. JloxakuTe He4eTHOCTb (PYHKIHH KOCEKaHC. i
3. BolunciHTe 3HAUeHHS TPHUFOHOMETPHYECKHX (YHKUHHA TpH

3HAuYeHHH aprymesra, paBHoM 315°. .
4. Buuuc/uTe 3HaUEHHs TPUrOHOMETPHYECKHX (QYHKILHHA NpH 3HA-
: 5
YEHHH apryMeHTa, PaBHOM —I.
5. BbluncauTe 3Ha4YeHHs! BbIPaXKEHHH:
1 4 tg (—60°) . ) 2 — sin (—45°) cos (—45°)
2) sin 60° + sin (—30°) ’ tg (—45°) - ctg 45°

6. YnpoctHTe BLIpAXKEHH::
2) (cos (—a) — sin (—a))? 6) cos (—a) sin (—a)

1 — 2sin (—a) cos (—a)’ 1—2sin’(—a) 1 —2cos’(—a)’
7. Nokaxure, uto dynxuus f(x)==sinx -+ tgx HeueTHas.
8. Jlokaxure, uto Qyskuus f(x)==sin2x - tgx yerHas.
2
9. Jlokaxurte, uto QyHKuus f(x) = ——5— ueTHas.

10. [lokaxnure, uto dynkuus f(x)= x*sin x uyeTHas.
11. okaxure, uto ¢Qyukuus f(x)= x? 4 sinx He sBAseTcH
HH YeTHOi, HH HEYETHOH.
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§ 49. NEPUOAUYHOCTb TPUTOHOMETPHUUECKUX
PYHKLUMA

Tlpouecc, KoTopblii NOBTOpsieTCA Yepe3 ONHH H TOT Ke MPOMEXYTOK
BpeMeHH, Ha3hIBaIOT EpHOAHYECKHM. B mpupoae u TeXxHHKe MBI 4acTO
BCTpeyaeMcsl C MepHOJHYECKHMHU MpoueccamH. Hanpumep, Bpaluenue
3emau Bokpyr CosHIIa — MepHOAHYECKH NMpoliecc C BpeMEHHBIM Npo-
MEXYTKOM (mepHoaoM) B OAHMH roi. 3eMJsl BpallaeTcs BOKpPYT
ConHua no TpaekTopuH, O/M3KO# K 3Jauncy. PaccrosiHne Mexay
3emsieit u CosHIEM C TeyeHHEM BpeMEHH MeHseTcsl, OJHaKO B J0GOH
MOMEHT BpeMeHH H pOBHO uYepe3 roj IOCJe 3TOro pacCTOSIHHE
mexnay 3emnaell 1 CosiHLEM OLHO H TO XKe.

ODyHKIHH, OMHCHIBAOLUIHE MEPUOJHUYECKHE MPOLECCH, TaKkKe Ha-
3pIBalOT nepHogHuecKHMU. [lisi KaJoHl NepHOAHYECKO# (YHKIHH,
TakuM 00pa3oM, CYyIUeCTBYeT 4YHCJIO, OTJIHYHOEe OT HyJsA (mepuoj
¢yHKUHH), npubaBieHHe KOTOPOTro K NMPOU3BOJBHOMY 3HAYEHHIO ap-
ryMeHTa He MeHsIeT 3HauyeHHs] (QyHKUHH.

ITpumep 1. Paccmorpum oyHKuuio f(x)={x} — npoGuyio
yactb uyucaa (puc. 152). I'paduk oyukuuu f(x)={x}=x — [x]
n3obpakeH Ha pHCyHKe 152. SlcHo, uTO eciu npH6GaBHUTBH K JIOGOMY
YHCJAY X eIHHMIY, TO ApoGHasi 4acTb 3TOr0 YHC/AAa HE HU3MEHHTCH.
Mostomy f(x+ 1)={x+ 1}=f(x). Hanpumep, {5,3}={6,3}=
=0,3. 910 paBeHCcTBO o3Hauaer, uTo ¢yHkuusa f(x¥)={x} nepuonu-
yeckass ¢ nepuoxoM, paBHbiM 1. OueBuaHo, J/i06Goe LeJ0e YHUCIO,
OTJIH4YHOE OT HyJs, OGydeT MNepHOAOM paccMaTpHBaeMOd (YHKIHH,
yucso Ke 1 siBJsieTcs ee HAHMEHbLIHM NEPHOLOM.

Onpenenenune dyukuua f(x) ¢ o6aactoio onpenenenus D
Ha3biBaeTCA MNEPHOALHUYECKOH, eclH CyllecTByeT TaKoe u4uciao =0,
uto AJs Jwéoro x € D uncaa x+ ¢t u x — ¢t Takxke anHa}lJle)Ka’l‘ D
H BbINOJIHAETCA PAaBEHCTBO

f(x+1)=f(x).

M3 atoro onpenenenus caenyert, uto f(x — ) =f(x).

JlokaxceM Tenepp, YTO TpPUrOHOMeTpHYecKHe (YHKLHH MEPHOLH-

qeckHe.

Teopema 1. Pynkyuu sina u cos o nepuoduueckue ¢ Hau-
MEHbUIUM NOAOHCUTEALHBIM ne-
puodom 2m.

y* JdokasarteabcrtBo. O6-
JIaCTblo onpefe/neHHs (QYHKLHH
R o M —- CHHYC H KOCHHYC SIBJISIETCS MHO-
70 , / f"/r JKECTBO BCeX AeHCTBHTE/bHBIX YH-

cen. ITostomy uucaa a, a - 2x,

vz 190 J l' X o — 2n, ... npuHannexar o6aactu
onpeneneHdHa (QGyHkUuA sino
‘cos a. PaccMoTpuM eqHHHUHYIO
okpy:xKHOCTb (puc. 153). Ilycrb
Puc. 152 P, — TouKa 3TOH OKpYXHOCTH,
156

. OpaxeHHe TIUIOCKOCTH Ha cels, M0O3TOMY

?c‘mP

COOTBeTCTByIOu.laﬂ lmc.ny a. Bpawenue nao- gl
ckocTH R,™ ecTb TOMECTBEHHOE OTO- '

Rcb+2n=Ra=Ra—2n

‘-IucnaM o, o+ 27, a—2xn COOTBeTCTByeT
c,zma M Ta Xe TOYKa eJHMHHYHOH OKPYIKHO-

Tostomy

sin (@ + 2n) = sin a = sin (a — 2n)
cos (a 4 2m) = cos a = cos (a — 2n).

AHa/IorM4HO MOXKHO 10Ka3aTb, YTO (PYHKLHH Puc. 153

. sin @ H oS o NepHOJHYECKHE C NEPHOAOM 27,

. VI3 npuBeNeHHLIX paBeHCTB C/aeayeT, 4To uncaa 4w, 6m, 8m, ...,
—4n, —6x, —8m, ..., T. e. uuca1a BHAa 2km, rae kEZ, Takxe
nepuoiabl QyHKUHHA Sin o U cOS a:

sin (a + 2nk) = sin a,
cos (a + 2nk) = cos a.

B rpaaycHoit cucTeme H3MepeHHsl yIJIOBbIX BEJMUYHH 3TH paBeH-
CTBa 3alHUCLIBAIOT TaK:

sin (a -+ 360°k) = sin a,
cos (a + 360°k) = cos a.

Hucno 2n aABnseTcs HaMMEHbIUMM IMOJOXHTEbHBIM NEPHOLOM
dyHKuM# sino H cosa.

> ' MNokaxeM, uto umca10 2% €CTb HAUMEHBLIHH MOMOMHTeJbHBIN
nepuox (QyHKuHH cosa. Jloka3aTeJlbCTBO MNpPOBEAEM METOAOM OT
npotusHoro. [lpeanonoxum, u4To cyuiecTByer Takoe 4uciao 0 << m <<
<<{2m, UTO AAA BCeX 3HAUEHHH O BLINONHSIETC PAaBEHCTBO
cos (o 4+ m)=cos a. [TokaxkeM, 4TO CyLIECTBYIOT TaKHe 3HAUEHHS q,
NpU KOTOPbIX 3TO PaBeHCTBO He BhinoJHsercs. [lyctb a =0, Torma
cosm=cos0=1. Ha eanHHYHO# OKPYKHOCTH €CTb TOJbKO OAHA
TouKa ¢ abcuuccoil 1. Ato touka A(1; 0). Touke A cooTBETCTBYIOT
TOJIbKO uKcaa Buaa 2kn, rae k € Z. Cpeau 3THX YHCeN HET HU OILHOTO
uyncaa m, takoro, uyto 0 <<m << 2n. Ilostomy cos m 5= 1. [lonyuen-

~HO€ NMpOTHBOpeUYHe AOKa3biBaeT, YTO YUCJO 27t — HaHWMeHbUIHI M0J0-

XKHTE/NbHbIA NepHOA (YHKUUH COS . AHA/JOCHYHO MOXKHO [OKa-
3aTh, YTO YHMCJIO 27 — HAHMEHbIUHH MOJIOXKUTEIbHbIA NEPHOR (YHK-
nuu sin a. <

Teopewma 2. Pynkyuu tg o u ctg a nepuoduuecxue ¢ naumens-
wum noaoNcuTeAbHOIM nepuodom .

! 3pech M panee Martepuan, DACHOJONKEHHHE OT 3HaKa P 10 3Haka <«
npefHasHauyeH ydYalluMcs, MNPOABAIOLIHM MOBLILIEHHBIA HHTEpeC K MaTeMaTHKe.
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y HokasateabctBo. Paccmorpum
eJMHHUHYIO OKpyxXHoCTb (puc. 154). Ilpu
JMi060M 3HAUYEHHH aprymeHTa o H3 00/1acTd
onpeaneseHust GyHKUHH tg o 3HaUeHHs o + 7
H 0 — 5 TaKXe NpuHHaasexar o6sactd on-

X penesenusi 310l QyHkunu. Ilyctb Touka P,

H | COOTBETCTBYIOILASI YHCJIY @, HMEET KOOpIH-

l s Hatel (x; y), Toraa Touyka Pgys, COOTBET-
o ‘ cTByIOLLAsl YHCAY O - 7, CHMMETPHYHA TOY-
BoonlX;-4L] Ke P, OTHOCHTeJbHO HauyaJja KOOpAHHAT H

umeeT Koopauuatel (—x; —y). Takum obpa-
30M, HMeeM: :

Puc. 154 & sina =y, cosa =X,

sin (@ 4+ n)= —y, cos(a + )= —x,;

sinf@+a)  _—y y  sina
e ————— e e I ——— t R
tg(a+n) cos(a+n) —x x cos o ga
3T0 03HayaeT, YTO YHCJAO 5 — MepHOA (PYHKLUHHM TaHreHca.
AnajioruyHo:
cos(a+a) —x x cos a
ctg(a + ﬂ)—m—-_—y——;-—m— ctga.

ATo 03HAYaeT, YTO YHCJIO T — MepHOA (YHKLHH KOTAHIEHC.
OueBuaHo, uto yucaa 2xm, 3n, 4x, ..., —2m, —3n, —4m, ..,
T. €. uucna Buzaa km, rae k € Z, takxe 6yayt nepuosaMu GpyHKUHEA TaH-
reHc M KOTaHreHC.
CJuegoBaTenbHO,

tg(o+ nk)=tga, k€Z;
ctg(a + nk)=ctga, k€ Z.

B rpaaycHoii cucTeMe M3MepeHHsl YIJOBbIX BEJIHYHH 3TH PaBEHCTBA
MMEIOT BHA: : '

tg (a + 180°k) =tga, k€ Z,
ctg (a + 180°k) =ctga, k € Z.

MOXHO A0Ka3aTb, YHC/IO 7 — HAHMEHbIUHH MONOXKHTENbHbIA Me-
puoa ¢yukuuii tga u ctga. ’ :

JlokaxkeM, HanmpUMep, 4TO YHC/IO 7 — HAHMEHbLIHH MOJIOXK HTeb-
HBlfl nepuoa TaHreHca. JlokasaTenbCTBO NPOBeAeM METOAOM OT Mpo-
tuBHOro. IlpeamosioxuM, 4TO CyllecTByeT Takoe yucao 0 <m <m,
yTo AJS BCeX 3HaueHHH o BbIIOJNHAETCH paBeHCTBO tg(a 4 m)=
=tga. [lycrb a=0, Torna tgm=1tg0=0. Ho Ha npomexyTke
10; n[ ¢yukuus tg e B Hyab He ob6pauiaercsi. [lostomy Her Takoro
yucaa m € ]0; n[, npu koropom tg m = 0. [loayueHHOe npoTHBOpE-
yde HOKa3blBAaeT, YTO UHCAO Tt — HAUMEHbLUIHH MOJIOXKHTE/bHBIH ne-
puoa ¢yukuuu tga.
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AHaJIOrHYHO MOXKHO JOKa3aTb, UTO YMCJIO T — HaHMEHbLUHH moO-
JIOXKHTeJIbHBIH nepuoa GyHkuuu ctga. "

B panpHeiinieM HaHMeHbLHH MNOJOXHTENbHbIN nepuoa (yHKUUH
Mbl yacto 6yleM Has3blBaTb OCHOBHBIM TMEPHOAOM (PYHKLHH.

ITpumep 2. Boiuncaure sin 1470°.

Pewenue Ilepuon cuuyca pasen 360°. Pasgenum uncao
1470 na 360, nonyuum:

1470° = 360° - 4 4 30°, |

sin 1470° = sin (360° - 4 4 30°) = sin 30° = -

IMTpuwmep 3. Boiuncaure tg 945°.
Pemwenune. Ilepuon taHreica pasen 180°. Pasaenum uucio
945 nHa 180, noayunm: 945° = 180° - 5 + 45°.

tg 945° = tg (180° - 5 + 45°) = tg 45° = 1.

IMTpumep 4. Hafiaure HauMeHbIIMHA MNOJOXKHUTE/bHbI NEPHOR
(YHKUHH y = cos 3x.

Pewenne [Ilyctb m — nepuon ¢yuxkuun cos3x. Toraa
cos 3(x + m)=-cos 3x pns mwo6oro x € R. Ilyctb x=0, Toraa
cos 3m == cos 0 = 1. Ha npomexytke [0; 2n] ypaBuenue cos 3m =1
nMeer aBa peuweHHs: 3m=0 u 3m=2n. Ilo ycaoBuo m =0,

2n 2n o
noaTomy m =? CﬂeﬂOBaTe.ﬂbHO, m =T— HaHWMEHbUIHH MNOJIOXKH-

TeNbHbIA MepHOA (PYyHKUHH y = cos 3x.
ITpumep 5 Haiinure nepuon dynkuuu f(x)= sin 6x.
Pemwenune Tak Kak OCHOBHOH mnepuoa ¢QYHKUHH Y = sin x

paBeH 2;, TO OCHOBHOH nepHol ¢yHKUHM y==sin6x pasen
L3

3
f(x -}—%): sin(G(x—}-%))::sin (6x 4 2n) = sin 6x = f (x).
[Tpumep 6. Haliaute ocHoOBHOH  mnepuoa HKLLHH
f (x) =sin 2x + cos 4x. by
Pewenue OcHoBHo# mepHon ¢yHkuuu sin2x paseH 2 n,

2
OCHOBHOi1 mepuoa (yHKUuH cos4x paBeH 24—“==-’2‘—.
razatbcsi, 4TO OCHOBHOH NEPHOA AaHHOH (YHKUHH €CTb HaHMeHb-

J
6’
T. e. —. JleficTBHTe/bHO,

Herpyatso no-

uee ofluee KpaTHOE YHCE] T H —, T. €. YHCIO L.
JHeiictButennHo,
f(x+n)=
= sin (2 (x + x)) 4 cos (4 (x + n)) = sin (2x + 2n) + cos (4x + 4n)=

== sin 2x 4 cos 4x = [ (x).
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Ynpasxcuenusn

1. Ha#figute 3HaueHus:

a) sin 1500°; - 6) cos 1140°;
r) ctg 1125°; a) sin(—780°);
x) tg(—390°); 3) ctg(—420°).

B). tg 1860°;
e) cos(—1110°);

2. Haiiaute 3HaueHusn:

. 33 197 .

a) sin —= 6) cos 7
3ln, 137

B) tg——6 ; r) ctg—-.

3. Hafinnte HauMeHbWHH MONOXKHTENbHbIA NepHOL Y QYHKLUHHU:

a) sin2x; 6) cos4x;
B) tg(x-}—%); r) ctg3x.

4. YnpocTtute BbipakeHue:
cos (@& — 2m) - tg (a + n) - sin (o — 4n)
3sin (6n 4+ o) - tg (¢ — 3m) ’
cos (o 4 2n) - tg (@ — n) 4 ctg (a 4 x) - sin (2n — a)
) cos (a + 4mn) - cos (& — 2x) + sin (2n + @) - sin (@ — 4n)°

5. Hafinute ocHOBHO!H nepHoa PYHKLHIt:
a) f(x)=sin3x 4 cosbx; 6) f(x)=rcos2x 4 tg4x.

§ 50. FPAMOUKU DYHKUUA sinx U cos x

[Mpexae uem cTpouTb rpacHKH TPHTOHOMETPHUECKHX (DYHKUHH,

OTMETHM, 4YTO KaxXaas U3 HHUX HEelpepbiBHA Ha Bcell obsacTu CBOero

onpene/neHus. ATO O3HAuaeT, YTo
lim sin x =sina, ecan a € D(sinx)=R;
X—a

lim cos x=cos a, ecau a € D(cosx)=R;

xX—>a

lim tg x = tg a, ecau a;&—;i + nn, n € Z;
limctg x =ctga, ecnu a = nin, n € Z.

-DTu yTBepKAEHHS MOXHO [0Ka3aTb, OLHAKO Mbl MpumMeM HX 6e3
Il0oKa3aTesbCT Ba. )
l. Fpaguk ¢pynkyuu y =sin x. )
BcrniomHum u3yuenuble cBoficTBa ¢yHKUMH y=sinx. PyHKuusa
y = sin x: . . '
1) onpenenena Ha BCeM MHOXKECTBe AefCTBHTe/bHbIX uucea: x € R;
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‘3aHO IMOCTpPOeHHe rpacpHKa‘ asist

Puc. 156

2) HMeeT MHOXKECTBOM 3HaueHHil orpesok [—1; 1], nosrtomy
ee rpauK pacrosnokeH B [OJOCE; OFPAHHYEHHONH MPSAMBIMH y=1
Hy=—1I; ‘ g '

3) HeueTHa, NOITOMY ee rpaUK CHMMETPHYEH OTHOCHTEJbHO HA-

- 4aJia KOOpAHHAaT;, MOXHO MOCTPOHUTL €ro 4yacTb BHayaJe AJs x> 0, a

yacTb rpaduka ana x <0 Gyger CUMMETPHYHA MOCTPOEHHOH 4acTH
OTHOCHTE/IbHO Haua/jla KOOpAHHAT, - o

4) nepHomMYHa C HaMMeEHbLIMM MOJIOKHUTEIbHBIM . ePHOLOM - 27;
MOXHO NOCTPOHTH ee Tpaduk BHauase ans x € [0; 2n]; noseaeHue
QyHKUHM Ha OCTaBLIeC YACTH YHEAOBOI npsiMmoit 6yneT HOBTOPATH-
cs-¢ nepuoaom 2m; : '
n

2

C BO3pacTaHHeM X OT % no m y6eiBaet ot 1 a0 0;

9) ¢ 'Bo3pacranuem x ot 0 g0’ Bo3pacraet ot 0 go I; -

: 3
C BO3pacTaHHeM X OT . 10 ?" y6biBaetr ot 0 g0 —I;

'C BO3paCcTaHHeM X OT T" no 2n Bospacraer-or — | go O:

6) HenpepbiBHa Ha MHOXeCTBe AeHCTBHTENBHbLIX UHCes {3ToT
¢dakT npuHumaem 6e3 jgoKasaresbCTBa, ONUpasicb Ha HarasgHoe
fpencTaB/ieHHe O HENPepbLIBHOM H3MEeHCHHH OpAMHATBI TOYKH, Bpa-
Wwaiouleiicsi - BOKPYr Haya/la KOOPAMHAT MO eNHHHYHOH OKpYyX-
HOCTH) . ' '

Tenepb Mbl MOXeM MPUCTYNHTb K NoCTpoeHHio rpaduka GyHKIHH
y = sin x. Ha pucyuke 155 noka-

x € [0; -2"—], c/1eBa u3obpaxeHa

eAHHHYHAsA OKpyxHOCcTb. Ha pu- . f
CyHke 156 uso6GpaxeH rpaguk +
dyHkuMn y=sinx aas x € [0; 2n].
Ha pucyuke 157 uso6paxen rpa- f——"————— ""'
GUK  PyHKUMH y=sinx gaa ' ’

X €[—2m; 2n], noayuenumlli u3
rpagpuka 3Tol  yHkuMH gas

Puc. 156

6 3axas 252 161
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Puc. 157

x €[0; 2n] ¢ nomowpbIO lEHTpabHOH CHMMETPHH C LEHTPOM B
HayaJjie KOOpAHHAT.

3 apanue. [Ipocrnegure BoinonHeHHe cOPMYJIHPOBAHHAIX BHILLE
cBoiictB 1—6 ¢yHKuMH y =sinx no ee rpaduky.

2. I'paguk ¢Pynkyuu y = cos x.

BcnoMHMM BHayase CBOMCTBA (YHKUMH Yy=coSx. PyHKuHA
Y ==Ccos x:

1) onpeneneHa Ha BCeM MHOXeCTBe MHeHCTBHTEJIbHbIX 4YHCEN:
x €ER;

2) uUMeeT MHOXKeCTBOM 3HaueHuit otpesok [—1; 1], nostomy
ee rpaduK pacrnoJiokeH B IOJOCe, OrPAaHHYEHHOH NPAMBIMH y==1
Hy=—1

3) ueTHa, MO3TOMY ee rpauk CHMMETPHUYEH OTHOCHTEJIbHO OCH
OpPAMHAT; MOXHO IMOCTPOHTb €ro YacTb BHaua/le jaaa x>0, a
yacth rpaduka i x << 0 6ymer cHMMeTpHYHA MOCTPOEHHOH 4acCTH
OTHOCHTEJIbHO OCH ODJHMHAT;

4) nepHoAMYHA C HAUMEHBLUIMM MOJOXKHTENbHbIM TEPHOAOM 2;
MO3TOMY MOKHO MOCTPOHTHL ee rpaduk ans x € [0; 2rn]; noBeneHue
(YHKUHH Ha OCTAJbHOH YacTH YHCJIOBOH NpsAAMOH OyleT MOBTOPSATHCA
¢ nepHonom 2m;

5) ¢ Bo3pacraHueM x ot 0 no —2“— y6niBaer ot | no 0;

J ¢ BO3pacTaHHeM X OT -’2'—

no m y6uiBaer or 0 jo — 1;
€ BO3pacTaHHeM X OT T 0
3n
2

]
Bo3pacraer o1 —1 10 0;

3.
5 : ¢ BO3pacTaHHeM X OT

1o 25 Bo3pacraer or 0 no 1;
6) HempepbiBHA Ha MHOXeCT-

Puc. 158 Be AeHCTBHTENbHHX uHcea (3TOT

162

Puc. 159

¢akT Mbl npuHHMaeM 6e3 [0Ka3aTe/bCTBa, ONHpPAsCh Ha HaIJsLHOE
npeAcTaBjieHHe O HeNMpepLIBHOM H3MeHEeHHWH abCLHCChl TOYKH, Bpa-
uLapollefcss BOKPYr HadaJja KOOPAMHAT N0 €JHHHYHOH OKPYXKHOCTH).

IpucTynuM Tenepp K NocTpoeHHIO rpacduka GyHKUHH Yy == COS X.
Ha pucynke 158 nokasano moctpoenne rpaduka aas x € [0; 2n].
Ha pucynke 159 wusobpaxkeH rpaduk ¢yHKUHH Hy==COSX AJs
x € [—2n; 2], nonyuenHblil u3 rpaduka 3Tod pyHkuun aas x € [0; 2xn]
C NOMOLUIBIO OCeBOH CUMMeTPHH So,.

Ynpaxcnenusn

1. IToap3ysce rpacdukom ¢yHkuun y=sinx (puc. 156), pewure
HepaBeHCTBO sin x >0, eciu x € [0; 2n].

2. Moab3ysach rpagpuxkom pyHkuun y=-cos x (puc. 158), peunre
HepaBeHCTBO cos x << 0, ecau x € [0; 2x].

3. Haitaure Hynu ¢yHKuMit y =sin x 1 y = COS X Ha NPOMEXKYTKe
[—2n; 2n], noab3ysicb rpapukaMu 3THX QYHKUHIL.

4. Toab3aysice rpadukamMu QyHKUHHA y = sin x U y = cos x, HaHAH-
T€ MHOXeCTBO pelleHHH ypaBHeHusl: a) sinx=1; 6) cosx=1;

B) sinx=—1;r) cosx=—1
5. IToctpoiite rpaduku yHKuHii:
a) y=sin2x; 6) y=rcos 2x; B) y=2+sin x;
T) y=—24cosx; 1a) y=2sinx; e) y= —sinx;

X) y=2cos x; 3) y=sin(x+%); H) y=|sinx|;

K) y=|cosx]|.

§$ 51. TPAOUKN OYHKLIUMA tg x U ctg x

1. T'pagux pyukyuu y=tg x.
Bcnomuum coiictBa yHKuun y=tgx. DPyHkuua y=tgux:
1) onpenenena na MHOXecTBe BCeX AeHCTBHTEJIbHbIX YHCeJ, KpO-

Me 4YHces BHAA —;‘-+nn, rie n=0; +1; +2; ...;
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" Puc. 160 ' Puc. 161

2) MMeeT B KauecTBe MHOXECTBAa 3HAaueHHH MHOXeECTBO BCeX
JeHCTBHTE/IbHbIX YHCeN; o , ‘ :
' "3) HeueTHa, MO3TOMYy ee rpadHK CHMMETpHYEH OTHOCHTE/]bHO
HauaJsa KOOpJHHAT,; o f

4) nepuoAMYHA C HAHMEHbLIMM IOJIOXKHTEJNbHbIM MNEpHOAOM I,
- 5) c Bospacranuem x ot 0 10 —- Bo3pacraer oT 0 no. oo, ¢ BO3-

k14

2
He omnpejneJ/ieHna,

pactaHuem x OT JO0 7t TaKXe Bo3pacraetr OT — oo 100, B ToOukax,

o T
—.—H-——

2 2 . .

6) HenmpepbiBHA Ha Bcell 06JacTH ompenesieHHsl. . ’

Ipadguk ¢ynkuuu y=tgx n3o6paxes Ha pucyHke 160. Ou
COCTOHT H3 GECKOHEYHOro YHC/1a OJHHAKOBBIX BETBEH.

2. I'pagur ¢ynkyuu y=ctgx ns3obpaxkeH Ha pPHCYHKe 161.
CdopmyaupyiiTe H3BeCTHble BaM CBOHCTBA (YHKIHH y=_ctgx,
Ho1b3ysch ee rpadukom.

Ynpaxcrnenus

1. TTonb3ysack rpadukom QpyHkuuu y =tg x (puc. 160), nainure
ee HyJH. .

2. TMonbaysice rpadukoM pyHkuuu y=ctgx (puc. 161), naiaure
ee HYyJIH.

3).1 [onb3ysick rpadukoM ¢yskunn y=tgx (puc. 160), pewnre
nepasenctBo tg x <0 mns x € [0; n].

4. Tloab3ysch rpadukoM QyHKuun y=ctgx (puc. 161), pewnure
nepaBencTBo ctg x >0 maa x € [0; n].

5. Tocrpoiite rpadukH PyHKUHN:

a) y=tg2x; 6) y=ctg-i2‘—; B) y=Iltgxl; r) y=lctgxl;
n) y=2+tgx.
164 o

§ 52. PELLEHME NPOCTEALLMX TPUTOHOMETPUYECKUX
YPABHEHUA HA MHOXECTBE AENCTBUTEJIBHbIX YACEN

Boiwe B § 45 mbl pewanu mnpocreiiliie TPUTOHOMETPHUECKHE

ypaBHeHHst Sinx==a u cosx=0b Ha npomexyrke or 0 a0 2rn. Pac-
CMOTPHM pelleHHe TaKHX ypaBHEHHH Ha MHOXECTBE JeHCTBHTEJb-
HbIX uHCes. ‘ v

Ytounum 3sanauy. Ecaum 3amaHo HekoTOopoe uHMCJIO X, TO Cy-
IeCTByeT eAHHCTBEHHOe 3HayeHHe QyHKUHH sin x. O6GpaTHoe yTBep-
xaeuue HesepHo. OmnpefenleHHOMY 3HA4YeHHI0 (YHKUHH Sin x,
Isinx| <1 cooTBercTByeT He 04HO, a GECKOHEYHOE MHOXKECTBO
3HAYEeHHH MepeMeHHOH X.

Pelintb TpHroHoMeTpHYecKoe ypaBHeHHE O3HAYaeT HAATH MHOXe-

CTBO 3Ha4YeHHUH nepemeHHoﬁ, COOTBETCTBYIOLLUX 3aJaHHOMY 3HAYEHHIO -

TPHFOHOMETPHYECKOH (YHKUUHU.

1. Pewenue ypasnenus sin x = a.

MHoxecTBOM 3HaueHHH QYHKUHH y=sinx sBJseTCd OTPE30K
[—1; 1], nostoMy paccmaTpHBaeMoe ypaBHEHHE HMeeT pelleHHs
auwb npu |a | < 1. '

ITycts, Hanmpumep, 0 <<a<<1, Torpa ua npomexyrtke [0; 2]
laHHOe . ypaBHeHHe HMeeT JBa KOpPHA X, H x; (puc. 162), mnpu-
ueM X, =% — X,. I'padHyecku 3TH KOpHH ecTb aGCLHUCCHI TOYeK
nepeceyeHHUss CHHYCOHAbl y==sinx W npamoit y=a. B cuay ne-
PHONMYHOCTH (YHKUMH y=sinx AN HaAXO0XK/JEHHS MHOXECTBA
BCeX pellleHHH JaHHOro ypaBHEHHS HAJ0 K KaXXAOMY H3 HaHIEeHHBIX
KOopHe#l npubaBuTb 4yuciaa BHaa 2nk, rae k € Z. Ilosromy pelueHueM
ypaBHEHHMsl sSinx==a B paccMaTpHuBaeMoM cJjyyae GygeT OGbeIH-
HeHHe J[IBYX MHOXECTB 3HayeHHH mepeMeHHOH: x=x,- 2nk
WM X=0 — Xg+ 2nk=— x4+ 2k + )n, rne k€ Z.

Hns —1 <a<<0 nonyyaloTcss aHaJOrHYHbie MHOXKECTBA pelie-
HH#.

[TonyuenHble MHOXXecTBa pelleHHA ypaBHEHHS] MOXHO HCKyC-
CTBEHHO OObeAHHHTb B OAHY ¢opmyay. Ilas 3TOro 3aMeTHM, 4TO
(—1)" paBHo | mpu n =2k (ueTHOM) u paBHO — | npu n=2k + 1

(neuetroMm). ITo3TOMy BMeCTO ABYX YCTAHOBJEHHbIX (OPMYJ MOMHO'

HaMHcaTb OJHY:
=(—1)"xy+ nn, roe n € Z.

Puc. 162
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4l Mp  BbiBeAn ¢OpMyJyY KOpHeHl TpH-
‘ FOHOMETPDHYECKOFO  YpaBHeHHSL  Sin X =
2 =a(lal<<I). Dra d¢opmysa Bepaxkaer
X MHOXKECTBO BCeX KOpHeit NaHHOro ypasHe-
arcsing HHS Uepe3 OJHH H3 HHX X,. B kauecTse x,
(xp % MOXKHO Obl10 BbLIGpaTh JIOGOH KOpeHb OaH-
NG o X Hor?-lgga:::g“mnﬁomecmo elieHHH aB

arcsinta) p P, i P yp
A, HeHUs sinx=? MOXHO 3anucaTb dopmy-

o n
aoi x =(—1)'==+ ann, n € Z, a MoXKHO 3a-
Puc. 163 =13 ’ 7
o 55

nucath H ¢opMysIoH x=(—l)"—6—+ nn,
TaK Kak 4Hcaa % H —%“——Kopﬂu naHHoro ypaBHeHus. Kaxpas

H3 npuBelieHHbiXx (opMysn onpexeasier OAHO K TO XK€ MHO-
JKECTBO peLIeHHH, XOTA BHA HX paasHuyeH. Takee pasnHune B
¢opmMax OTBETOB HeyHOGHO, NO3TOMY [OrOBODHJHCb X, BbIGH-
patb H3 TaKHX INPOMEXYTKOB, Ha KOTOPbHIX paccMaTpHBaemasi
TPHrOHOMeTpHYecKasi (YHKLHSA NPHHHMAaeT BCe CBOH 3HAYeHHS,
NpHUYEM Ka)K[1oe U3 HHX TOJNbKO oAHMH pa3. Hanpumep, masi ¢pyHKuuH
y=sinx B KauecTBE TAaKOrO MNPOMEXYTKa BHOHPAIOT OTPE30K
[—~;——; —g—] Ha sToM oTpe3ke sinx NpHHHMaeT BCEé CBOH 3Haue-
Hus1 oT — 1 go 1, npHyeM Kaxkjoe M3 HHX TONbKO OAMH pas.

Pewenne x, ypaBHeHHst SinX==@a, B3sTOe H3 NPOMEKYTKa
[——2’3—; —’2‘-], HA3bIBAIOT IJaBHbIM; ero o0GO3HAualoT arcsina
(unTaercs: <«apKCHHYC a»): X,=arcsina. [lo-naTuHckn arcus —
nyra; o6o3HaueHue arcsina — 3TO yrJjopasl BeJHYHHA AYTH, CHHYC
KoTOpoil paBeH a. Takum o6pa3oM, cTaHlapTHas popmyna Ll MHO-
JKeCTBa pelleHHH YpaBHEHHs Sill X==a HWMEeT BHA:

x=(—1)"arcsina + an, rae n € Z.
B rpanycHoii CHCTeMe H3MepeHHs YIVIOBbIX BeJHYHH 3Ta opmyna

nmeer Bua: x==(—1)"arcsina + 180°n, rne n € Z u arcsina Bbl-
paxeHa B rpaaycax. [lJsi peluieHHs ypaBHEHHsl SinX==a BaXHO

TakXe MMeTb B BMAY, uTO arcsin(—a)= —arcsina, 4TO HETPyIHO
YCT2HOBUTb MO eNHHHUHOH oOKpyxHoctH (puc. 163). Hanpumep:
. 1. .1 T,
arcsin (— —2—)— —aresin—4 = ——;
i V2y_ arcsin V- — — %
arcsm(———z—— = =
V2

Npumep l. Pewnre ypaBHenue sinx ==
Pemenue. MHOXeCTBO pelieHHH NAaHHOrO YpPaBHEHHS MOXHO
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3anucath B CTaHAapTHOM BHIE: X= [
n . V2 . N
=(—1) arcsint5= + nin, n€Z. Haiinem S
Y2 ’ 1 ¢
arcsin —'[2——— dT0 yrsioBasi BeJHYMHA AYTH U3 2] & !
&
|
npoMexyTKa [——;—; —g—], CHHYC KOTOpOIi !
paBen -’/22 SlcHo, uToO arcsin—"/z-z=—g-. '1= 0 1 x
[TosToMy MHOMXKECTBO pelleHHH JaHHOro |
ypaBHEHHS] UMEeT BHJ: .
2
—(—1) T
x=(=1)'7+an, rne n€Z. Puc. 164

P Ecan nekoropasi ¢yukuus f(x) onpenesena, HempepbiBHa H BO3-
pacraer (y6biBaeT) Ha HEKOTOpDOM INpoMexyTKe D, TO MHOXeCTBO
ee 3HaYeHHH eCTb HeKOTOpblfi mpoMexXyTok E. MoXHO [p0KasaTh,
uTO B 3TOM cJyyae Ha npoMmexkytke E omnpeaeneHa Hekoropas
HenpephiBHaA (yHkuus ¢(x), o6partHas ¢yHkuun f(x). IIpuuem
ecin ¢yHKuua f(x) Bospactaer Ha npoMmexytke D, TO (GyHKuUHS
¢ (x) Takxke Bospacraer Ha mnpomexyTtke E; ecau ke GYyHKUHS
f(x) ybuiBaer Ha mpomexyrke D, To u ¢yHkuus ¢(x) y6biBaer
Ha npomexyrtke E. I'pacduku B3auMHO 0O6paTHbIX (GYHKUHH CHM-
METPHYHBl OTHOCHTE/IbHO NPSIMOH Y = X.

Tax, GyHKuus y = sin x Ha NpOMeXyTKe [— - —;—] BO3pacraer

H HenpephlBHA, B CHJy 3TOrO0 OHA MNpPHHHMAaeT BCE CBOH 3HAUYEHHSA
or —1 no 1. [TosTomy Ha mpomexkytke [—1; 1] cyuwiectByer o6paTHas
CHHYCY (YHKLHSI, KOTOPYIO Ha3bIBAlOT apKCHHYC H 0003HAYaioT
arcsinx. T'papuk ¢yskuun y=arcsinx H306paxkeH Ha pHCYHKE
164, on cuMMerpuueH rpapuky QYHKUMH Y = SiNnX OTHOCHTENbHO
npsaMoit y =x. O6aacTbio onpesenenust GpyHKUHH y == arcsinx cJay-
KHT npomexyTtok [—1; 1], a ee MHOXKeCTBOM 3HaueHHiH — MpoO-

n 19
MEeXyTOK [— -5 T] ; 9Ta GyHKUHSA Bo3pacTaiollasi H HeueTHay.

FpapycHyio seanunHy arcsinx, rae x € [—1; 1], naxonsar B ta6-
adue VIII (u3 rta6nuy B. M. Bpapuca). Paguannyo senuuuny
3TOM AYrH MOXHO Hailith 3arem B Tabauue XI. Hanpumep, ecau
Hano Ha#dTH arcsin 0,5736, to B tabauue VIII naxoaum 0,5736 =~
# sin 35°, T. e. arcsin0,5736 &~ 35°; eciH HajO HAWTH pagHaHHYIO
BeJIHYHHY 3TOH Ayru, To B Tabnuue XI naxomum 35° =~ 0,6109, 7. e.
arcsin 0,5736 & 0,6109. Muorue 3/eKTPOHHOCUETHbBIE MalLUHHH,
HanpuMep MHKDOKAJBKYJSTOP «D/EeKTPOHHKa», MO3BOJSIOT CPasy
HaxoiHTb arcsin X Kak B rpajycax, Tak H B pajgHaHax.

ITpumep 2. Pemnre ypaBuenue sin x = — 0,72.

Pewenue. arcsin(—0,72)= — arcsin 0,72 &~ — 46°3’. Teneps
3anuCcLiBaeM OTBET B CTAaHAApPTHOM BHAE:

X~ (— 1) (—46°3) 4 180°n =~ (— 1"+ . 46°3' 4- 180° - n, n € Z.
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V3

3apganue 1. Hailigure 3Hayenus: a) aresin -5

6) arc,sin( ———2—'/3_ ; B) arcsinl; r) arcsin( — 0,25); n) arcsinO.

V3

3apganue 2. PeuMte  ypaBHeHHs:  a) Sinx =-—45—;

2
6) sinx= —-‘/73_; B) sinx = 0,54.

2. Pewenue ypasnenusa cosx = a.

MHoxecTBOM 3HaueHHH (YHKUHH Y = COSX SIBJSIETCA OTpPE3OK
[ —1; 1], mosToMy paccMaTpHBaemMoe YpaBHEHHE HMEeT pellieHHe
auwb npu lal << 1. ITycrs, Hanpumep, 0 << a << 1, Toraga Ha npome-
xytke [0; 2n] nanHoe ypaBHeHHe HMeeT JBa KOPHSA xo H xi (pHc. 165),
npHueM x| = 27 — Xo HIH X} = — Xo.

B cui1y nepHOZMYHOCTH (YHKUMH Yy == COSX JJs HaXOXJAEHHs
MHOJKECTBA BCEX pEIIeHHi [aHHOTrO YpaBHEHHS HAN0 K KaxAOMy H3
HalJeHHbBIX KOpHEH npu6aBuTb uKucaa BHAa 2nk, rae k € Z. [Tostomy
peLIeHHeM YpaBHEHHs cOSX = a GyleT OObeHHEHHE NBYX MHOXECTB
3HAYEHHH NePEMEHHON X = xo + 2nk WM x = — xo + 2nk, rne k € Z.

Jdna —1<<a<<0 noayualorcsi aHa/JOTHYHbie MHOXeCTBa
pewenuii. [TosyyeHHBle MHOXECTBA pellleHHH 3amnHCHIBAIOT B BHIE
OAHOH ¢OpMYyJIbL: , :

X = = xo + 2nk, rae k€ Z.

Mbl BbiBenH (HOPMYJNYy KOpHeH TPHIOHOMETPHUYECKOrO YpaBHEHHA
.cosx = a. Dta ¢popMyJia BEHIpaKaeT MHOXKECTBO BCeX KOPHEeH NaHHOro
ypaBHEHHSI uepe3 OJHH M3 HHX Xo. B KkauecTBe xo MOXHO GbuIO
BLIGpaTh 1I0GOH KOpeHb NaHHOro ypasHeHusi. Hampumep, MHOXeCTBO

pelleHHi ypaBHEHHS cosx=-T“- MOXKHO 3anucaTb  ¢Gopmyuoi

X0 = =+ —g— 4+ 2nn, n € Z, a MoXHO 3anucatb H ¢opmyaoi
‘ 1ln

X=r —l-:a—“——i- 2nn, n € Z, Tak KaK uicia —g—-u 2n-—-—2—=—6— — KOpHH

naHnoro ypaBHeHnusi. Kaxjasi u3 npuseneHHbIX ¢opmysa onpeje-
JSleT OLHO M TO: K€ MHOXECTBO pelUeHHH, XOTSl BHA HX pPas/iHueH.
Iorosopusiuch ansi QYHKUHH Yy == COSX 3HAUEHHE Xo BbHIGHDATh M3
npomexytka [0; n]). Ha 3Tom npomexyTke cosx y6biBaet ot 1 1o —1,
T. €. IPUHHMAaeT BCE CBOM 3HAUYEHHS, MPHYEM Ka)KJ0€ H3 HHX TOJIbKO
ONHH pas.

Pemenue xo ypaBHEHHsI COSX = @, B3siToe W3 npomexyrka [0; x],
Has3bIBAIOT [VIaBHbIM, €ro 0GO3HayaloT arccosa (YHTaercs: «apKKo-
CHHYC @»), Xo== arccosa@ — 3TO YrAOBasl BeJHYHHAa AYTH, KOCHHYC
KOTOPOH paBeH a.

Takum o6pasoM, cTauaaptHas GpopMyna s MHOXKECTBA pelleHHH
YpaBHEHHS COSX == @ MMeEeT BHA:

X = -+ arccosa -+ 2nn, rae n € Z.
168.
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B rpaaycHoii cicTeMe H3MepeHHS YIVIOBbIX BEJIHYHH 3Ta dopmyna
HMeeT BHA: X = —-arccos a 4 360°n, rae n € Z u arccos a BbipaxkeHa
B rpaaycax. , .

Iast pelieHHsi ypaBHEHHS COSX = @ BA)XKHO TaKX€ HMETh B BHAY,
uyro arccos( — @) =z — arccosa@, YTO HETPYAHO YCTAHOBHUTb NO
eMHHYHOH OKpYyXHOCTH (pHc. 166). Hanpumep:

arccos( —_ -;—) =g — arccos—;-= n— -;—‘- =% ;
arccos( — Lg—i—) =n — arccos—'-/2-—2— =n — -’Z’- =i—" .
ITpumep 3. Peuinre ypaBHeHHE COSX == —‘/21— .
‘Pemenue. x=iarccos—’£2—§.+2nn, rie ne€2z, HJIH
x=;t—g— + 2nn, rae n € Z.
IMIpumep 4. Pemirre ypaBHeHHe cosx = — 0,61.

Pemenne, arccos(— 0,61)= 180° — arccos0,61 =~ 180° —
— 52°24" = 127°36’.

x ~ + 127°36’ 4+ 360° - n, rae n € Z.
V2.

2 I
6) arccos( ——’%-3— ); B) arccos( — 1); r) arccos0,73.
3dapganue 4. Pewinte  ypaBHeHHA: a) COSX =

3anaunune 3. Hafigure 3HaueHusi: a) arccos

o|

6) cosx=——1-; B) cosx=1; r) cosx = 0,37.

P dyuxuua y = cosx na npomexyrke [0; n] yOnBaeT u Hempepis-
Ha, B CUJY 3TOr0 OHa NMpPHHHUMaeT BCce CBOH 3HaueHus or —1 go I.
IMosromy Ha npomexyTtke [ — 1; 1] cywecrByer o6paTHast ¢yHKUHS,
KOTOpPYI0O Ha3bIBAlOT apKKOCHHYC M o6Go3HaualoT arccosx. I'paduxk
¢yHKUMH y = arccosx H306paxkeH Ha pHCyHKe 167; oH CHMMeTpPHUYEH
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rpaduKy y = COSX OTHOCHTENBHO NPAMON y = x. O61aCTbIO onpene-
JIeHHsl QYHKUHH Y = arccosx CJyXKHT NPOMEXYTOK [ — I; 1], a ee
MHOXECTBOM 3HaueHuit — npomexyTtok [0; m]; 3To y6HBalowas
oyHkuus. :

3. Pewenue ypasnenud tgx = a u ctgx = a.

OMHomeCTBOM 3HaueHHH QYHKUMHA y = tgx CAYXKHT MHOXKECTBO
AEHCTBHTENbHBIX uHces. TlosTomy ypaBhenue tgx = a umeer peure-
HHE NpH JI060OM 3HAUEHHH a.
i,
- -2—[ ypaBHeHHe tgXx = @ HMeeT TOJBKO
OJHO pelueHHe xo (puc. 168). I'paduuecku xo — 310 abeuucca TOUKH
Tiepecedyen sl TAHIeHCOMAB Y = tgx U NPAMOH y = a Ha NpoMexyTKe

Ha npomexytke ] —

1—<; &1 o
5 3 [ @ynkuus y=tgx Ha sToM npomexyTke BO3pacraer

OT — 00 J0 0, T. €. MPHHHMAET BCE CBOH 3HAYEHHS, IPHUEM KaXKI0e
M3 HHX TOJbKO OXHH pa3. Pelenue xo ypasHeHus tgx = a, B3siToe
H3 npoMexyrka | — = ; Z

2 ' 2
arctga (unTaloT: «apkTaHreHc a»); xo = arctga — yrJoBasi BeJiH-
UHHA JyTH, TAHTEHC KOTOPOIi paBeH a. B cuny nepnopuuHOCTH PyHKIMH
y=tg:€ (c mepuomom m) cranpapTHas QopMysna AJsi MHOXKeCTBa
pelleHH# ypaBHeHHs tgx = a uMeeT BHL;

= arctga + nn, rae n € Z.

B rpanycHoil cucTeme namepeHHs yri0OBbIX BeNHUMH 3Ta hopMyJa
umeer BHA: x = arctga 4 180°2, n€ Z wu arctga BHIDAXKEH B
rpagycax. '

Hasi pewennst ypapHeHust tgx = a BaXHO TakKe MMeTh B BHAY,

[, HasbiBaloT riaBHBIM, €ro 0603HauAIOT

uto arctg( — a) = — arctga. ITo paBeHCTBO caeayeT H3 CHMMETPHY-
HOCTH rpaduka ¢yHkuun y=tgx Ha npomexyrke ] — —2“— ; —g—[
OTHOCHTEJIbHO HayaJsa KoopauHaT (puc. 169): x; = —xo. Hanpumep:
arctg(— 1) = —arctgl = —-%;
arctg(— Y3 )= — arctg /3 = -
I[Ipumep 5. Pewnure ypabuenue tgx = —Tﬁ— .
Pemenne. arctg(—22) = — 3 _ =
arc g( 3 ) arctg it
= ——-6“— 4+ nn, neZ.

3ananue 5 Haiigure: a) arctg1; 6) arctg(—3,7).
3apganue 6. Pemure ypapHeHHs:
a) tgx=0; 6) tgx=—1; B) tgx=2,1.

P Oyukuus y=tgx nma npomexyrke ]— z

-+ —’2’—[ BO3pacTaer
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W HenpephiBHA, B CHJIY 3TOrO OHAa NPHHHMAaeT BCe CBOH YHCJOBHIE
3HAUeHHs H3 NPOMExXyTKa ] —oo; oo[. [ToaToMy Ha MHOXKeCTBe Reil-
CTBHTEJNBHBIX YMCeJa CYLUIEeCTBYeT oGpaTHaf TaHreHCy (YHKIHS,
KOTOPYIO HAa3BBAalOT apKTaHreHc M oGosHaualor arctgx. Tpaduk
¢yukuuu y = arctg x ¥306pa3uTe CaMOCTOSATENbHO; OH CHMMETpHYEH
rpaduky GyHKuMH y = tg ¥ OTHOCHTEJbHO MpAMOi y = x. O6iacTbio
onpejeneHust GyHKUHH y = arctg X CIyXHUT MHOXKECTBO NeHCTBHTE/b-

HBIX UMCEJ, 8 MHOXKECTBOM 3HAUEHHHl — IPOMEXYTOK ]— —g—; —;—[,
3T0 Bo3pacraoilas QyHKuHA. «

YpaBHeHue ctgx = a uMeer pelueHHe NpH JIOOOM 3HaYeHHH a,
TaK Kak MHOXECTBOM 3HaueHHH (yHKUHH y = cig x sSBJIsETCS MHO-
JKEecTBO Bcex HelcTBHTesnbHbIX uuces. Ha npomexyrtke ]0; n[ ypas-
HeHHe ctg X = @ MMeeT TONbKO OIHO pelleHHe xo (puc. 170). I'padn-
YecKH X9 — 3TO abciuucca TOUKH IICPECEYEHHs] KOTaHTE€HCOHADI
y = ctg x u npsimoit y = a Ha npomexyTke ]0; n[. Pynkuus y = ctg x
Ha 3TOM NPOMEXYTKe yGhiBaeT OT --o0o A0 —oo, T. €. NPHHHMAaeT BCe
CBOM 3HAueHHs, MpPHUEM KaxKJoe M3 HHX TOJbKO OAHH pas.

Pemenne xo ypaBHeHHsi cigx==a, B3ATOe H3 INPOMEXYTKa
10; n[, nasbiBalOT raaBHBIM, ero oGoaHaualor arcctga (uyHTamwT:
«apKKOTAHI'eHC a»); Xo == arcctga — yrjoBasi BeJHYHHA JAYTH, KO-
TaHTeHC KOTOPO# paBeH a. B cHily mepHOAHYHOCTH QYHKUHH y = ctg x
(c mepuogoM m) cramzapTHas (opMysna AAA MHOMKECTBA pelUeHHH
ypaBHeHHs cig x = a uMeeT BHA:

x = arcctga + nn, rae n € Z.

B rpapycHo#l cHCTeMe H3MEpEeHHs YIJIOBhIX BEJH4YHH 3Ta Gopmyna
umeer Bua: x= arcctga -+ 180°n, rne n € Z u arcctga Bbipaxen
B rpapycax.

Jlas pewenyusi ypaBHeHHs cig x = a BaXKHO TaKKe HMeTb B BHLY,
gyro arcctg ( — a) = — arcciga.

Hanpumep:
arcctg (— V3 )=n — arcctg V3 == —%=—5§;
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3n

I

arcctg(—1) = n — arcctgl = n — —f:—

_4‘.
[ITpumep 6. Pemnre ypaBHeHue ctgx = —‘—23——.
Pemenue. arcctg(——g—ﬁ)=n—arcctg—‘g—3— =7 ———:’;— =
_ 2 '
=,

x=—§—n+nn, neZz.

3apganwne 7. Haitpure: a) arcctgl; 6) arcctg( — 2,31).

3apanune 8 Pemure ypaBHeHHA: 4

a) ctgx=¥3; 6) cigx=0; B) ctgxr=—1,73.

IMpusenem cBozHylo TaGuuly CcTaHAapTHBIX (OPMYJ pelueHHi
NPOCTEHILHX TPHrOHOMETPHUYECKHX YpaBHEHHH Ha MHOXecTBe Jeii-
CTBHTEJIbHBIX YHCEJ:

Ypasueune ®opmyaa pewenn Tpumeuanun
sinx=a x = (—1)"arcsin a 4 nn ﬁ;lc;iﬂl(’—na% ? —arcsin q,
cosx=a x = = arccos a + 2nn ﬁ;lczslf_nae) 7‘ 7 — arccos a,
tgx=a x= grctg a-+ nn 2’;‘%’(‘;?; — arctg qa,

ctgx=a x = arcctg a + nn ngcltf (n—‘ell)z= n — arcctg a,

3ananue 9. Halizure MHOXKeECTBO 3HAyeHHH aprymeHTta, npu

KOTOpbIX (DYHKIHMH Yy == sinXx H y = cOS X NPHHUMAIOT HaHGOJIbllIee
W HauMeHbluee 3HAYEHHS.

Otsetsi: a) sinx =1, ecin x =-’2‘— + 2nn, n € Z;

6) sinx= —1, ecau x=——g- + 2nn, n € Z;

B) cosx =1, ecn x = 2nn, n € Z;
r) cosx=—1, ecau x==n(2n+1), n€Z

Ynpaxcnenusn

1. Beinumure ¢opMynbl pemieHHi TPHrOHOMETPHUYECKHX YpaBHEHHI.

2. Haitgure Hyan ¢yHKuui:

a) y=sinx; 6) y=cosx; B) y=tgx; r) y=ctgx.

IMMpumeuanue. Hynrem ¢dynkuumu HasbiBaloT 3HaueHHe apry-
MeHTa, NPH KOTOPOM 3HayeHHe (YHKUHH PaBHO HYJIO.

3. Haiiaure: ‘

a) arcsin( — 0,8); 6) arccos( — 0,4); B) arctg( — 3,2);
r) arcctg( — 1,3).
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4. HafiguTe 3HaueHHs aprymeHTa, npH KOTopbxx"éﬂaqune ¢$yHK-
uuu y = tgx paBHO 3. '

5. Pemnte ypaBHEHHS: =

a) sinx = — 0,3; 6) cosx=20,3; B) tgx= 2,4; r) ctgx=
= —0,89. . . - N "

6. Pewmnte rpaguuecky ypaBHEHHS:

a) sinx=-;—x; 6) cosx = —x.

§ 53. MPUMEPbI PELLUEHMA TPUFOHOMETPUHECKMX
YPABHEHWA " : - ‘

B § 45 6bI0 MOKa3aHO, KK PeLIaloTcsl NPOCTedlliHe TPHIOHOMET-
puueckue ypaBHeHHst Ha mpomexyTke [0; 2n]. B § 52 Oblin peieHb
TakHe ypaBHeHHsl HA MHOXECTBe AeHCTBHTEJbHbIX UHCEJ. Ceituac MbI
NPOJIOJIXKHM PACCMOTPEHHe NMPHMEPOB PelIeHHs] TPUrOHOMETPHUECKHX
ypaBHeHHH. v ‘ .

[Ipumep 1. Pewmrte ypaBHeHHe sindx -1

Pew enue. Bocrnonbayemcss ¢opMy/oii pelieHHs] YpaBHEHHsA
sinx = —1 (cMm. 3ajaHve 9 B npeawaylleM naparpade), noayuyum:
3x=—-’2°—+2:nn, n€Z, orkyna =—-’%+zgn , neEZ

3apgaunune 1. Pemunre ypaBHeHHS: ;

a) sin3x=—é—; 6) cos3x +1=0; B) tg2x=—1.

IMpumep 2. Pemnre ypaBHeHHe 2cos(x — %)4— V3 =0.

Peumwenne. cos(x — —g— ) = —‘/2£ . Bocnoabayemcss ¢opmynoi
pelleHusl ypaBHeHHsl cosx =a (cM. npeabAywHi naparpag), mno-
JYUHM: X — % = - arccos —'/2—3_——- + 2nn, n € Z. Tak xak arccos—éé—=
=—g—, TO x——g—=-l_——g-+2nn. Otkyna x=—_!—,% +—g—+2nn.
[MonyueHHOE MHOXXECTBO pELIEHHA MOXHO TaKXe 3amucatb B BHIE
JIBYX MHOXECTB: x=—g-+ 2nn wan x=2nn, n € Z. v

3anganue 2. Pemnure ypaBHEHHS:
a) sin(—%—x)= 1; 6) cos(2x—-;‘—)=——;-;

B) V3 ctg(-;l—x)= 1.

Ipumep 3. Pemnre ypasrenue 2sin’3x = 5sin3x — 2.

Pemenue 3aMeuaeM, 4YTO [AHHOE YpaBHEHHE MpeACTaBJseT
co6oii KBajpaTHOEe ypaBHEeHHe OTHOCHTeJbHO sin3x. Ecau sin3x o6o-
3HauuTh GYKBOH y, TO aHHOE ypaBHEeHHe NpHMeT BHA: 2y° = 5y — 2,

2y2—5y+2=0. OTKYLla y=5:t‘245_'16 , y|=2; y=—;—.
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Takum o6Gpasom, naHHOe ypaBHEHHE PABHOCHJbHO OGbeAHHEHHIO
ABYX TPHIOHOMETDHUYECKHX YypaBHEHHIi:

a) sin3x =2, 3TO ypaBHeHHe pELICHHH He HMEeT, TaK Kak
Isinx| < 1. ‘ t

6) sin3x =

NI-—-

, OTKyzna 3x = ( — l)"arcsin—é— +nn, nelZ.

Haiigem x: 3x = ( — 1)"% +an, x=(— 1)"-{‘5 +-’;—n, nez.
3anaunue 3. Pewute ypaBHeHHs:

a) 2cos’x 4 ¥2 cosx=0; 6) 2sin’x — sinx = 0;

B) cos’x =2 — cosx.

ITpumep4. Pewure ypaBuenue 2sin’x = 3cosx.

Pewenue. JlanHoe ypaBHEHHe COHEPKHT Pas/HUHble TPHUIrO-
HOMeTpHUYeCcKHe (QYHKUHH Sinx H cosx. Bocmonb3oBaBuinch popmyaoii
(3) (cm. § 46), Mbl MoxeM Bblpa3uth sin’x uepes cos’x: sin’x =
=1 — cos®’x. Monyunm: 2(1 — cos®r) = 3cosx, 2cos’x + 3cosx —
— 2=0. IlocienHee ypaBHeHHe sBJsSIeTCS KBaJApaTHbIM OTHOCH-
TebHO cosx. Tak Kak ero guckpumuHaut D =9 4 16 =25 > 0,
—3—5

y = —2 WJIH COSX==

TO ypaBHEHHE HMeeT JBa KOPHS: COS X =
—345_ 1

4 2
Takum ob6pa3oMm, pelieHHeM HaHHOrO ypaBHeHHs OyneT o6benH-
HEHHE pelleHHH ABYX MPOCTEHIUHX TPHIOHOMETPHYECKHX ypaBHEHHME:

a) cosx = — 2, 3TO ypaBHEHHe pelUeHHIi He HMeeT, TaK Kak
lcosx| < 1;
1 1
6) cosx ==, X = == arccos— + 2nn, nez, T. e

x=’;|:% + 2nn, n € Z.

3anganue 4. Peumnre ypaBHeHus:

a) sin’x = cos’x — 1; 6) 1 4 tgx — sin’x = cosx.

[Ipumep 5. Pemnure ypaBHeHue 1 + sinx . cosx = sinx +
~+ cosx.

Pewenune. Kak u B paccMoTpeHHOM Bbilie mpumepe 4, naH-
HOE YpaBHEHHE COJEPXKHT Da3Hble TPHIFOHOMETpPHUeCKHe (YHKLHH.
Ho npu 3amene onHo# H3 ¢yHKUMH yepe3 Apyryio mnoJydaercs
CJI0OXKHOE YpaBHEHHe, cojeprKalliee pajHKaJbl, TaK KakK, Hampumep,

sinx = + Y1 — cos’x . [105TOMy NOCTYNHM B AaHHOM CJydae HHAye.
[epenecem Bce ujieHbl ypaBHEHHSI B €ro JIEBYIO 4acTb M MONbITaeMCS
Pa3JioKHTb €€ Ha MHOXHTEJH:

1 4 sinx « cosx — sinx — cosx =0,
(1 — sinx) 4+ ( — cosx + sinx - cosx) =0,
(I — sinx) — cosx(l — sinx) =0,
‘ (I — sinx)(1 — cosx)=0.
Kak Buaum, B naHHOM caydae 3TO yaajnocb. Pemenne ypaBHenus
Tenepb MOXHO CBECTH K PEICHHIO NABYX NMPOCTEHUIHX TPHIOHOMETPH-
YECKHX ypaBHEHHWH:
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a) 1 —sinx =0, sinx =1, x=—’2‘— + 2nn, n £ Z.

6) 1 —cosx=0, cosx=1, x=2an, n € Z.

Kak BHAHO M3 paccMOTpeHHsi npumepa 5, ecqu Jiepas 4acTb
ypaBHeHUs1 €CTb NPOM3BeJeHHe HECKONbKHX (YHKUHH, a npaBas 4yacTb
paBHa HyJIO, TO pelleHHeM 3TOro ypaBHeHHsi GYyIyT BCe 3HAYeHH:
nepeMeHHOH, obpallaiouiHe B HyJb XOTs 66l OAMH H3 COMHOXH-
Teslefi, MPHYEM STH 3HAYEHHsI MEPEMEHHOH JOJIKHbI MPUHAL/NEKATDH
o6nacT onpejeseHuss QYHKIUHH, CTOsIILEHA B JIEBOH YaCTH ypaBHEHHA,

Mpumep 6. Pemnte ypaueune (1 — sinx)tgx=0.

Pemenue PeumenneM naHHOro ypaBHeHHsi Oynaer oGbepHHe-
HHe MHOXECTB peuleHHH JBYX YpaBHEHHH:

a) 1 —sinx=0, sinx=1, x=—g—+2nn, neZz,
6) tgx=0, x=arctg0+ nk, k€ Z, x=kn, ReEZ.
3ameuaeM, YTO KODHH MEPBOro YypaBHEHHA x=-g— + 2nn, n€Z,

06paliaioT B HyJlb NePBbIA MHOXHTEb | — sin X AaHHOTrO ypaBHEHHH,
ONHAKO 3TH 3HAuYeHHs [epeMeHHOH He NpHHALIEKAT 061acTH
ompejie/leHHsi BTOPOro MHOXHTensi tgx (mpH 3THX 3HAUEHHAX me-

n
pemenHoit tgx Tepsier cmbica). [losTomy unena —2-+2rm, nez
He SIBJAIOTCHA PELIeHHSAMH JaHHOro YpaBHEHHS.

Ortsert: nk, k€ Z.
MMpumep 7. Pewnre ypaBHenne tgx ctgx =cos x.
Pewenne. Tak kak tgx ctgx=1 npu x;&%, neZ (cm

¢opmyay 4 us § 46), To cosx=1, x=2nn, n€ Z. Onuako 3TH
3HaYeHHs TNepeMEeHHOl He NpHHaAJexaT o00sacTd OnpeaeseHHs
¢ynkunn ctgx (B 3THX TOuKax 3Ta (YHKUMS TepsieT CMBICA).
[TosToMy naHHOe ypaBHEHHE peLIeHHH He HMeeT.

Orset: .
3apganune 5 Pemure ypaBHeHHE:

a) tgxctgx=sinux; 6) sinxctg2x=20;
B) sin x = sin x cos x.

Ynpasxcnenus

1. Pemure ypaBHeHHS:

a) 2cosdx=1; 6) 3sinbx —2=0;
B) 4—3tgx=0; r) ctgdx=>5.

2. Pemnte ypaBHEHHs:

a) cos(5x+—’i—)=—;—; 6) tg(5x+%)=3;

B) 2cos(6x-——;’—)=—l/_§; r) sin(%—2x)’=—l.
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3. Pemure ypaBHeHus:

a) sin?x — sinx=0;

B) tg’x=4tgx — 3;

) sin?2x 4 2 =3 sin 2x.
4. YnpocTuTe BBIpa)KeHHS:

S
y Zsima—1. 6) cosa(l-l-fga)—sma(l+'Ctga);

+tga)

6) cos?x=cosx -+ 2;
r) 2cos?2x= cos2x;

sing —cos a’
2 2

B) —SS%— tg’a; r) (ctga—-cosa)(
5. Jloka)cute TOXIeCTBa:
a) (tg’a — sin’a)ctg?a =sin’q;
6) (1 + ctg?a)(l — sin’a) = ctg?a;
B) V(seca — 1)(1 — sin®a)=sin al;
r) tg’a — sin*a —sin’a  cos’a = tg?a - sin’a. -
6. Haiinure o6Gsactu onpeneneHuss ¢pyHKUHii:

tg x _ctgx
a = . 6 = —
) y sin x ) cos X

7. Peuinte ypaBHeHHS:

a) cos?x=sin’x — I;

B) ctgxsecx+1=0; .
- 8. Pewrnte ypaBHeHnus:

a) tg3xtg2rtgbx=0; 6) sin’x 4+ 1 = —2sinx;

B) sinxcosx —l=cosx—sinx; r) tgxctgx+3tgx=ctgx+ 3;
tg x sin 2x

=0; e) e =0

6) 2cos x + cos’x =2 — sin’x;
r) cosecxtgx 4 1 =0.

11) sin 3x

§ 54. MPUMEPDI PELLIEHMA TPUFTOHOMETPUHECKUX
HEPABEHCTB

B § 45 Gouwio moka3aHo, KakK pellaloTcsl NpoCTeHiiHe TPHIOHO-
MeTpHYecKHe HepaBeHcTBa Ha mnpomexyTrke [0; 2m] ¢ momouibio
elIHHUYHOH oKkpyxkHOCTH. Ceiluac Mbl PacCMOTPHM NMpPHMEPHI pelleHH
TPHrOHOMETPHYECKHX HEepaBeHCTB Ha MHOXeCTBe MAeHCTBHTEJbHBIX
yHceJ.

_ ‘ . V2
ITpumep 1. Peunre 'HepaBeHCTBO sin x <——.
Peuwenue Pemum sto HepaBeHCTBO rpagHyeckH:

a) TMOCTPOMM B OJHOH H TOH K€ CHCTEME KOOPAHHAT rpaq;ﬁxn

byHkuHA y=sinx u y=—’/2—: (puc. 171);

V2

6) HaxXOMM KODHH YPaBHEHHS Sin X =-—— Ha KaKOM-IHGO npo-
MexyTke paunol 2n (2n — nepuon ¢yskuun y=sin x). Hanpumep
Iz76

OTpe30kK [ 5

NPOMEXYTKOB (BMA OTBeTa OyaeT mpouie,

Y]
vz
¥y=7
- 1 TN i N
S 0 7 3. E S 9 X
72 1} % 4 Z G
: yssinXx .o

Puc. 171

Ha npomexytke [0; 2m] kopHAMH 3TOro ypaBHeHHA GyAyT uHcaa

LI §i‘.’ Ha MpOMexXyTKe [__ .3_‘41_; ._n..] —_— qucﬂa-_iﬂ H i‘_; Ha
4 4 4 4

1 O | .
NpoOMEXyTKe "-2—, 2 '-mCJla vy H i

B) Ha KaKoM-JauGo npomex(yn(e OAHHOH 27 HAaXOAUM . PetieHHs
AaHHoro HepapeHctBa. Hanpumep, ecan 3a npomexKyTok AJHHOMN
2n Bbi6paTb oTpe3ok [0; 2m], To peuwleHHeM AAHHOrO HepaBeHCTBA

3TOM oTpe3ke 6yxner o6beauHeHHe MPOMEXYTKOB

]0 -—[ 3—“; 2n[; ecid 3a MPOMEXKYTOK IMHHOH 2m BbIGpaThb

5” , TO pelleHHeM [JaHHOrO0 HepaBeHCTBA Ha 3TOM
3x, 9n

oTpe3ke 6y11eT MPOMEXYTOK  |=; T[; eC/ii 32 MPOMEXYyTOK

AJauHo# 2m BbHIGpaTh OTPE3OK [——22’1; —’2‘-] TO pelleHHeM JaH-

HOTO0 HepaBeHCTBA Ha 3TOM OTpE3Ke TaKxe 6}’}1€T npomex{yrox

1-%. 2]

Ilns HaxoXXJeHHs OJHOr0 H3 TaKHX MHO-
KecTB pememu"« MO>XHO BOCMOJ/Ib30BaTbCH H
eUHUYHOH OKPYXKHOCTbIO, KaK Mbl MOCTYNH-
au B § 45. .

N3 pucynka 172 BuaHO, 4TO Ha mnpo-
mexxytke [0; 2n] pewieHHeM HepaBeHCTBa'

2
sinx<—§-— 6yner of6beanHeHHe npome-

KYTKOB ]0; -:—[U]%“; 2n[;

r) BbiGHpaem /060l M3 HaHAEHHBIX

Puc. 172
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Puc. 173

ecJqu BHIOpATb HeNPEpPLIBHbIA NPOMEXYTOK) M, MOAb3YSACh MepHO-
JHYHOCTbIO (YHKUHMHM Yy =sSinx, 3anuchiBaeM MHOXeCTBO BCeX pe-
IIeHHH NRAaHHOrO HepaBEeHCTBa.

Ecny, HanpuMep, B KauyecTBE OJHOrO H3 NMPOMEKYTKOB pellleHHH

BLIGpATh MHTEPBAJ ]—?T“; -Z—

6ylneT MHOXKECTBO HPOMEXYTKOB:

]—%"—+23m; %-}-an[, neZ.

3anmanue 1. Pewnre HepaBeHncrBa: a) sinx < —

[, TO peuieHHEeM JaHHOro HepaBeHCTBA

Ve .
2 b
6) cosx>——;—.

[Tpumep 2. Pemnre HepaBencrso tgx>=> ¥ 3.
Pewenue. Peium HepaBeHCTBO rpa¢UyecKH: a) NOCTPOHM B Of-

HOll cucTeMe KoopAHHAT rpacuku ¢yHkuui y=tgx n y=y 3
{puc. 173},
6) HaxoOHM KODHH ypaBHeHHs tgx =y 3 Ha OZHOM M3 MpoMme-
JKYTKOB IJHHOH 7 (7t — mepuon ¢dyukuuu y=tg x). Hanpumep, na
N, =n n
NPOMeEX yTKe ]——2-, -5-[, x=—;
B) Ha 5TOM INPOMEXYTKEe HaXOJHM pelleHHs JaHHOro Hepa-
i 1]
BeHeTBa: | —; =1
[ =0
I) NOJb3ysCb MEPHORHUYHOCTBIO (YHKUHH y={g x, 3anHCbhiBaeM
MHOXECTBO BCeX pelleHHH JNaHHOr0 HepaBeHCTBA:

T .on
[’5—+nny 7+ﬂn[, nEZ'
3ananue 2. Pemnte HepaBeHcTBa:
a) tgx< ﬁ; 6) ctgx>1.
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Ynpaxcrnenun
1. PemuTe HepaBeHCTBA:
a) sinx>0; 6) sinx < 0; B) cosx>=0;
r) cosx<<0; n) tgx>0; e) ctgx<<O;
X) sinxg—‘;—z; 3) cosx<——%; n) ctgx>—1.
2.* Peluure HepaBeHCTBA: ‘

: Ve . n )
a) sm2x<—2-, 6) tg(x——4—)>l,

B) ctg(x—-%—)<if-; r) 2sin(x———g—)-— V3 <0.

§ 55. NOBTOPEHUE
1. B paBHOGepEHHOM TPeYroJibHHKE BEJHUHHA yrja MPH OCHOBA-
HHM paBHa 36°42’. Halinute BeJAMYHHBI YIJIOB 3TOr0  Tpey-

roJIbHHKa B pajHaHax.
2. Haiigute Ha eNHMHHYHON OKPYXHOCTH o6pa3 ToukH Po (1; 0)

npu mnosopote RY, ecau: a) a=—;i—|— 2nn; 6) a=—§—n+2nn;

B) a=—7"i+2:rm; r) a=——%+2nn, rae n € Z.

3. C nomoubio TaGauL HaHAHTE 3HA4YeHHs BEJMYHMH YIJIOB B
rpajgycax no 3ajaHHBIM HX 3HaueHHAM B paauanax: a) 0,3274;
6) 1,2513; B) 0,9153; r) 1,0213. }

4, Haiigure pAJMuHy AYrH OKPYKHOCTH H IUIOLIajJb KpYroBoro

‘CeKTopa, €CJqH pajHyC OKpPYXKHOCTH paBeH 10 cM, a BeJHYHHA
- pyru paBHa: a) 60°; 6) 50°19’.

5. Chopmynupyiite onpeneseHHs TPHFOHOMETPHUECKHX (YHKUHMHA
yucJa0BOro aprymedta. [Ilonb3ysicb eAMHHYHOH  OKPYXXHOCTBIO,
HaliaguTe 3HaueHusi ¢yHkuuit cosa, tga, ctga, seca, coseca,

eCJIH sina=—% H n<a<%n.

6. Haiigure 3HaueHHs CHHyca, KOCHHYCA H TaHI€HCA CJAeAYIOLLHX
yuces: a) 0,83; 6) 1,31; B) 2,35; r) 3,12.

7. HU3BecTHO, 4TO COS O = — ‘?,— H —’2'- < a<n. Haiigure sina,
tga, ctgo.

8. UssectHo, uto tga=—2 u -3,;-< a <n. Haiiaure sina,
cos a, ctga. :

9. Kakue ¢yHKuuM HaspiBaloTc 4yeTHbIMH? IlpuBenure mpumepnl
YeTHHX ¢yukumit. Jokaxute, uto ¢ynkuua f(x)=x*cos2x
yeTHasl.

10. Kakue ¢yHKuHH Ha3bIBAlOTCA HeueTHHIMH? [IpuBenure mpume-
pol  HeuetHbix ¢yHkuuit. IlpuBeaure npuHMepnl GYHKUHHA, He
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06/1aaI0KX CBOHCTBAMH UYETHOCTH ‘wau HeuetHoCTH. JlOKaXHTe,
yro ¢yukuus f(x)=x° sin 2x neveTHas.
11. YcraHoBHTE 3HAK NPOM3BEJl€HHS] U YaCTHOrO:

° : o. ‘ __ cos 320°
a) (—ctg300°) - sin 300°; 6) ‘—__‘tg o
12. Boiuncaure: . D
a) x%sin (——)—}-y c0520+tgn+2xysm o

6) 251n2a+3cos(3a—-—180°)+ctg(a——75°) npu

B) a?sin 2 + b2tg 0 — 2ab cos u + b’cos (—n).

13. Kakue (QyHKUHH HasblBAIOT MEPHOJHYECKHMH? ‘Kakoii Hau-
MEHbLIHIl TMOJNOXKHTeJNbHBIH TepHoA HMeloT GyHKuux: a) sinx;
6) cosx; B) tgx; r) ctgx?

14. Haiigute HauMeHbLMA TOJOXHTENbHBIA MePHOR Q)ymmuu

a) sin3x; 6) cos (x-—-—;); B) tg4x.

15. Boiuncaure:

4 cos (——) ctg? (—__)_zsm (__)
4 sin? (——)—2 |/_sm——l

. sm( cos__tg(_u)
T EE I
(D) ()

—6"
tg (— —) cos (— —-)
ctg? 30° - sec (—60°) - tg 45°

cosec?(—45°) cosec 30° « sin 30° - cos?(—45°)°

16. 3anuuiuTe H3BEeCTHHIE BaM Tpnrouome'rpuqecxue TOXXAECTBA.
Ykaxure JAONyCTHMBbIE 3HayeHHAA apryMeHTta B KaxjaomM H3
3THX TOXIAECTB.

17. [lokaxxurTe TOXIECTBA:

a=45°%

B)

*

tg’a — sin‘a .
a) (1+4tg’a)(1 —cos’a)=tg’a; ©6) -ing————=5mza; é
a .
x 2 1y—Sina. ina(cosec?a— 1 _—gosa, ;
B)* cosa(sec’a—1)=--05 r) sina(c )="ga |
tga 4 sina }/__2“— . n .
* —— —1- H a ry
) g o coseca sec’a — 1 - sina, ecmn 0 <o < 7
e) sin a l—-.cosa= ‘2 .
1 —cosa sina . sina

18. ynpocm’re Bupameﬂuﬂ
a) sin*a-cos? o+ sin%a - cos® a;
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6) (1 — cos a)2—|—(l + cos o)’ — 4cos?a;

COS a — sin*a

B) TFosa sna’ r)* V(1 — cosec?y)(cosy —1)
_atga+tbtgp (sin @ 4 cos a)’ — 1

) ————; e) - —.
bctga + actgp ctga —sina - cosa

19. [Moctpoiite rpadpuku PyHKUHI:

a) y=sin(x—-%); 6) y=2cosx; B) y=—2sinx;
r) y=cos(x+—zi); n) y=—tg=; e) y=ctglx.
20. Peuite ypaBHeHHS:

a) cos2x=—;-; 6) sin2:f=——-—é—;

B) sin%x — 3sinx=0; r) i‘ﬂéﬁ‘_ 0;

1) cos?x—3cosx+2=0; e) 2sinx+ cos’x =2 — sin’x;
x) tgx - ctgx=-cos2x.
21. Haiinure Hyaun ¢yHKUHi: a) y = cos (3x—%’—"~);

6) y=sin(—i2‘-———i‘—).

22, Haiigute o6nacts onpenelieHus GpyHKUHH:

ctg 2x tgx
a) y= x; 6) y= cos 2%
sin—g-

23. Peute HepaBeHCTBa:
a) 2sinx>—1; 6) 2cosx << — ;/_
B) tgx>2; r) V3 ctgx<l.

24. Pemute rpa¢uueckH ypaBHEHHS:

a) sinx=x—1; 6) cosx= —x; B) Isinx|]=—x—1.

§ 56. 3BAAHMNA ANa CAMOMNMPOBEPKU

1. BesinuuHbl ABYX yrJjoB TpeyrojibHHKa paBHH 25° u 53°. Haii-
JUTE C [IOMOLIbIO TaGJHL BeJHYHHBl YIVIOB 3TOr0 TpeyroJb-
HHKa B palMaHax.

2. Hadinute anMHy OKPYXHOCTH, AYTH M IUIOWIAJb CEKTOpA, €C/IH
panuyc OKPYXHOCTH paBeH 100 cM, a ayra comepxur 0,86 pan.

3. llaHo. s‘ma=——lg- H n<a<—-—n Haiinure 3nauenusi cos a
u tga.

2
4. Jlokakute, YTo PYHKUHA y = +4
COosS X

YyeTHasd.
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5. Hafinure HanMeHbUIHE MNOJIOXKHTEIbHbIE NEPHOA Y (DYHKUHH

y = cos (2x ——2—).

6. YnpocTute BbIpaXKEHHS:
I+ tg?
6) tiga

a) (2sina-+3cosa)+(2cosa—3sina)?; gatoga

9 l

— 2 cos’a

7. JloKaxuTe TOXIeCTBO

8. Pelunrte ypaBHeHHs:
a) (1 —cos’x)tg2x=0; 6) cos’x+sinx+4 1=0.

9. Haiinute Hyan ¢yHKuuu y= sin (—%— — %)

10. Pemnre HepaBeHcTBo —2cos x > 1.
11. IMocrpoiite rpadukH QYHKIHIA:

6) y=cos(x+%).

a) y= — sin2x;

fnasa Vi.

TEOPEMbBI CJIOXKEHMA
ANna TPUrOHOMETPUYECKMX
DYHKLUA U UX CNEACTBUA

§ 57. BEKTOPbI.
CKANSPHOE YMHOMEHMWE BEKTOPOB
(NOBTOPEHME)

M3 kypca reoMeTpHu Mbl 3HaKOMbI C MOHATHEM
BEKTOpa, ONepauusIMH CJIOXKeHHs, BbIYHTAHHA BEKTOPOB, YMHOXEHHSA
BEKTOPA HA YHCJIO, CKAJSAPHBIM YMHOXEHHEM BEKTOPOB (MOBTOpHTE
3TOT MatepHan). [lasi nanbHefillero M3JoXeHHsl Marepuana O TPHUro-
HOMETPHYECKHX (YHKUHAX HaM NOTPeGYIOTCH HEKOTOpble CBEeAeHHA
O CKaJIIPHOM YMHOXEHHH BEKTOPOB. BCIIOMHHM 3TH CBegeHHS.
Onpenenenne CkansspubiM NpPoH3BeAEHHEM JBYX HeHyJie-
BbiX BEKTOPOB Ha3biBA€TCA NPOH3BEeJEeHHE YHCJIOBLIX 3HAYEHMH JJHH
9THX BEKTOPOB HAa KOCHHYC Yria MeX1y 3THMH BEKTOPaMH.
CkansipHoe npoH3BefleHHe BEKTOPOB aH b (puc. 174) no onpeze-

Q| ¢

JIEHHIO_ MOXeT ObITb 3amucaHo Tak: a - b=al- |b] - cos ¢, rae
—(a,b), a0, b=0.
JIOM MEX1y ABYMSl BEKTOPaMH Ha3bIBAIOT YroJ MeXKAy HanpaBieHH-
SIMH 3THX BEKTOPOB, T. €. ¢ € [0°; 180°].
koopauHart. ITycTb i M | — neprneHAHKYAsipHble €AHHHYHbIE BEKTOPSI,
OT/IOXKEHHBIE N0 OCSIM OT Hauasna KoOp.IH- z
0 14

MOXeT ObiTb EeIHHCTBEHHHIM o06Gpa3am -
Pas/IoKeH Mo HeKOJIJIHHeapHBIM BEKTOpaM b
yHcel X H Yy, TakHX, 4T0 a==xi 4 yj.

Uucna x ¥ y HA3HBAIOT NPSMOYTrOJb- v
a@ € KOOPAHHATAMH X H Yy 3aNHCHIBAIOT TaK:

=(x; y). ¥
a={(x1; 1) u b=1(x2; y2), OT/IONKeEHHbBIE
OT HayaJja KoopauHaTt. IlycTh BeqHuHHA
Pa3noxum 3TH BEKTOpPH 1O HeKoJIHHeap-
HbIM eHHHUYHBIM BEKTOpaM i H j:

[lpu atom cornacHo onpene/ieHHIO, MPHHATOMY B FeOMETPHH, yr-
Paccmorpum HEHYJIeBOH BeKTOp a, OTJIOXKeHHbi OT HayaJsa
Hat: |il=|jl=1, i L]. Torma BekTop
{H j, T. €. CylleCcTBYeT eIHHCTBEHHAs napa Puc. 174
HbIMH KOOpDIHMHATaMH BekTopa a. Bekrop | @iy b=(xy54,
PaccmorpuM, Tenmepr aBa BekTOpa
yraa Mexjay HHMH paBHa ¢ (puc. 175).
a=xi + t1j, b= xsd + yoj. Puc. 175
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Boiuncaum CKaJAsipHO€ IpPOH3BEAECHHE 3THX BEKTOPOB, BOCNOJIb-
30BaBUINCb H3BECTHbBIMH H3 TI€OMETPHH CBOHCTBaMH YMHOXKE€HHS
-+ + > T 0 -9
BektopoB ({- j=j-i=0, tak kak { L], P=7"=1):
a-b=(xi+ yj)(xed + yof) =
_— 2 ¥ I 2 .
= X1X2l” + Y1xo]i + X1y2t] + Yrye]” = X1X2 + Y1y2;
a-b=x-x24y -y

Takum o6pa3om, cka/sipHoe NpoH3BedeHHE ABYX BEKTOPOB PaBHO
cyMMe NpOH3BeJeHHH COOTBETCTBYIOIIHX KOOPJHHAT 3THX BEKTOpPOB.

Ynpaxcrenusn

1. Coopmyaupyiite onpejesieHue CKaasipHOro NpoH3BeleHUsl ABYX
BEKTOpPOB. .

2. Kak omnpegnesnsieTcst yroJ Mexay ABYyMsl BEKTOPaMH?

3. Uemy paBHO ckajsipHOe NMpoHU3BeleHHE ABYX BEKTOPOB, 3alaH-
HbIX CBOUMH KOOpAHHaTaMH?

4. Hajigure a - b, eca: a) lal=3, |bl=7, (p'=(&?b.)=60°;v
6) lal=2, bl =4, ¢ =(a,b)=120°. .

5. Boiuncaute a-b, eciu: a) a=(2; 3), b=(—1; 5)
6) a=(—2; —3), b=(4; 2).

6. 3anannbie noBopoTel R§ cBeauTe K nosoporam R, .The
1ln

0< o< 2m: a) RY; 6) R, .

§ 58. KOCUHYC CYMMbI U KOCHUHYC PA3HOCTH

ABYX APIF'YMEHTOB

[IpuMeHHM Temepb MH3BeCTHylO HaM ¢opMyay a-b=xix2+
+ yiys, TAe X1 U Yi — KOOPAMHATH @, X2 W Y» — KOOPAMHATH b,
K BBIBOAY KOCHHYCa CyMMbl H Pa3HOCTH JBYX apryMeHTOB.

Teopema. cos (a —pB) =cosa-cosP+sina-sinp, ade a u
p — npoussoasnvie delicT6ureavrvie wucaa.

JokaszaTteabcTBo. PaccMOTpHM €IHHHUHYIO OKPYXHOCTb
(puc. 176) u nBa neHACTBHTeNIbHBLIX YHCAAa @ H B. DTUM uHcIaM
" COOTBETCTBYIOT TOYKH P, M Py elnHHYHOH OKPYKHOCTH.

—_—
Haiinem ckansipHoe npousBeneHHe BekTopoB OP, u OPg, umes
B BHAY, YTO BeJHYHMHA Yrj1a MexXJy ABYMS BEKTOpaMH MO onpene-
JIeHHIO nmpHHaajiexuT npomexyrky [0; su] (cm. puc. 176):
110 npuHannexut npomexyrky [0; ] (cm. p )

OP, - OPy=|0P,| - |OPg| - cos (o — B)=1 -1 cos(a — f)=
== cos (a — B).
3anuuiem CKa/isipHOE TPOH3BEJCHHE ITHX BEKTOPOB B KOODAH-
HaTax, yauThiBasg, uto OP,=(cos a; sina), a OPg=/cosp; sinp):
| O_ISG . O—Isp=cos'a- cos p 4 sina - sin B.
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gk Y
)
7 o , ba
P ot
B ? / i
0 X u X
B
Puc. 176 Puc. 177
Takum o6Gpa3om,
cos (& — B) = cos a cos B + sin a sin . (1.
Mbl J0Ka3ajqH CNpaBeAJHBOCTb 3TOH (opMyabl AnA caydas, Koraa

(e —B)ELO; n].
Ecnu Ke a— 5_§ [m; 2a] (puc. 177), TO
OP, - OPg = cos (2n — (a — B)) = cos (@ — B).
Takum o6pazom, ¢opmyna (1) BepHa aaa BCex uucea a H B,
yaosaetsopsiowux ycaosuio (a — B) € [0; 2n].

B cuay mnepuogMuHOCTH GYHKUHMA Sinx H COSX C NEpHOLOM
2n ¢opmyna (1) BepHa AJs JOObIX AeHCTBHTE/bHBIX 3HAUYEHUH

a.u B
CnenctBue cos(a-p)=cosa-cosp—sina-sinp Jdas
A106b1x OelicTauTenbrblx wucea o u P.
Jloka3aTeabCTBO. :
cos (o + B)= cos (@ — (—B))=cos a - cos (—P) + sina - sin (—B).
Tak kak cos (—B)==cos B, sin(—B)= —sin f, nonyuaem:
cos (a 4+ B)==—cos a - cos p — sina - sin f. (2)
I1puwmep. Bouncanre cos 75°. '
Pewenue. 75° MOXKHO NPEICTaBHTb B BHAe cyMmbl 30° + 45°.
3nauennst GyHKLUMI cHHyca M KOocHHyca nast 30° u 45° HaM H3BeCTHBI,
N03TOMY, BOCMO/Nb30BaBIIHCh (opmyJIoii (2), nosyunm:
cos 75° = cos (30° 4 45°) = cos 30° cos 45° — sin 30° sin 45° =
3 2 1 2 2
[ s

="z T2

2

¥npaxcnenua

1. 3apuuIuTe KOKA3aTeNbCTBO TEOPEMBI H ee cJeAcTBHA u3 § 58 B
cHMBoOJHYecKo# dopme.
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2. YnpocTHTe BHpaXKeHHs:

a) cosdx « cos 2x + sin 5x - sin 2x;
6) cos3a - cosa — sin 3a - sin a.
3. BbluncauTe:

a) cos 40° cos 20° — sin 20° sin 40°;
6) cos 70° cos 40° + sin 70° sin 40°;

Tt . .
B) COS—=C0S— — sin -~ sin -~

15 %% 1o 15> 1o
1 T V3 . =n
r) —cos 45+ —5—sin_;

K) (cos 18°cos 27° — sin 18° sin 27°) — 1.

4. Boiuucaure: a) cos 105°; 6) cos 15°.

5. Ilokaxure, uto cos a -+ cos(120° 4 a) + cos (120° — o) = 0.
6. Jloxaxnte, uto cosa - cos p=5(@+ '3)"; cos(@—§)
Ykasanue Cnoxure nowienso pasencra (1) u (2).

7. Ilokaxure, uto sina - sin p = 25@—f) > cos (a + )

Ykasaunue BoutHTe NOuNeHHO W3 paBeHCTBA (2) pasen-
creo (1). :

8. Pemnre ypaBHeHHus:

a) cos2xcosx —sin2xsinx=1;
6) cos 3xcos x =sin3xsinx — 0,5;

B) cos(2x+%)cosx+sin(2x+-’z’—)sinx=—'/§—?;
r) cos(-;'—+x)+cos(—3"—-—x)= 1.

§ 59. CUHYC CYMMbI U CUHYC PA3HOCTH
ABYX APIFYMEHTOB
Teopewma. Jan awb6ux deicreuressnsix uuces o u P eepuss
pasencrea:
sin (a + B) = sin a cos B + sin B cos a, (1)
sin(a — B)=sin a cos p — sin B cos a. (2)
HdoxasarteabcTso. BHauase JIIOKaXKeM dopMmyant
cos (% —v ) = sin y; sin (—g- -9 ) == COS Y, H3BECTHbIE H3 BOCHMOro
knacca. B ¢opmyse cos(a —B) (cM. § 58) nosnoxum, uro o = —=-;
B =1y. IMonyuum:
= x

n ‘ . N
cos(T—?)—COS 2cosy+sm 5 Siny;

kL "
cos (—5- — 7) =siny.
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Teneps, BOCNOJb30BABLIHCH HOCJERHeH QopmyJod, ROAYIHM:

sr—on (£ (3 )) = (5 )
sin (%— — v)= €os Y.

Jlns poKa3aTeqbCTBa TeopeMbl BocCmoJb3ayeMcsi ¢GopMyJon s
cos (@ + B) (cM. mpeabiAymmit naparpad), AByMS MOJYYEHHBIMH
¢dopmynaMi, a TaKkKe CBOHCTBAMH YETHOCTH KOCHHY¢a H Heuer-

HOCTH CHHYCa:
sin (@ + 6)=c05(—g—-—(a+ 6))=c05((%—a)—|3)=
=cos(%— a)cosB—i— sin(—;-—— a)sinﬁ:

= sin a cos p - sin p cos a.

1) nokasaHa.
Q)Ol,)ﬂhd}:angx)asi'renbcma dopmynsl  (2) mnpeacraBuM o — P Kak
a 4 (—B). Toraa

sin (@ — B)=sin(a + (—B)) =
=sina . cos (—B) + sin(—p) - cosa=
= sin a cos § — sin B cos a.
dopmyna (2) nokasaHa.

I1pume p. Bouncaure sin 75°.
P gm e H He. 75° MOXHO NpeICTaBUTh B BHAe cymmnl 30° 4 45°.

3nauenus QYHKUMI cHHYca M KocHHYca misi 30° 1 45° HaM H3BECTHHI,
03TGMY, BOCIOJb30BABIIHCL (opmyoi (1), moTyuHM:
sin75° =sin (30° 4 45°) =sin 30° - cos 45° 4
2 3 2 2
L 2 Y ’/_(1/—?:+1)-

+c0530°-sin45°=—2— - =1

Ynpaxcrenusn

1. YnpocTHTe BbIpaXKEHHS:
a) cos asin 5a — sin « cos Sa;
B) sin(a + B) — cosasin B;
1) sinacos B — sin(a — B);

6) sin3xcos2x + sin2xcos3x;
r) cos(a—p)—sinasinf;
e) cosacosp— cos(a—B);

cos a + sin a , 3) cosa—}/—3sina_
Ny R

2. Briuucaure:
a) sin 20° cos 40° + sin 40° cos 20°;
V3 o 1 i iro.
6) —2——c0515 — 5~ sin 15°;
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'B) sin —&-cos 1 + sin 15 €S &3

3
r) L;—-»cos 75° +—;sin 75°;
1) sin(—:--{- a), ecnu ctga=-z—, n<a<i’-‘-,
TR <a<2n

x) cos(-’;-—a), ecJH sina=—0,6, n<a<-—2—

e) sin(a-—'%), ecan tga=—2>, 3

n ina—7 L3
3) tg(a 4), ecJiu sma—25,0<a<2.

3. Boiunciute, He mosnb3ysich TaGAHLAMU 3HAYeHHH TPHrOHOMET-
pHYECKHX (DYHKIIMIA:
a) sin 105°; 6) cos 105°; B) sinl5°;

r) cos 15°%; n) sin 15° — tg 30° cos 15°;
e) sin(a — B), ecau cosa=-%, sinp=— 0,6, 0<a<-’2-‘-.
n<B<§2’5—.

4, YnpocTuTe BbIpaXKeHHS:
a) sin 38° cos 12° 4 cos (—38°) sin 12° |
cos 40° cos 10° 4 sin (— 40°) sin 10° ’
6) cos 65° cos 40° — sin 65° sin (—40°) ,
sin 17° cos 8° + cos 17° sin 8°

sin (g;f-{— a)
cos(%n—— a) ’

r) cos(150° — a) — cos (210° + a);

n) sin(a + 120°) — sin (60° — a);

e) sin 748° — cos 77° cos 213° — cos 13° sin 33°;
x) cos (45° — x) cos x — sin (45° — x)sin x.

" B)

5. JlOKaxXHTe TOXAEeCTBa:

a) sin(30° + x)cos x — cos (30° + x)sin x=—;-;
6) cos (60° + a)cos a + sin (60° 4 a)‘sin a= 7'
B) sin(45° — x)cos x + cos (45° — x)sinx = L

0,5 sin 20 —cos(F —20 ) _ '/3' .

sin3°sin17° —cos3°cos 17° 2 '
sin (a+ﬁ)+sm2(a—ﬁ)_tg a+tg B;

2 cos?a - cos?p
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e) sin (a -+ B) —sinacos®p —cosasin®p ='sinp - cosP - cos(a—P).
6. IlokaxHre, uto ‘
sin (a + ) + sin (a - ﬂ)

sinacos f=

Y ka3 auue. Cioxure nodjeHHO paBeHCTBa (1) » (2) mpuse-
JleHHble B paccMaTpHBaeMoMm naparpade. :
7. Pewinrte ypaBHEHHS:

a) sin(x—iﬁ)=25in(i§_x); |
6) sin —7'31+x)+ V—Qcos(-—_——x)
B) Sm(-——x)+c05(——+x)_1
) 3c05(—~x)_s1nx '

b sn(—2) =

e) sin (—g———x)=cosx.

§ 60. TAHTEHC CYMMbl U TAHFEHC PA3HOCTH
ABYX APIYMEHTOB

Buisenem ¢opmynsl aas tg(a 4 p) u tg(e — B), noansysch
COOTBETCTBYIOIIHMH (GOpPMYJaMH JJsl CHHYca H KOCHHYca, a TaKxe

onpenenenueM Tanrenca (fgo= ::;Z , cos a 7 0).

tg(a+B)___sin(a—l-B)=sinacosﬁ+smﬂcosa

cos(a+pB) cosacosP—sinasinf’

rae cos (a4 B)#0, T. €. a+ﬁ;&%+nk, keZ.
PasnenuM YHCJIHTEJb M 3HaMeHaTeJb MNOJYUYEHHOTrO BbipaikeHHs
Ha npousBefeHHe cosacosPz=0, yTo6bl B OKOHYATEIbHOM BHIE
(popmy.na BblpazKkaJja TaHreHC CyMMbl uepe3 TaHTeHChbl 3aJdaHHbIX
yhcesa o M B:
sin a cos B + sin B cos a sinacosf . sinfcosa .

i _ cos a cos f __cosacosPB " cosacosP
tg(a+B)_cosacosﬁ—-sinasinﬁ_cosacosﬁ_sinasinﬁ_
cos a cos B cos a cos f. cosgcos‘ﬁ‘
- tgattgh
Il —tgatgp”
IMoayunau: e +Itg|3 ,
a
tg(o+B) =100 55" (1)
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rie a, B, a4+ f He ABAMIOTCA YHCJAAMH BHAA —32‘— + nk, keZ.
3 apganue. Jokaxure, uto ‘

__py. tlge—tgP
tel =B =T gates’

rie o, B, a — P He SABJAAIOTCA YHCJAAMHM BHAA —’;——l—nk, keZ.

Yka 3aHHe. tg (fl — B)=tg(a + (—B)), 3areM Bocnosb3yiiTeCh
¢opmynoit (1) u CBOHCTBOM HEYETHOCTH TaHIreHca.

Ynpasxcnenus

1. ¥YnpocTHTe BbIpaXKeHHS:
a) tg 2x 4+ tg 3x . 6) tg 3x — tg 2x

I —tg2xtg3x’ 1+ tg2xtg3x’
1 —tgx
B) —&%. KL . KL .
) s ) tg(§+x) - te(F—+);
singf—tsinn— 3n T
3 ? COS—S-COS?

n) ;
w(i+e)

.
5m n .5t . o=m

COS — * COS = SIN —— + SN —
5 3 tsing 3.

tg(%’f—a) ’
X) tgatgp + (tga -+ tgp) - ctg(a 4 B);
n LY
e tieyy

14n 4n’
|+th5" . tgl—g

e)

11 5n
mg+m%

5n°

H)
8n

2. Bnbiuucaure Ge3 TabJ/HLL: a) tglb°; 6) tg75°;

B)tg (% + a), ecmmctga=193;r) tg(-%——{-a), e/ cosa=-——;—

W E<a<m 1) tgla—B) e sina——20 tgp—2
%<a<2m

3. Iokaxure:

a) ctg(a_'_ﬁ):ctgactgﬁ—l’

ctgp 4 ctga
yHcaaMH Buaa nk, k€ Z;

roe a, B, o+ p He ABAAIOTCA

6) ctg(a—ﬁ)=-c%tggc;—°t_§-&—;:-a—l. rie o, B, a — B He SBAAIOTCA
yucaaMHu Buaa nk, kR € Z.
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4. JlokaXHTe TOXAECTBA:

tg(a—p)+tgp _ cos(a+B).

) 3 —tg?a _ tg3a.
tg(a+p)+tgp  cos(a—B)’

1+ 3tg%a tga’

a)

) cosa + sina _ 1
cos o sin a (tg a + ctg a) V1 + tga
3
r)* tgatctga 4 + cosa + €08 2 — cos a cosec’a.

=sina, rae 0<a<-12‘—;

seca coseca sin’a
5. Pemnre ypaBHEHHS:
n cos x 2 o
T )= —bsecx+7=0;
a)tg( e sin x + cos x’ 6) tg'x—5 +

r) 2sec’x —3tglx=1,

UGSy
l—tg(x+T)tg—2-

n
tg(2x——=)+1!
n) 6 =1 e) cosx=2cos(-§——-—x).

1 — tg(2x - %)

§ 61. ®OPMYJbl MPUBEAEHNA

Haiigem 3uauenue sin 237°. Ta6auum VIII, IX, X «Yernipex-
3HAauHbIX MaTeMaTHueckux Tabauu» B. M. DbBpaauca mnospossiior
HaXONHTb 3HAYEHHS] TPHUIOHOMETPHYECKHX (YHKUHH, €C/IH 3HaYeHHe
aprymenta 3amaHo B rpagycax ot 0° po 90°. Ilosromy, uyTOGH
HaiTH 3HaYeHHUs] TPHTOHOMETPHUYECKHX (PYHKIHA NPOM3BOJIBHOTO apry-
MEHTa, HaJ0 HAYUHTbCsS Bblpa)kaTb 3HAueHHe 3TOH (QYHKUHMH vepe3
3HayeHHe KaKOH-1M60 TPUIrOHOMETPHUYECKOH (QYHKUHH apryMmesra,
npuHaNIexalero npoMexyrky or 0° mo 90°. Moxno, Hanpumep,
BOCHOJIb30BaThest  ¢opmydioit  sin(a 4 B), mpexaBapuTesbHO Npen-
craBuB 237° kak cymmy 180° + 57°. Tak Mbl M MOCTYnuM:

sin 237° = sin (180° + 57°) = sin 180° cos57° +- cos 180° sin57° =
=0 - cos 57° 4 (— 1) sin 57° = — sin 57° ~ — 0,84.

IMocTynas aHaJOrHYHBIM 06Pa30M, Mbl MOXKEM € IOMOLULIO HOPMYE
sin(a = B), cos(a = B), tg(a % B), ctg(a + B) BbIBeCTH OPMYJH,
BHIP2)KaIOIlHE 3HAYEHHsS TPHFOHOMETPHUYECKHX (PYHKIHHA NpPOH3BOJb-
HOrO aprymMeHTa uepe3 3HauyeHHs TPHFOHOMETPHUECKHX (YHKUHHA
apryMenTa, NpHHAAJEXKALIEr0 YHCIOBOMY NMpPOMexyTky or 0 no % .
Takue ¢opmysbl Ha3LIBAIOT GOPMYJaMH NPHBEJECHHS.

B kauecTBe npHMepa HpHBeJeM BBHIBOA OAHOH Trpynmbl TaKHX
dopmyn. TTyctb HEOGXOAHMO BHIPA3HTb COSY, FA€ Y — JI060€ YHCIO,
yepes OAHY M3 TPHrOHOMETPHUECKHX (YHKUHA HEKOTOPOro 4ucia a
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H3 apomexyTka J0; -g—[. Yucso. y MONKHO - IpesicTasHTh B BHJE

v =.—2“— -nhxa, rae - a €]0; —g—[, n € Z. ~Hanpumep,
57 ““+02n, 53n=11-% —02n

BOCHOJ]bsyeMCH CbOpMleaMﬂ-"COS(a + B):

\-»xgesa),r-.ms% cn4+a)= cds—;—‘- ncosa :F-sin—g-n . sina.

3awe:mu, HMTO cos—;z— -l H sm? * N APUHHMAIOT " 3HAUEHHS: 0; 1

win — 1. Tlostomy

) { COSa HJIH — COSa, €CJH 71 -UeTHOE,

COS == . .
'V COS( sing WIH — sina, €cJu n HeYeTHOe.

I'Ip’ﬂ' ITOM SNAK 3HAYEHHA npuaeneﬂuoﬁ‘ G YHKUHK - COBRAA2ET CO
3HAKOM 3HaYeHWs TPHBOAMMON (QYHKUHH.
AHanoruuHO NOKa3bIBAeTCA CieAyloLLas rpynna. (popmyn npHBe-

nemm A1 JIo60ro uucaa v, a € ]0; -——[ u n € Z

sina u1n — sina, ecau n qemoe
siny = sm(—n + a) - { COS@ HIH — COS@, €CJH N HedeTHOe;

) { tgo uin — tga, eciu n 4eTHoe,

tgy = tg(—-—n ctga uan — ctga, ecin n HeuerHoe;

)__ ctga unn — ctga, ecau n yerTHoe,

ctgy = ctg(—;n *a tga wiu — tga, ecau n.HeyeTHoe.

ﬂpmmmaﬂ BO BHHMAaHHe, YTO UHC/IO0 27T €CTb OAHH H3 MEPHOJOB
AJA KaX<J0i U3 TPUTOHOMETPHUUECKHUX (YHKUHH, MOXKHO OrPAHHYHTHCA
JHIIb 3HAUEHUAMH 1, paBHbIMH |, 2, 3 wian 4. OcTaToOK OT BHIYMTAHHUSA
M3 uYHCIa Yy BO3MOXHOIO 4YHC/A nepuonoa ~ 2%  MOXKET GhITb

MpeAcTaBIIeH B O/IHOM ¥3 C/IAYIOWHX BHIOB: 2 — a,

+ a, 2n — a. l'IoaTomy ¢opmynbl NpHBENEHHUS

-2’37+‘d,n—a,

n -+ a, §3‘~—a

MOXHO l'lpe,llCTaBHTb B VBPUJ,e Tabaunbl:

Apryment
QyHkuns el

-;——a -—2’1+? n—a n4a :-”21-'—(1 3—;+u 2n—a
sin y . cosa cos @ sin a | —sinae | —cosa [ —cosa | —sina
cos y sin a —sina | —cosa | —cosa | —sina sin a cos a
tgy ctga | —ctga | —tga tga | ctga | —ctga | —tga
ctgy tga —tga —ctga ctga tga —tga —ctga
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3ananue 1. Jlokaxure, uTo sin(—;’- + a) = cosa.

3apanue 2. JJokaxure, 4yTo COS %’3 — a) = — sina.
3apgaunue 3. dokaxure, uto tg(n + a) = tga.
3aganue 4. [okaxure, uro ctg(2n — o) = — ctga.

Oas aydwero 3anoMHHaHusi (GOpPMYJ NpPHBELEHHS MOXHO BOC-
n0/1b30BaThCsl MHEMOHHUYeCKHM mnpaBujoM. IlycTb y H a — yryoBble
BeJHUYHHB [Yyr eJUHHUHOH OKpYXKHOCTH, mnpuHuem 7y € ]0; 2=z,

a € ]0; —'2‘-[. s Toro yrto6bl NMPUBECTH TPHIOHOMETPHUECKYIO (YHK-

LHIO YyHCIa Y K TpHFOHOMeTqueCKOﬁ q)yHKu“H yHcJa a, HeO6XOAHMO:

l) Be€JIMYHHY ¢y NpeaACTaBHTb B OAHOM H3 CJaeAYIOULHX BHAOB:
n 3n :
—2— +a, T+ q, 7

2) COXPaHHTb HaHMeHOBaHHe prHKU.HH €CJIH ayra BEJIHUHHOH a
OTKJ1aAblBA€TCA OT TOPHU30OHTAJNIbHOTO ﬂHaMeTpa (TI', =+ a, 2n — a) Hame-
HUTb HAaUMEHOBAHHE (pyHKU.MH Ha KOd)yHKquo ecqau ayra BeJHUMHOH

+ a, 2n — a;

3.
a OTKJaAbiBaeTCss OT BEPTHKAJbHOro gHamerpa (—g— + a; Tn + 0.);

3) yCcTaHOBHTb, B KaKOH YeTBEPTH DPacClOJIOXKEeH KOHel Ayru Be-
JIMUKHOM P, M ONpele/uTb 3HAK MPHUBOAMMOH TPHIOHOMETPHUYECKO
GYHKUHH; 3TOT e 3HAaK MOCTaBHTb Mepej 3HaueHHeM MPHBEAEeHHOH

(QYHKLHH.
[Tpumep 1. Haiinure tg—:?t-.

Pewenune. PyHkuus tgx mnepuoauueckas ¢ MNepHoaOM T,
No3TOMY

37n

1
tg = thT .= tg(Qn + —;:— ) = tg% =1 (puc. 178).
[Tpumep 2. Haiigure cosl—i,;-’-t.
Pewenue.
LOS— = cos(4n + ——n) = cos—-n = | 7 |
_ 411 _ o | | I
—cos(n—-S—)——cos—g-—~—2—. : :
Ynpaxcnenus Ly :
| [
1. Hafigute 3Haueuus: a) sinl50°; Il L 1T X
o 5 2n Z) 412
6) cos210°; B) th; r) ctg—:o’—. I |
| |
! |
! CHHyC Ha KOCHHYC, TAHFeHC Ha KOTaHIEHC
u o6parHo. Puc. 178
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2. Boiudesure: a) sin 751°17/; 6) cos 1205°24/; B) tg (—420°17);
r) ctgb571°37’.

3. Bbruncaure:
a) 2co0s600°4 sin300°- ctg510°; 6) sin690°ctg1200°—-;—-tg750°;
B) —;—tg(——870°) - €05330°; r) cos(— 1230°) - ctg 1050°;
1) sin(—1920°)tg60° — cos1020°; e) %sin 300° . tg (—690°);
x) %cos(— 330°) - tg690°;  3) ctgl200°sin690°+-%—tg(——750°).

4. Jloxaxure, 4TO:

a) cos(%n + a) =sina; 6) tg(2n —a)= —tga;

B) ctg(%IE — a) =tgaq;

5. Haiigure:
a) sin(n — 3) + cos(-:)’?ﬁ—k 3);

B) sinz% + cos"’g—;‘- + sin?5m;

r) sin (% — a) = cosa.

6) sin(—240°)— cos(—150°);
r) sin?402°+4 sin48°4 tg2225°;
cos?(—135°) 4 sin?(—300°)_
tg(—225°) + cos(—240°)
sin?315° c0s300° + tg(—315°)
sin (—120°) cos 150° )

1) sin?99° 4+ cos?81°-ctg?315°; e)

6cos®(—240°) - ctg 210°
sin(—300°) « cos?180°

6. YnpocTuTre BbIpaXKeHHA:

a) cos(a —90°)ctg (180° 4a) — cos (—a);

6) sin(a — 270°)tg (180° — a) + sin(—a);

B) cosec402° sec408° 4 tg (— 225°);

r) sec?40° 4 tg (— 225°);

1) —2co0s240° — tg150° sin (— 120°) — sin270°;
e) cos45°sin3105° 4+ —%—ctg(—315°) — c0s270°;
X) c0s686° sec34° + cos 18° sin (— 72°);

3) 8c0s330°tg210° — 4 ctg945°.

7. Ynpocrure:

a) 1 — cos(n— a)sin §——a);

n
2
tg(—660°)sin(—870°)
cos (—600°) - ctg225° ’
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B) sin"’(—;— —B ) cosecf — tgz(ﬁ - —’21-) sin (7 — B);
r) ctg(270° 4+ a) + ctg(a — 270°);
) tg(%—a)tg(%— a)sin(Qn —a);

cos (7 — ) sin (32—’-‘ +5).

e) sin (m 4 B) cos (4 — @) ’
%) sin?2(n 4 1) + cos?(2n — 2);

cos (%ﬂ — Ga) + sin (n + 4a) + sin (3 — 4a)
3)

sin (5?:1: + Ga) + cos (4a — 2n) + cos (4a + w)

8. JloKaXHTe TOXKJIeCTBa:

9n
COS{—w—0
2 : 3n 2 o)
a) e sin (—2 a) tg? (n — a);
sin §it—a
2 o _ 3= 2.
6) e (=) —cos(a 5 )ctg a; '

B) sin%(n — a) — sin?(a — 2n) = sin? 32—“ + a) — sinz(—g- + a).
9. Pemure ypaBHeHHSA:

a) 5 sin"’(%"— —_ x) -+ 8cos (nn + x)=0;

6) 3COS()C — -’2‘—) — 7sin (2n — x) =0;

B) sin2(32—“ + x) =cos (2n — x) + 2;

r) vV 3 ctg?(8n + x) + tg (3,51 — x) =0;
) sinz(% — x) — 3cos (4n + x) = 4;

e) 3tg?(13n + x) + V' 3 ctg (6,51 — x) = 0;

K) 2cos(3,5n + x)tg (8n — x)=0;
3) 2cos? (6 — x) — sin (5,51 + x) = 1.

§ 62. TPUTOHOMETPUYECKUE DYHKLIUU
"ABOHAHOIO APFYMEHTA

Ecau B ¢QopMmysax CJHO0XKEHHS TPHIOHOMETPHYECKHX (YHKUHH

sin(a + B), cos(a+B) u tg(a+p) (cm. §§ 58—60) nonoxuThb
a=2§, To noayuuM ¢GopmyJabl, BbIpaKaloliHe TPHrOHOMETpPHUECKHE
¢yHKUMM [ABOHHOro aprymeHra 2a 4vepe3 (YHKUHM apryMeHTa a.
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sin (a + a)=sina cosa + sina cosa = 2sina cosa,
sin2a = 2sina cosa. ' (1)
cos (a + @)= cosa cosa — sina sina = cos?a — sin’a,
cos2a = cos?a — sin?a. (2)

@®opmyant (1) u (2) BepHbl Aasi MOObIX AeHCTBHTEbHBIX 3HAYEHHH .

__ tga+4tga _ 2tga
tg(a-{_a)_l—tgatga_]_tgza’
tg2q —2tge (3)
1 —tgla

IMocnennsia ¢opmyna uMeeT MecTo INpu 2a;&—’2-’-+nk, keZ,

T. €. mpH aq&—;—‘--}--g—k, k€ Z, a Takxe npu a:/:—g—+nk, keZ.

ITp umep. Beipasure sin3a uepes sina.
Pemenune.

sin3a = sin (2a + a) = sin2a cosa 4 cos2a sina =
= 2sina cosa cosa + (cos’a — sina) sina =
= 2sina cos®a + sina cos?a — sin®a =
= 3sina cos’a — sin*a = 3sina (1 — sin’a) — sin®a =
= 3sina — 4sin’a.
Ynpaxcnenusn
1. TMpumensa ¢dopmyant (1), (2) n (3), Beipasure sinx, cosx,
tgx uepe3 TpuroHomerpHueckHe (YHKLUHH aprymeHra %

2. Boluucaute: a) sin15°cos15°  6) cos?15° — sin®15°.
3. Buipasure: a) cos3a yepe3 cosa; 6) sin4a uepe3 sina H cosa.

4. Bpiuucsure: a) sin2a, cos2e, tg2a, ecan cosa='—%,

-;L<a<n; 6) cos2a, ecau sina = —0,6, 32—“<a<2n.

5. ¥YnpocTHTe BbIpaKeHHA:

sin2x cos 2x
a) ——; L —
) 2cosx’ 6) sinx 4 cos x’
B) cos“%—’ sin‘*%; r) 14 cos2x + 2sin’x;
n) 2sin’x —1; e) sin’x 4+ cos*x — —ii-;
tga . cos?a
) 1+ tg?a’ 3 — o’
g tg5 — ctgo

6. Ynpoctute BbIpaXKeHHS:
a) 2cos’a—1; 6) sina sin(—g— - a) cos 2a;
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r) cos2a  sin2a .,

B) cos*2a — sin*2a; —;
cosa sina

1) cos?a — 4sin? X cos?

o .  Acin? 2 .
3 5> e) 1 —4sin“acos®a;

cos2a sin2a . .
X) . + powent 3) ctga — ctg2a.

7. JloKaxXute TOXKJeCcTBa:

a) 4sinacos®o — 2sin2a sina = sin4a;

6) tga ctga
14+ tg’c 1+ ctgla

8. Pewurte ypaBHEHHS:

== sin 2a.

a) sinx =sin2x; 6) 4sinxcosx= 1/_5;
B) 4sin*x 4 sin?2x=2; r) tg2x=3tgx;

1) sin*x —cos*x=0,5; e) sin?2x — 4sin2(—2’5— + x) +4=0.

§ 63. TPUrOHOMETPUYECKUE DYHKLIMA
NONIOBUHHOTO APFYMEHTA

BriBeseM (opMyJibl, MO3BOJAIOIIHME BblpaxaTb TPHIOHOMETpHYE-
cKHe (YHKIHHM apryMeHTa —;— yepe3a TPUrOHOMeTpHUECKHe (YHKUHH

aprymeHra a.
[MosoxkuM B opmyse, Bblpaxalolledi KOCHHYC JABOHHOro ap-

. a
rymenta, cos2x = cos’x — sin’x, x =—-. ITonyunm:

21_ i 2-a—= *
cos® —- — sin” - = cos . (%)

o . o
JL/ist HaXOXJEHHS BBIPAXKEHHH LA cos—g— H sin -~ HeoGXoMHMO eiue

OJHO COOTHOILIEeHHEe, CBA3bIBAlOLEEe 3TH BEJHUYHMHBI. Takum BbIpaxe-
HHUEM MOXKEeT CJYXHTb H3BECTHOE TOXKIEeCTBO

sin? % 4 cos? L= 1. (x #)
2 2 .
BbiuTeM MOUJEHHO M3 paBeHCTBA (* %) pPaBeHCTBO (*), MOJNYYHM:

25in2—g—= 1 — cos a,

OTKYyAa HaHzeM:

.20 1 —cosa

sin 2—-—“—'2 ,

P 2 [ — cosa 1
|Sm2|_1/ 2 M
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CJI0XHMM NOYJIEHHO paBeHCTBA (* %) H (*), NMOJYUHM:
2cosz-%-= 1 4+ cosa,

OTKYZa HaiaeM:

1+ oSO
2 ’

lcos—g—|= ‘/___-l—’-’:fﬂ 2)

®opmyast (1) u (2) nO3BOJAIOT HAXOAHTb 3HAYEHHS sin-—g— H

a,
COS™ —
2

HJIH

cos—g—. Iast aToro HEOGXOJHMO HMETb HEKOTODhle€ HAOMNOJHHTE/bHbIE

cBefleHHA 06 apryMeHre a.
Bocnosb30BaBIIKCh ONpeneJeHHsaMH (yHKuui tgx u ctgx u
dopmynamu (1) u (2), nonyuum:

o] = VRS, @

I ctg-- I l-i—@—s-o-‘ (4)

— COSa

OyHKUHH tg-g— u ctg—g- MoryT ObiTb Gosiee NPOCTO BhIpaXKEHbI

yepes TpHroHoMmeTpuueckue ¢yHkuun aprymenrta a. Ilo onpenene-
HHIO

sin—(l
=, rae cos—g—;é 0. (%)

€OS —-
2

tg-‘—;-=

YMHOXKHM UHCJIHTENb M 3HAMeHaTeJb Noc/aelHed APOGH Ha 25in—‘2-‘—,

HOJIYYHM:

9 O

to & Zsin 2 _1—cosa
g—: = -

2 2sin icos—a— sina

2 2

, rae sina 5= 0.

VMHOXHB 4YHCJHMTENb H 3HaMeHaTeslb (OpPMYJbl (***) Ha 2cos—g—,

NOJIyYuM ApYryio ¢opmyay ans tg%:

1] 2sin%cos-g- sina

= = rae 1 sa = 0.

tg2 2 O 1+ cosa’ A + cosa 7
2cos 5
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Bocnosib30BaBHINCh HU3BECTHBIM COOTHOLIEHHEM ctgx-—-—;gl—);, rae

tgx = 0, noNyYyHM ABe aHANOTHUHBIE (HOPMYJIbl LIS ctg—g—:

Qo sina
—_———— Tle 1 — O,
ctg ) T cosa’ TA cosa =
o 1 4 cosa .
—_—=—— Tle 0.
ctg 2 g’ TAE sina =+

MMpuwmep 1. Haliaure Ges tabaun tg22°30°.
Pewenue Bocnonsayemcs dopmynoit (3), HMess B BHAY, UTO
tg22°30’ > 0.

t 090’ — .I/l—-cos45°___ 2—y2 @—v2)y —
g22°30 1 ‘/2+;/— l/(2+ V2)@e—-v?2)

—I—cos45°
@—Vey _2=V2_ .2 _|_ /9 _1~04l
42 ;/_— 1/— V2 T

[Tpumep 2. Pewnre ypaBHeHue
4sin?x (1 4 cos2x)=1 — cos2x.

PeweHnue. B naHHOM ypaBHeHHH cojep:KaTcsi TPUTOHOMETPH-
yeckue PYHKLUHH OT apryMeHToB x H 2x. Bolpasum QyHKUHH aprymeH-
tTa 2x uepe3 ¢yHKUHM aprymeHra x. Bocnosnbsyemca ¢opmysnamu

1 4 cos2x =2cos?x, | — cos2x = 2sin?x.

HanHoe yPaBHeHHE MpHMET BHA: 4sin’x - 2cos?x =2sin® X, uan
2sin®x (4cos®x — 1) =0, otkyxa:

a) sinx=0, x=nn, n€ Z;

6) 4cos’x —1=0, 2(2cos’x)—1=0, 2(1 + cos2x) — 1 =0;
cos2x=——;-,2x=_—!;-233+2nn,x=-_l;%+nn,nel.

OtBeT: nn; =+ —g— + nn, n€Z.

Ynpaxcnenusn

1. Haﬁnme:

. 5 n .
a) cos — 2, ec/u sma—l—s,—?<a<n,
.aQ 12 5n
6) sm-é—, eC/IH oSO = — 1=, —<a<3m

B) tg%, ecau ctga=—§—-, n<a<§2£;

r) sin— 2 , ecau sina = —0,8, a'n<oz<32—ﬂ
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2. YnpocTHTe BblpaieHHe:
1 — 2sin? —
2
a) ————;
2_—-
2cos 5 1

6) 25in2(%+3—;— —1:

B) cos*x — sin*x — cos2x; r) 2cosz(—f-:~—37“ —1;
1 4 cos42° . 1 4 sina of T a .9
L cosd2” e) Ltsine yoorm @) g2
2) 1 — sin48° ) T—sina g(4 2) sin-a,

1 —2cos%+cosa 1 —25in-)2c———cosx
X) : ; 3)

1+ 2cos-g— + cosa

1+ QSin% — coSx

3. Pemnrte ypaBHEHHS:
a) 2cos?(x — m) + 3sin(n 4 2x)=0;
6) 2sin (-g—-— x) + 5cos (1,5m — 2x) =0;

B) 2cos?(2n — x)=3sin(nw —x) + 2;
inx — cos?( 2~ 4+ £
r) 1 —sinx=cos (4 + 2),

n) 1+ sinx= sin2(-§;—-+ _’2‘_),

e) sin®x — cos?x = cos®2x.

§ 64 *. BbIPAYXEHWE TPUTOHOMETPUHECKUX OYHKLIMA
YEPE3 TAHIEHC NMOJIOBMHHOTO APTYMEHTA

B § 46 Mbl BUE/H, UTO KAXK/YIO H3 TPHTOHOMETPHUYECKHX QYHKLHH
MOXHO BbIpasuTh uepe3 JioOyl0 [APYryl0 TPHIOHOMETPHUECKYIO
@yHKUMIO TOTO e aprymeHra. HekoTopble M3 TaKuX BblpaXKeHHH
cogepKaT KBaJpaTHble KOPHH, MOITOMY HMX NpHMEHeHHe, Hampumep,
npu pelieHHH YypaBHEHMH MNPUBOAWT K HPPALHOHA/bHbIM YpaBHe-
HusiM. OfHako yao6Hee BbIpaXKaTb TPHTOHOMETPHUECKHE (QYHKLMH
palHOHANbHO (TOJNBKO C MOMOLLbI0 AEHCTBHH CJI0XKEHHHA, BbIYHTA-
HHSl, YMHOXEHHsI H JeJleHHs) uepe3 JApyrde TPHIOHOMeTpHYecKue

QyHKUHH.
Ceituac Mbl BbiBeeM (OpMYJibl, O3BOJISIIOLLHE BbIpAXKaTh QYHKIHH

sinx, cosx, tgx, ctgx uepes tg—;‘—.
[Mpumep 1. Bepasure sinx uepes tg%.

Pewenue. JlBe wu3BecTHhle ¢opMyabl sinx==2sin -;—cos—g-

. X .
u sm”-é—+ cos2—’2‘—=l MO3BOJISIOT BLIPA3HTb sinx uepes tg-;—;
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.X x o X x
2sin— cos— 2sin — cos -

sin x = 21 2 x2 Qx.
2 X 2 X
sin 2—|—cos 5

[IpennosnoxuM, 4TO cos—;—;& 0, W pas3ie]lMM 4YHCIHTEJIb H 3HaMe-

HaTeJb Apo6H Ha cos2—’—2‘—;& 0, moJyuum:

X x
2sin 5 Cos 5
cos? = 2tg—x—
. 2 2
SINx == < = .
sinz—é— 1+ tg2%
+1

x
cos? =

2
Hrak,

2tg~£—
2 (1)

sinx=———x-.
2_
14 tg )

®opmyaa (1) BepHa AJIsi BCeX 3HAYEHHH X, MPH KOTODPBIX cos-’é—# 0,
T. e OJfA BceX x=mn+ 2nn, n€Z..
Mpumep 2. Brpasure cosx uepes tg-iz‘—.

PeweHue. [IBe usBectHole GOPMyJbl COSX = cos2—’2‘— — sinZ%

u cos"’%—l— sin2—’2‘-=l 103BONISIIOT BBIPA3HTb COSX uepes3 tg—;—:

2 2

cos X sin
2 2

cos x = cos? -32‘— — sin

m|><

2

ro| % {rof w

x .
cos? 5 <+ sin

ITpeanonoxum, 4TO cos—;—-—,& 0. Pa3jgenuM uncauTeN b M 3HaMeHa-

Teab ApOGH Ha cos?- £ 0, mosyunMm:
P ) y

: sin"’—;i
cos’%— 1 — tg"’-g-
cosx = === .
sin? X 1 4tg? =
|+ 2 2
2 X
cos’ <
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HUrax.
| tg“’%
oS X = ———2, (2)
1+ tg2§

®opmyna (2) BepHa AJs BCeX X, NPH KOTOPBIX cos—;-:,éO, T. €.

Iad BceX x = n + 2nn, n € Z.
I[Tpumep 3. Boipasure tgx u ctgx uepes tg%.
Pewenue. Bocnonmbayemcss ¢Qopmysoit TaHreHca J[ABOHHOIO

aprymeHra:
X

2tg )
tgr =—2—. 3)
1 — tgz?
W3 ¢opmynasl (3) MOXKHO MOJNY4YHTb BbIpaKeHHe s ctgx:
9 X
1 —tg -
ctgy = ——=. (4)
2tg%

3ananue 1. Hallaure MHOXeCTBO [ONYCTHMbIX 3HauyeHHUM
aprymenTta B ¢opmyaax (3), (4).

ITonyuyennvle B 3TOM mnaparpade dopmyan (1), (2), (3), (4)
yAOGHO MPHMEHATb NMPH BLINOJHEHHH Npeo6pa3oBaHHH BHIpaXKeHHI,
cojepKalluX TPHTOHOMeTpHYecKHe (YHKLUHH, W peLIeHHH TPHUrOHO-
METPHUECKHX YypaBHEHHH, Korja HeoGXOJUMO pasJiHYHble TPHIOHO-
MeTpHyecKHe (YHKIHH OXHOrO H -TOrO JXe€ apryMeHTa 3aMeHHTb
TOJIbKO OJHOH (YHKIIHEH.

[Ipumep 4. tg-g— = 3. Haltaute sinx, cosx, tgx, ctgx.

Pewenune. Ilo dpopmyne (1): siny=-23_-8_23

, . —1-9__ 8 4
[To ¢popmyne (2): COSX = 1= = 5= "
: =23 ___6____3. =1
ITo cpopmy.rle (3) tgx.._..l 5= raad - ctgx ___t_Ex
4
=—=.

[Ipumep 5. Pewnure ypaBuenue 3sinx 4+ 4cosx = 5.
Pewewnue. Bopasum sinx u cosx uepes tg% no ¢opmynam

(1) u (2), nonyuum:

X X

2tg2 l—tg22
3. + 4. =5, rre 1 + tg2% = 0,
l+tg2% 2
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6tgZ + 4 — 4tg* L —5 + 5tg>%, 9tg’ - — big -+ 1 =0.

o X
[Tonyuyunu ypaBHEHHE BTOPOH CTENEHH OTHOCHTEJNbHO tg-2—. Pe-

IHHUM €ro:
fort 6 V3636 _ 1
€3 18 3

X _ arctel
5= arctg 3 + nn,
X = 2arctg—;- + 2nn, roe n € Z.

[pu BbiBoge ¢opmysa (1) u (2) ObLIH HCKIIOYEHBl YHCAa BHAA
x=umn + 2nn, rae n € Z. TlosToMy Takue uHcIa HE MOTYT ObITh
MoMyyeHbl B KauecTBe KOPHeH JaHHOro ypaBHEHHs B Cjyyae IpH-
MEHEeHHs1 Takoro crnoco6a ero peureHusi. ONHaKo 3TH 3HaUYCHHA Ie-
pEMEeHHOi MOTYT YAOB/IETBOPATh NaHHOMY YPaBHEHHIO, T. €. IPH HALIEM
crioco6e peleHusi JaHHOTO yDAaBHEHHsl Mbl MOXEM IOTepPATb KOpPHH
Buga x=mn 4 2nn, n € Z. TlosTomy HeoGXOAUMO MPOBEPHTH, HE
VIOB/IETBOPAIOT JH 3TH YHCIa HaHHOMY ypaBHenuio. Iloacrasum
5TH 3HAUYEHHS B €ro JeByIo yacTb: 3sin(n + 2nn) 4 4cos(n 4 2nn) =
— 3sinn + 4cosn =3 -0+ 4.(—1)= —4 % 5. Paccmarpusae-
Mble 3HAUEHHSA TepeMeHHOH NaHHOMY yPaBHEHHIO HE YIOBJETBOPAIOT.

OrTBer: 2arctg% + 2nn, n € Z.

[Moabsysicb popmyaamu (1) u (2), MOXKHO aHAJOrMYHO pELIHTH

J06ble TPUTOHOMETPHUECKHE ypaBHeHHs BHAa asinx + bcosx = c.
Mpumep 6. Pewnte ypasuenne 2sinx 4 3cosx = — 3.
Pewenne.

2tg 2 1 — g’ 2
2 T _
2.1+tg2i+3.1+1g2_x_— 3>
) )
4tg—’2‘- + 3 — 3tg2§= —3 - 3tg2—;—,
4tg—;--—= — 6, tg—;-z — 1,5,

—%—: arctg(— 1,5) 4+ nn, n € Z,

x = — 2arctg1,5 + 2nn, n € Z.
IMposepka uucen Buaa m + 2nn, n € Z:
2sin(n + 2nn) 4 3cos(n + 2mn) = 2sinn 4 3cosn = 2.0+
+3(—1)=—3.
Takum o6pasom, uucaa Buia n + 2mn, n € Z, Takxke sBJIAIOTCA

pelleHHsIMH JAaHHOrO ypaBHEHHS.
Orser: — 2arctgl,5 + 2nn; n 4 2nn, n € Z.
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Ynpaxcnenusn

1. YnpocTture BblpaKeHHs:
tga + cos2a , 6) cos 20, — cos2atga
1+ tga 1+ tg’a
2. JlaHo: ctg—;‘—= 2. Haiinure sinx, cosx, tgx, ctgx.

3. Pemnre ypaBHEHHS: ,
a) 5sinx 4 12cosx = 13; 6) 3sinx + 4cosx 4 3tgx + 4 =0;
B) sinx — 4 cosx=4; r) 1 —cosbx=tg3x;

n) 3sinx —2cosx=2.

4, Belyucaure:

2sina — 3cosa

a
4sina+ 5cosa’ ecu tg_2__3'

5% Pewure ypaBHeHHe asinx -4 bcosx=c, rae a, b, ¢ — npo-
U3BOJIbHblE JEHCTBHTEJbHBIE YHCJA.

6 Haiinure tg%, ecau sinx 4 COS X = —-.

w

§ 65. ®OPMYJIbI CYMMbl U PA3HOCTM OAHOMMEHHDbIX
TPUTOHOMETPUYECKMUX DYHKLIMA

HMuorna npu BHIMOJHEHWH BbIYHCJEHHH, NMpeo6pa3oBaHHH, NpH
pellleHMH YpaBHEHHWH NPHUXOAMTCH Npeo6pasoBLiBaThb CyMMY (WJIH
Pa3HOCTb) TPHIOHOMETPHUECKHX QYHKIMI B MpousBeneHHe YHKLHUHA.
BoiBegem ¢opMyasl njasi npeoOpa3oBaHHsl B IIPOH3BeJeHHE TaKHX
CYMM H pasHOCTEell TPHFOHOMETPHUYECKHX (yHKIIHH:

sin o - sin B, sin @ — sin B, cos a -+ cos B, cos a — cos f.
Ipeo6pasyem B mpousBefeHue cymmy sina 4 sin f. Ilpeanodo-

KHM, 4TO o=X + Yy, B=x — y. DTO NPEANOJOXKEeHHEe HOMYCTHMO,
TaKk Kak JJs1 JIOObIX JeHCTBHTEJbHBIX 3HaueHHH o M P HaHayTCs

Takhe eIMHCTBEHHblEe X H y. Peliast cucTeMy ypaBHEHHH {ﬁ ;Ci'yy
OTHOCHTEJIbHO X U Y, NOJIYUHM: X = +ﬁ, y= a;B.
3anuwem Tenepb ABe H3BeCTHble popmyanl (cM. § 59):
sin a == sin (x + y) =sin x cos y 4 cos x sin y, (%)
sin f = sin (x — y) ==sin x cos y — cos x sin y. (%)
CJI0KHUM MOYJIEHHO 3TH PaBEHCTBA, MONYYHM:
sina + sin p=2sin x cos y = 2sin =1L +ﬁ sa;ﬁ.
Hrak,
sina+sinﬁ=25int§—£cosa—;3—. (1

204

3anganue 1. Jlokaxure, 4To
sina-—-sinﬁ::.?cos-“—;;ﬁsin-‘f—;—ﬁ. 2)

YkaszaHnue DBpuruTe nouseHHO M3 paBeHcTBa (*) pa-
BEHCTBO ().

[1peoGpasyem B Npou3BeJeHHE cos a -+ cos B. IMyctb
a=x4y, Pp=x—y, Toria x= +ﬁ, y= a;ﬁ.
Paccmotpum u3BecTHole dopmyabl (cum. § 58):
cos a = ¢os (x 4 y) ==cos x cos y — sin x sin y, (#%%)
cos ff = cos (x — y)==cos x cos y - sin x sin y. (xx)

CJI0XXHM MOYJIEHHO 3TH PaBE€HCTBa, MOJYUYHM:

cos a4 cosP=2cos x - cosy=2cos%—ﬁcos“—;—ﬁ.

Hrak,
cosa+cos[3=2cos°‘—“—;—-§-cos°‘_ 3)
3apanue 2. JlokaxkuTe, 4yTO
cosot——cos[?;——-2sm°""'3 ne—8 4)

2

Y kas3auue BburuTe nouneHHO M3 paBeHCTBA (##%) paBeHCT-
BO (#xx),

MMpuwmep 1. [lpeoGpa3syiite cymmy sin 84° 4 sin 26° B mpowus-
BeJleHHe.

P e urenue. Bocnionbsyemcs ¢opmyJoit (1):

sin 84° 4 sin 26° == 2 sin 840';260 cos 840;260 = 2 sin 55° cos 29°.

[Tpumep 2. [lpeo6pasyiite cymmy yukuuit tga 4 tg f B npo-
u3BegeHne (GyHKUHUH.

Pewenwue.

__sina sinB _ sinacosf 4 cosasinf
tgo"_l"tg[s"_cosnt_I—cosﬁ - cos o cos f —
__sin(a+B) k 2
" cosacosp’ nea=;£=2 +nn,ﬁq‘=2+nn,nEZ.
Ynpaxcnenusn

1. Ilpeo6Gpa3syiitre B npou3BefeHHE:
a) cos47° — cos 15°; 6) cos 58° 4 cos 24°;
B) sin 70° 4 sin 30°; r) sin 17° — sin 35°;
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1) cosﬁ——sm 12 e) sm(—g—-{-%)—cos(—%-—{—%).
2. IlpeoGpasyiite B NpoH3Be eHHE:

a) tga—tgp;, 6) ctga4-ctgp; B) ctga—ctgp;

r) 14+tga; a) 14 ctga.

3. IlpeobGpasyiite B npousBejeHue:

a) 1 4 cosa -+ cos2; 6) 3 —tgla;

B) cos a — sin a sin 2a; r) ctg’la — 3;
1+tga

e) —E,
l—tga

3) 3 — 4sinq;

K) cos’a — cos’p;

) cosa-sin2a—cos3a;

X) | —tga+4 seca;

u) 1 —4cos?a;

a) sin’a — sin?p.

4. YnpocTHTe BHIpaXKeHHS:

a) s.ina—-cosa; 6) sina+sinf .
sin @ 4 cos a cosa+cosB

B) 25inﬁ—sin2ﬁ; r tg2a+tga,
2sin B + sin 2B tg2¢ —tga’

1) 1 : e) sin(a + )+ sin(a —B) .
tg2atga+1 sin(a + B) — sin (a —B)

5. Pewnre ypaBHeHHS:
a) sinb5x — sin 3x + sin x =0;
6) sinx + sin 3x = sin 2x - sin 4x;

B) cos (—’2‘— — 3x) == sin §2i‘- + 2x);
r) cos (3—2“- — 3x) = sin (n — x);
Ve

) sinx-—cosx=-—2—;

e) sinx+cosx=1,

§ 66. MPUMEPbBI PELLEHMS OA4HOPOA4HbIX
TPUTOHOMETPUYECKMX YPABHEHMHA

[Tpumep 1. Pewnre ypaBHenue
sin?x + 2 sin x cos x — 3 cos?x =0.

Pewenune 3ameuaem crenymomee: a) jsesast 4acTb ypaBHEHHS
COCTOHT TOJIbKO H3 a/jre6paHdyecKodl CyMMbl, NMpHYeM Kaxjaoe cJja-
raemMoe 3TOH CyMMbl SIBJISIETCSI IPOH3BEEHHEM YHCJIOBOIO MHOMXHTEJS
H (QYHKUUA CHHYyca HJIH KOCHHYCA OJHOTO H TOr0 e apryMeHTa;
6) cymma mnokasartejell cTeneHedl CHHYCa M KOCHHYca B KaxIOM
CJlaraeMOM OJHA H Ta Xe (B HalleM NpHMepe paBHa 2); B) CBOGOAHbI
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yjieH B ypaBHEHHMH OTCyTcTByeT, T. €. paBeH 0. Takoe ypaBHeHHe
Ha3blBalOT OJHOPOAHBbIM OTHOCHTENbHO SiNX H COSX, a 4HCAO 2 —
NOPAJLKOM €ro OJHOPOLHOCTH.

B nanHOM ypaBHeHHH cos x = 0. [leficTBHTeJbHO, €C/IH Npeano-
JOKHTD oGpaTHoe, T. e. 4T0 cosx=0, TO M3 ypaBHeHHs caenyer,
uTo sinx = 0 u sin x = 0. OqHaKO He CylLIeCTBYeT TAKHX 3HAUEHHH X,
NPH KOTOPHIX OJHOBPEMEHHO BBHIMOJHSIOTCH paBeHCTBA sinx=0 H
cos x=0. Pasnennm Bce uleHbl NAHHOTO ypaBHeHHSI Ha cos’x==0,
NOJIyYHM:

sin® x 2sinxcosx __ 3cos’x —0
cos® x cos? x cos® x ’
HJIU
tg?x 4+ 2tgx —3=0.
Mbl noayuwid KBaapaTHoe ypaBHeHHe oOTHocHTenbHO tgx. Pewus
€ro, NMoJIyuum:
a) tgx=1, x=%—|— an, n€Z;
6) tgx=—3, x=arctg(—3)+an=—arctgd +ann, neZ.
OtBer: —;i + nn; —arctg3 +nn, n€ Z.
3apnanue 1. Pewnre ypaBHenuns:
a) 2sinx 4+ 3 cos?x =5sin xcos x;
6) sinx — 1/—3—cosx=0;
B) 3cos’x — sin?x — sin 2x =0.
llpumep 2. Pewnre ypasHenue 3sinxcosx — 5cos?x=0.
Pemenue 3ameuaem, uTo KOpHH ypaBHeHHs cosx =0 (T. e.

4yHCaa —g—+ nn, n€Z) YyIOBIETBOPSIIOT JAaHHOMY YpaBHEHHIO.

[ToaTOMy MOXKHO JIEBYIO €r0o 4acThb Pa3JOXKHTb Ha MHOXHTENH (Bbl-
HECTH 3a CKOOKH COSX) M 3aTeM peLIHTb YypaBHeHHs1 (cosx =0
M OJHOpOJHOE ypaBHeHHE IepBOro mopsiaka). Mol MOCTYNHM HHaue.
3ameruM, 4TOo Ssinx =0 (B NPOTHBHOM cJyuyae M3 ypaBHEHHsS cJe-
ZyeT, 4To H cos x = 0, 4TO AJIs1 OAHHX H TeX XKe 3HauYeHHH nepeMeHHOH
He BblHOJIHSIeTCﬂ) Pasgennm kaxablii usen MaHHOrO ypaBHEHHS Ha
sin’x % 0, nony4um:

. " 2
3sm.x2cosx . ocfoz X =0, 3ctgx — 50tg2x=0,
sin‘x sin“x

ctg x (3 — betg x)=0.
a) ctgx=0, x=%+nn, nez

6) 3—5ctgx=0, ctgx=%, x=arcctg—§—+ nn, n€Z.
Orser: —g-+ nn, arcctg%+ an, n€Z.
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3anganune 2. Peuinte ypaBHeHUs:

a) sinxcosx — ¥ 3 cos’x=0; 6) 2sinxcosx— sinx=0.

Mpumep 3. Pewnure ypasuenue 5 sin’x -+ 3 sinxcosx—
—4cos’x=2.

PeweHue J[lanHoe ypaBHeHHe He YLOBJETBOPSieT BCEM MpH3-
HakaM OJHOPOJAHOrO0 TPUrOHOMETPHUYECKOro ypaBHeHHsl (CM. pelueHue
nepBoro npuMepa) MoToMy, YTO B HEM ecTb OTJIMYHBIA OT HY/S CBOGOA-
Hblil usied, paBHbiil 2. OfHaKo 3TO ypaBHeHHe HEeTPYAHO CBeCTH K
OHOPOJHOMY YypaBHEHHIO BTOPOro nozpsuu(a ec/M 3TOT CBOGOAHbIH
uleH YMHOXHTb Ha BbIpaXeHHe sin’x - cos’x, paBHoe eLHHMLe.

5 sinx + 3 sin x cos x — 4 cos? x — 2(sin®x 4 cos’x) =0
3sin?x + 3 sin x cos x — 6 cos?x =0.
TMonyuunn ONHOPOLHOE YPABHEHHE OTHOCHTEILHO sm X M COS X BTOPOro
nopsiaka. Pasgenum Kaxabiii ero unedn Ha cos’x == 0. IMoayunm:

tg?x +tgx —2=0,
a) tgx=1, x=-%—+nn, neZz,
6) tgx=—2, x=arctg(—2)+ nn= —arctg2+an, n¢cZ
OTBert: —2——}- nn, —arctg2 + nn, n € Z.
3anaunue 3. Pemnre ypaBHeHHS:

a) sin?x — 3sinxcosx 4+ 1 =0;
6) 5sin’x — 4 cos x sin x 4+ 3 cos’x = 2.

Ynpaxcrenun

1. ChopmyupyiiTe NPH3HAKH OJHOPOJAHOrO OTHOCHTEJbHO Sin x
M COSX TpPHroHoMeTpHueckoro ypasHeHHs. IlpuBennte mnpuMepbl
TaKHX ypaBHEHHH.

2. Pewnre ypaBHEHHS:

a) sinx 4+ cos x=0;
6) ﬁsin2x——;—sin2x=0;

B) sin’x + 0,55sin 2x — 2 cos®x = 0;
r) sin?x — ¥/ 3 sinxcos x =0;
1) 2sin’x + 7 cos?x =6 — 3 sin x cos x.

§ 67. NOBTOPEHUE

1. Kak MoxeT 6bITb 3aaH BEKTOp?

2. Chopmyaupyiite onpeaeseHne KOJJIHHEAPHbIX BEKTOPOB.

3. Kak BBOAfITCA NpSIMOYroJibHble KOOPAHHATHI BEKTOpa?

4. CcopwmyaupyiTte onpeneneHHe CKaJasipHOro npou3BeleHHs ABYX
BEKTOpPOB. 3anuiuuté (OpMYyny CKaJsipHOro MPOU3BEJEHHS MABYX
BEKTOPOB B KOOpJAHHATax.
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5. Haimure @ - b, ecan: a) lal=2, bl =8, ¢=(a,5) = 135°

6) a=(3; 1), b =(—5; 6).

6. He nosnb3ysice taGauuamu, Haiiaure: a) cos 105°; 6) sin 105°.

7. YnpocTHTe BbIpaXKEHHS:

sin 65° cos 5° — sin 5° cos 65° ) c0s 75° c0s25° — sin75°sin25° |
sin 20° cos 10° — cos 20° sin 10°’

cos 40° cos 10° + sin 40° sin 10°
8) tg 12° + tg 213° :

I — tg 12° ctg 237°
8. JlokaxkuTe TOXKJEeCTBa:

tg 225° + tg 171° tg 21°
tg (—171°) 4+ tg 201°

r)

* sinza — 1
(cos o — sec a) - sina

t ct o0s®
6)*_gg_t__§_g____l+cosa+c 2“
sec a - cosec a sin“a

+ ctg a =ctg a cosec’q;

= cos a - cosec’a;

1 — tg? .
B) | ———L8% — 95sinx;
1 4+ tg?x
sin 2a cos 2a 1
l‘) - — = N
sin a cos a cos a

1) cos’q — 4sin’= . cos2—;- = cos 2aq;

e) Vsina + cos 20 = |cos al.

9. Pewnrte ypaBHeHHS:

a) cosx=2sin(30° — x);

6) sin(30° + x) 4 sin (30° — x)=0;
B) sin‘x — cos'x=0,5;

r) sin?x — cos?x = cos?2x;

1) cos"’% — sinQ% = sin 2x;

e) 4cos’x(l — cos2x)=1 -} cos 2x;
X)) sin 2x cos x 4+ cos 2xsin x = 0;

3) 8sin2—;—+3sinx+4=0;
H) sin*x — cos*x =sin 2x;

k) (sinx 4 cos x> =1 — cos 2x;
a) | — ﬁsinx:cost;

M) sinx -4 cosx - ctg—’2‘—=— V3.

10. YnpocTHTe Bblpa)KeHHs:

2) c.ln(——oc)sm (——+a)—sm(n—a)sm(2n—a) .

tg (— ~a)
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(4] sin(cz—ijl co ( 3= 3=
) 2 s(e—=3 ctg(a 5 )
11. IpeacraBbTe B BHAE TNPOH3BENEHHA TPHTOHOMETPHUYECKHX

$yHKUHI:

a) V3 —2sina; 6) 0,5+ cosa;

B) cos’a — cos?p;  r) sin’a — cos®p;

n) cos"’(a - %) — cos? 5—(;' - a);

e)* sina + cos a + sin 2a + cos 2a 4 sin 3o + cos 3a.
12*. Pelunte ypaBHEHHA:

a) 2cos’x — cos xsinx =1 — sin’x;

6) sin2x — sin 6x — sin 10x 4 sin 14x =0;

B) sin x cos x + cos?x 4 3 sin’x = 3;

r) sin*x — cos*x 4 sin2x 4+ 3=0.

§ 68. SAAAHUA ONA CAMOIMPOBEPKU

1. Buluucaure a - b, ecam:

a) 1l =7, bl =4, g = (@)= 150%

6) a=(—2; 3), b=(7; —4).

2. He noJab3ysick TaGiuuaMH 3HAue€HHH TPHIOHOMETPHYECKHX

Fnasa VIl

NPOU3BOJHbIE
TPUrTOHOMETPHUYECKKX

®YHKLIUA

§ 69. HENPEPLIBHOCTb
TPUrOHOMETPUYECKMX DYHKLIMA

[Mpexae ueM paccMaTpPHBaThb [POHU3BOLHBIE

TPHUrOHOMETPHYECKHX QYHKIHH, cOopMynHpyeM TeopeMy O HX Hempe-
PHIBHOCTH, KOTOPYIO Mbl NpumMeM Ge3 [10Ka3aTeabCTBa.

Teopewma l. Kaxdan us pynxyui y =sinx, y = cosx, y=tgx,

y = ctgx nenpepwiena na ceoei obaactu onpedesenus.

dra TeopemMa 0603HauaeT, uTo
1) lim sinx=sina, ¢ € R,

X—>ra

2) limcosx=cosa, a €R,

X—>a

3) limtgx=tga, a;e-g--{—nn, ne Z,
4) limctgx=ctga, a#nn, n€ Z.

TeopeMoii O HeNpepLIBHOCTH TPHIOHOMETPHUECKAX (PYHKUHA Mbl
yXe N0JIb30BaJHCh MPH NMOCTPOEHHH HX I'padHKOB.

P> IlokaxkeM, HampuMep, 4TO (YHKUHS Yy==sinx HenpepbiBHa B
Ja060it Touke x, € R. Ilycts & >0 — npousBO/JbHOE CKOJb YrOJIHO
maJioe uucao. Haiinem mMomy/sb pasHoOCTH:

(yHKUMHA, BLIYHCIHTE:
a) tg75° 6) sin 65° cos 5° — cos 65° sin 5°;
B) cos 75° cos 15° — sin 75° sin 15°.
3. JlokaxuTre TOXIECTBA:

a) cos (—g— + a) cos o + sin (—g— + a) sin a =0,5;

x4+ x5 x—xol

. . inx — sinx =|2c S sin =
6) sm(—%‘-+x)cosx——cos(%—l—x)smx=0,5. I'si ol 5737 2
n 12 3 —2| x+x°|‘| i x—x°|'
4. Boluncaure tg (a — —4—), ecad sina = —5 H ?" < o< 2m. =<|C0s—; Sint—3 ’
5. YnpocTHTe BblpaXKEHHS: TaK KaK Icosx+x° |,<1 T0 y
sin 3a cos 3a ., cos 2a 2
a) sine  cosa 6) ’ . . . X — Xo
QSm(%_,_a) lsmx—smxol<2|sm 5 | , B,
o
1 + cos 2a + cos a , c0s @ — ¢0S 5a 3ameTuM, 4TO npH Jgio6om a € R BbNOJM- , .‘S
B) ’ ) —_— . p . -
cos a + 0,5 sin 5a 4 sin o usietcsi HepaBeHCTBO | sina|<lal (puc. 179), 5 "‘4 o
. X — X
6. Permnure ypapHeHH: nostomy |sinx — sinx, | < 2 I — | = ’
a) 2 —2cos“x+4sinx=0;
=|x — x,| <e. INonoxup & =g, nonyuum,

6) 2sin?(mw 4 x) 4 3 cos §2ﬂ—x)=0;

cos?X =sinx.

in?X —
B) sin 5 5

YTO /151 BCEX X, YAOBJETBOPSIOLIHX Hepa-
BEHCTBY | X — X, | << 8, BhinmonHsAercsl Hepa-
BEHCTBO | sinx — sinx, | <<e.

Puc.
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ITo onmpenenenuio npegena ¢GyHKUHH HMeeM:

lim sin x = sin x,.

XXy

[MTocnennee paBeHCTBO O3HAuaeT, YTO (PYHKUHS Sin x HempepbiBHA
B J1060# TOYke O6GJAcCTH CBOEro OIpenesieHHs, T. €. Ha MHOXeCTBe
BCeX AeidcTBHTeNbHbIX uHcen. €
Takum o6pa3omM, B CHJIYy HeNpepblBHOCTH TPHrOHOMETPHYECKMX
GyHKUHE npeaes KaXAoH H3 HHX paBeH ee 3HAYEeHHIO, BHIUHCIEHHOMY
B NpejesbHOH TOYKe, €C/JH ITAa TOYKA MPHHANJIEXKHT 06JacTH omnpe-
JeleHHs1 PYHKLUHH.
[Tpumep 1. Haiinure lim sinx.
x>
Pewenue. lim sinx=sin-g—=%.
x>
I[Tpumep 2. Hafigure lim tgx.
b3

x>

Pemenune. limtgx=tgl=1.
r>3 4

Ynpaxcnenusn

1. Chopmyaupyiite TeopeMy O HeNpepblBHOCTH TPHIOHOMETDH-
yecKHX (PyHKUH.

2. Copmyaupyiite onpenesnenus: a) npepena ¢pyHkKuuH; 6) He-
NpepLIBHOCTH (DYHKIHH B TOUKe.

3. Haiigure:
a) lim sinx; 6) lim cosx;

x—»%‘- x>—1
B) lim tgux; r) lim ctgx;

X-’—i‘- x—»%‘-

sin(x—l—%)
1) lim——=%; e) lim (sinxcos (x —|——n—) tgx).
n tgx n 6
x> x>z

4*, 3anuwHTe  [0Ka3aTeJbCTBO  HeNpepbIBHOCTH
Yy =Sinx B CHMBOJIHUECKOH ¢popme. )

5% Jloka)kuTe HenpepbiBHOCTb (PYHKUUH Y == COSX.

6*. JlokaxkuTe HempepblBHOCTb (YHKUHH a) y=1tgx; 6) y=
=ctgx B KaXXA0H TOuKe 06/1aCTH HX ONpejJeseHHs.

(pyHKIUHH

§ 70. MPEAEN OTHOLLEHMA CUHYCA K APTYMEHTY

Teopema.
lim sinx
x>0 X
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3aMeTHM, 4TO 06JacTbio OMNpele/eHHs g M
(byHKUHH f(x)=3'-}’-c 6yJeT MHOXECTBO Aei-
pi]
CTBHUTEbHBIX YHCEJ, OTJIHYHBIX OT Hyas. [1pe- X A5
nea ke 3Tod QyHKUMH NPH X, CTpeMALIeMCs \\ ®
K HyJII0, CyLLeCTBYeT H paBeH exuuuue. 3ta SN
TeopemMa [OMOraeT HaXOAHTb Mpee/bl 3

TPHTOHOMETPHUYECKHX (YHKLHH.

p JlokasaresbCTBO NaHHOH TeopeMbl pac-
yjeHHM Ha JBe uacTH. BHauajne pokaxew,

11
yto anaa Jioboro x € ]0; 7[ BLINOJIHAETCSA
HEpaBeHCTBO Puc. 180

siny <x < tgx.
PaccMOTpHM EIMHHYHYIO OKPYXHOCTb (pHC. 180). ITyctb P\",— TOY-

Ka eIMHHYHOH OKPYXKHOCTH, COOTBETCTBYIOWIAfl yuCay X: PoP,==x.
Yepe3 Touky P, nposexem KacaTe/bHYIO P,M K egMHHYHOH OK-
| P.K| | MP,|
, lOKI  10P,|’
rae |OP,|=1, | P,K|=sinx, |OK|=cosx. W3 nponopuuu mo-
Jlyuaem, 4TO .

pyxnoctd. Tak kak A OP:K oo A OMP,, TO

iPxKl‘lopoi sin x
IMPO!:T—COSX—th'

n
U3 pucynka 180 3ameuaem, uyTO Aast JioGoro xG]O; —2—[
BBINMOJIHSETCA HePaBEHCTBO MJuoulafed ¢uryp:

SA OPxPy < Sccm:OPxPo < SA OMPy-

Haiigem naowiagu 3THX (Uryp:

1 1 ..
SAOPxP0="2"IPxKI - 0P0|=-§-Slm€,

1 2 (p7 1.
Scem‘. OPxP0=—2~ |OP0! . lPOle =_2_x,
1 1
Saompy =5 [OPy| « IMP, | =—-tgx.
[ToacraBum 3HaueHHsl MJIOLLAAEH B HEPABEHCTBO, MOJNYUYHM:

1. 1 1
—é—smx<Tx< 3 tgx,

sinx < x <tgx npu xE]O;—g-[. (1)

3aganue |. IMokaxure, YTO HePaBeHCTBO Sinx <X BepHO
npu no6om x>0, a HepaBeHCTBO X <tg X BHINOJNHAGTCA HE AJf
scex x> 0.
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Y k a3 anmue. PaccMmorpure rpaduku GyHKUHHE y =x 1 y=1g x.
sin x

Tenepb mokakem, 4TO lirr(l) = 1. U3 HepaBeHcTBa sinx <<x
X =
(cM. nepaBenctBo 1), BepHOro ansi xE]O; %[, C/leayeT, uTo

. U3 nepaBencrBa x <<tgx (cMm. HepaBeHCTBO 1), BepHOro

Ans xE]O; —g-[ cjenyer: 3’—35> cos x. Takum oGpasom,

sin x

cosx<——<l.

Ecau xE]—i;—, 0[, TO 3anHcaHHOe BHIIE HEPaBEHCTBO

sin (—x
TakxKe OyJeT BBLINONHATBCSA, TaK Kak cos(—x)==cosx, ——-_(T)=

__sinx dyHKLHT

sin x s .
cosx u === npu x—0. Torza limcos x = cos 0 = 1, liml =
x—0 x—

[Tostomy mo Teopeme o0 npeneje (YHKUHH, 3aK/IIOUEHHOH MeEXAy

nByms aApyrumMu ¢yHkuusMu (cm. § 16), momyuum: ]in})S':x= 1.4
X
PaccmorpeHnasi TeopeMa MOXKeT GbITb HCTOJKOBaHa TIeOMETpPH-
yecku. Paccmorpum rpaduk ¢yHkunn y==sinx (puc. 181) Ha

npomexyrke |0; —|. Tlyctb npsamas OM — HeKOTOpasi Ceky-
2

masi CHHYCOMAbI, NMPOXOAsillasi yepe3 Hayaslo xoopmmaT Touka M

uMeerT KoopauHathl (x; sinx). Torma OTHOWEHHE ——= eCThb YIJOBOH

ko3¢ puument npsamoii OM. IlpencraBuM ce6e Tenepb, 4to Touka M
ABHXKETCSI M0 CHUHYCOWAe, NpHOaHKAsCh K Hayaay koopaunar. Toraa
cekymwass OM Gyner noBopauuBaTbcsl BOKPYr TOukH O, NpHONHKASACH
K KacarejIbHOH, MpoBeeHHOH K rpaduky ¢GyHKUHH y==sinx B 3TOH

TOUKe.
Y . sinx
\y* Pagencrso lim =1 o03-
x>0 X
11 o }
M HayaeT, UTO YrJOBOH Ko3(pdH
LMEHT KacaTe/bHOii, NpoBeAeHHO
- yepe3 HauaJjo KOOPAHHAT K rpa-
3 dbuky ¢QyHKuUHH y==sinx, paBeH

0 {1 XX 2 x  eauHHue. KacartenbHOH Cay:XKHT
2 npsaMas y=x. Takum o6pasom,

rpadpuk ¢GyHKUHH y==Sinx AJIa

x>0 npoxoaur noj npamMo#r

y==x — GUCCEKTPHCOH NepBOro H

Puc. 181 TpeTbero KOOpPAHHATHLIX YIJIOB,
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Kacasicb 3TOii mpsimoii B HauaJje KoopaMHAT. B cuay HeueTHoOCTH
¢yukuun y=sinx ee rpacpux s x<<0 NpoxoaHT HaA nNpsMOH
Y = x, TaKxKe KacasiCb 3TOH NpsiMoii B HauaJje KOOpAMHAT.

sin 5x

[Tpumep 1. Haligure llm —

Pewenue Mb Moriu 6 BOCIOJB30BAThCS TEOpPEMOH O mpe-
Jlele OTHOLUEHHS] CHHyca K apryMeHTy, ecad Gbl B 3HaMeHareJe
npo6u 6blIo He x, a Sx. YMHOXHM YHCJIUTENb M 3HaMeHaTeJb JPOGH
Ha 5 W BocnoJsb3yeMcsi TeopemaMu o npenenax GpyHkuuid (cm. § 16):

lim S5% _ | 58inb% 5, sinds 5.1 —5,
x>0 X x>0 O% x>0 OX

sin 5x

Mpumep 2. Haiiaure lim—=

050 2x

Pemenue.
1 1 1 1
lim = lim = lim = = —
x>0 sm2x x>0 sm2x x>0 2sin2x . sin2x 2.1 2
2 lim
x 2x x>0 2%

[Tpumep 3. Hafinure lim X 2

x>0
Pemenue.

lim 85 = lim 5 X_ — L jjm S0% | fjm L —
o0 2% _x—>0 2x cos x 2,50 X 0 COSX
_ 1 11 1
2 ! cos0 2 ! I—T'

Mpumep 4. Haitgure lim 3022

>0 SiN 3x
PeweHnue.

im 2 sin 2x 2 lim sin 2x
lim sin2x __ x=0 2x x>0 2x —2-1 =£
x-0 Sin 3x . 3sin3x . sin 3x 3.1 3°
lim 3 lim
x>0 93X x>0 3%

Ynpaxcnenun

1. ChopmyaupyiiTe TeopeMy O Npeaeje OTHOLIEHHS CHHYca K
apryMeHTy, KOrja aprymMeHT CTPeMHTCH K HYJIO.

2*, Jloka)KHTe HepaBeHCTBO sinx <<x<<tgx mpH x € ]0; %[

. Hokaxure, uro lim 3% =1, ecan BHIIOMHSAETCS HepaBeH-

x—0

cTBO sinx < x<<tgx mpu x € ]0; %[

215




4. Jokaxwure, uto: a) lim . 6) lim&X—1.

x>0 Sinx x>0 X
5. Haiigure:
a) lim sm4x; 6) lim smﬁx; 8) lim ‘6x .
x>0 X x>0 X x—0 Sin 5x
sin (x———) sin 4x
r) lim lim 2% e) lim————-;
) n »A) x-»Otg ) x—»o sin 5x
x> — X —
3 3
. k14
. tg2x . sin (76—+x)
xk) lim : 3) lim —————,
)x»o x ) x O6x+4=x
X ——
6. OGDBACHHTE reOMETPHYECKHil CMBICA Tpejesa hm sinx 1.

§ 71. NPOU3BOAHAA CHMHYCA

HanomuuM, uTo npousBogHoii ¢yHKuHH y=f(x) B TOuKe
X Has3blBaeTCs mpeje] OTHOWEHHs npupauieHus Af(x) ¢ydHkuum B
3TOHl TOYKe K MNpHpalleHHIo Ax aprymenTa, koraa Ax CTpPeMHTCSH
K Hyjao: f’ (x)— hm AT
0 Ax

[Tonb3ysch onpeaeneuueM NpOM3BOAHOH, HaiJgeM NPOH3BOAHYIO
¢GyHKUMH y = sin x:

1) TlycTb aprymeHT x moJydaer npupaiienue Ax;
x + Ax — HOBOe 3HaueHHE aprymeHTa.

2) Hosoe 3nauenue ¢pyHkuuu 6yger sin(x 4 Ax).

3) Haiinem npupauwenne ¢yskunn: Ay=sin (x4 Ax) —sinx.

4) Haiinem oTHOLIeHHe mnpupalleHHs (QYHKUHH K TNPHPAIUEHHIO
aprymeHTa:

Ay _ sin(x 4 Ax)—sinx

Ax Ax ’

5) HaiineM npousBogHyi0 ¢YHKUHH y == sin x:

. . A . i Ax) — si
y’ = (sinx)’ = lim AY _ |jp SinGe a0 —siny

Ax—0Ax Ax—0 Ax
2 cos (x + %_x) sin [;x Ax sin %‘
= |lim = lim cos (x —_ =
Ax—0 Ax Ax—0 + Ax
2
. Ax
sin -—2— 0
=lim cos(x+———) lim =cos(x+—)- 1 =cos x.
Ax—>0 Ax—»0  Ax 2
2

[Monyunau, yTO MPOH3BOAHAS CHHYCAa pPaBHA KOCHHYCY:
. (sin x)’ = cos x. 1)
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[Tpumep 1. Halinnte npousBojHyo ¢yHKUHH Yy == sin 3x.
Peuenue. Bocnonbsyemess dopmynoit (1) u Teopemoii o npo-
U3BOJAHON cjoxHOA ¢GyHKuuu (cMm. § 24). [Monyunm:

= (sin 3x)’ = cos 3x - (3x)’ =3 cos 3x. ~

Mpumep 2. Haligure npousBoanyto GyHKUHH y == sin (2x——j:- )

/= (om(ae-2)) -
—cos(2x—% ) (26— %) =2cos (2 = %).
[Mpuwmep 3. Haliaure npon3BoAHYI0 PYHKUHU
y=4xsin(-;i — 2x).

Pewenue Bocnonbsyemcs teopeMaMH O NPOH3BOJHOH mpo-
u3BefleHus PyHKUHMHA M TPOU3BOLHOM COKHOH dyHKUHH (cM. § 23, 24).

Monyunm:
y=(4x-sin(F—2x)) =
—4sin(F—2¢) +4x - cos (5 — 2¢) - (5 - 2 ) =
- 4sin(%-—— ‘2x) —8xcos(%— 2x).
Mpumep 4. Jokaxure, uro dyHkuua f(x)=sinx — 4x y6u-

BaeT Ha MHOXECTBE BCeX AEHCTBHTEJbHBIX 4YHCeJ.
PeweHue HaiineMm npou3BoaHylo AaHHOH (PYyHKLHH:
[/ (x)=(sin x — 4x)’ = cos x — 4.
Tak kak |cosx|<C1 npu nO6BIX AEACTBHTENbHBIX 3HAYEHHAX X,
To f'(x)=cosx —4<<0 npu x€R. Tlostomy pnaHHasa ¢yHKLHA
f(x)=sinx — 4x y6biBaeT Ha MHOXeCTBe BCeX JeHCTBHTE/bHbIX
upcen (cm. § 31).

Pemenne.

Ynpaxcnenusn

1. CocTtaBbTe KOHCMEKT BbiBOAAa (OpMYJibl NPOH3BOAHOH CHHYCA.
2. Haiigute npousBoAHYIO ciedylOWHX QYHKUHHA:
a) y=3sinux; 6) y=sinbx; B) y= x’sinx;
r) y=sin’x—sin2x; n) y=sin(x+%); e) y=sin(5x——g-);

K) y=23sin (-g-——-4x); 3) y=2x3+sin3x; u) y==xsin ' x ;

X
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3. HNokaxure, yto dyHkuus y = 3x 4 sin (—;l — 2x) BO3pacTaer

v

Ha MHOXXECTBE BCeX [AeHCTBUTEJbHBIX YHCEJ.

4. Jlokaxwure, uto dyuxuusa f(x)= sin (% — 2x) — 3x y6biBaet
Ha MHOXXeCTBe BCeX JeHCTBHTEJbHBIX UHCE.

5. Ilpn kakux 3sHaueHusix napamerpa a ¢yHkuus f(x)=ax -+
-+ sin 3x Bo3pacraer npu Bcex x € R?

6. Ilpn kakux 3Hauenusx napamerpa a ¢yHkuus f(x)=3x 4
-+ sin ax Bo3pacraer npu Bcex x € R?

7*. Haiiaute npou3BoaHble PYHKIMI:

a) f(x)=x-sin® y'x; 6) f(x)=—"—;

B f(=—Li; ) )=

§ 72. NPOU3BOJHbIE KOCUHYCA, TAHIEHCA
N KOTAHIEHCA

[TpousBoanylo ¢GYHKUHM y==COSX MOXHO HaHTH TaK e, Kak
Mbl HaXOAWJH NPOM3BOJAHYIO CHHYCA, T. €. MOJb3YsCb ONpeaeeHHeM
npousBogHoi. Mbl nocrynum uHaue. Bocnosbsyemcss omHOH M3

¢opMy/ npHBeJeHHs: cOS X = sin (—;’——x). 3Hasi MPOH3BOJHYIO CU-
Hyca M NpaBUIO AH(P(DEPEHUHPOBAHUSA CJIOXKHOH (YHKUHH, NONYUHUM:

(cosx)’=(sin(%-x))’=cos(—’2‘-—x) . (_’2‘__x)'=
=sinx - (—1)= —sin x.

Hrak, (cos x)) = — sin x.

[Tpumep 1. Haiinute npousBoanyio ¢yHkuuu y=3 cos 2x.
Pemwenue.

Yy’ = (3 cos 2x)’ =3 (—sin 2x) - (2x)’ = —3sin2x - 2= —6sin 2x.
[Tpumep 2. Haiiaure npousBoaHyi0 GyHKUMH
f (¥) = sin 2x . cos(—;L — 3x).

Pewenue Bocnonsdyemcs npaBunom auddepeHuHpoBanus
npousBeneHHs (PYHKLUHUH, NOJYyUHM:

f’ (x) = (sin 2x)’ cos (‘Z‘ —3x ) +sin 2x - (cos (-%— — 3x )),=
= cos 2x - (2x)’ - cos(—i—‘— — 3x)+ sin2x (— sin (% —Bx))x

X(-%:——Bx)’=20032x . cos(%—3x)+
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30BaBIUHCh (opMyJaMu tgx =

(epeHUNUPOBAHHS YACTHOTO H H3BECTHHIMH (POPMYJIaMH NMPOH3BOAHBIX
CHHyCa M KOCHHyca:

+ sin 2x -(— sin(-%—Bx)) . (—3)= ‘
=2cos 2x - cos(—a‘———3x)+ 3sin 2x sin(—’:-—3x).

IMpoussoauble GyHKuuit y=1gx u y = ctg x HakineM, BOCNOJb-

sin x cos X R
== npaBujOM AH
cos x’ ctgx sin x’ P b

R sinx \/__ (sin %)’ cos x — (cos x)’ sinx —
(tgx) =(cosx) o cos® x
cosx-cosx—(—sinx)sinxy cos?x + sin’x — 1 )
= cos’x - cos?x cos?x

Hrak,
(tgx) = 1 ecnu x qé—g-+ an, n€Z.

cos?x

(cos x)’ sin x — (sin x)’ cos X —

(ctg ) = ( e ),= sin®x

sin x

. 2 2
(—sinx)sinx —cosxcosx __ —sin‘x—cos"x 1

. . 2 M
sin?x : sinx sinx

Hrak,

1
f=— n, n€Z.
(ctg x) —» ec X T €

I[Ipumep 3. Hallpure mnpousBoaHylo bynkuun  y = —tg3x.
P ) 1 .
Pemenue. y = (—tgdx) = — —a Bxy = — o
IIpumep 4. Haiinute npoussonuyio GpyHKIHH y = ctg (2x — 0,3).
Pemenue.

y = (ctg (2x — 0,3)) = — ———— - (2x — 0.3) =

sin? (2x — 0,3)
2
sin? (2x — 0,3)

3 ananue Haiigure npon3ponHsle dyHKuui:
y=sin(ax 4 b), y=rcos(ax + b), y=1tg (ax + b).
[MpuseneM Taiikily NPOU3BOLHBIX TPHIOHOMETPHIECKHX GyHKIHA:

DyHKUHA sin x cos X tg x ctg x

1 1

I'Iponssonuaﬂ COoS X —Ssin x cos2x Siﬂz %
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Ynpaxcnenun

1. BoiBeaure ¢opmysny npoH3BOAHOH (GYHKUHH Y = COS X, BOC-
NoJb30BaBLIHCh ONpejeJeHHeM MPOH3BOMLHOM.

2. Msyuute u 3anuiuuTe B CHMBOJHYECKOH (hopMe BbIBOI (HOpMYyJ
NPOH3BOJAHBIX TAaHreHCAa H KOTAHIeHCa.

3. Halinure npousBosHble clenylOluX QyHKUMA:

a) y = cos dx; 6) y=x -+ cosux;

B) Yy =sinx - cos x; r) y=—sin(2x-——2—);

L) y=tgix, e) y=xtgx;
__ ctgx, __ 14 cosx,
®) Y= 3x ’ 3) y—l-l—sinx’
H) y=>5x"—sin’xcosx; k) y=——35in(x-———f:-)+
+ 5co0s0,2x.

4. Halinure npousBoAHble CAEAYIOLWIUX (PYHKIUMEH:
a) y=x’sinx;

6) y = x?cos x;

B) y={(1 — 2sinx)(2 — cos x),
‘r) y=1(3 + 4cosx)(x — 3sinx);

n) y=Asinbx;

e) y=Acos(bx + ¢).

§ 73. MOHATUE BTOPOM NMPOU3BOAHOM

IMycte nana ¢yukuusi f(x) = x°. Ee npoussoanas pasHa [(x) =
= (¥°) = 3. ATy GyHKLUMIO HA3BIBAIOT NEPBOil POM3BONHON JAaHHOI
¢yHKuuu. 3HaueHHe mnepBOil NpPOM3BQAHOH B KaXAOH TOUKe eCThb
MTCHOBEHHAsl CKOPOCTb M3MeHEeHHsl NAaHHOH (yHKUHH. MOXHO HalTu
NPOH3BOAHYIO OT nepBoii npou3BonHoil. Takylo npousBoxHYIO Ha-
3bIBalOT BTOPOH MNpPOU3BOAHOH naHHOH ¢yHKuuu. Ee o6GosHaualor
tak: f”(x) (uutaloT: «3¢d OBa LITPHXA OT HKC»);

[(x) = (F(x)y = (3x") = bx.
Takum o6pasom, BTopoil mpouspoaHoil [”(x) dyukuun f(x) Ha-
3bIBAlOT NPOM3BOAHYIO NMEpBOH NPOU3BOLHOMH f’(xg NaHHOH (YHKLMH.

MMpuwmep I. Haitnute f“(x), ecan f(x) = 2x° + 5x% — 1.
Pewenue. f(x)= (2% 4 5x* — 1) = 6x* 4 10x;

(%) = (f'(x)) = (6x* + 10x)’ = 12x + 10.
[MTpuwmep 2. Haitnure f”(x), ecan f(x) = sin x.
Pewenune. f/(x) = (sinx) =cos x;

f7(x) = (cos xy = —sin x.

Mpumep 3. Haitgure f”(—f:— ), ecau f(x) = 3 sin 2x.

Pewenune. f(x) = (3sin2x) = 3cos2x - (2x) = 6 cos 2x;
f7(x) =(6cos2x) =6 - (—sin2x) - (2x) =
= —12sin 2x;
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f”(%)= —12 .sin2 . (%)= —125in%= —12.
Mpumep 4. Haiinure f”(—;i), ec f(x)=2cos(3x'~—23§).

Pewenmne.

f'(x) =(2 cos (3x — %’5))[ =
=2 (—sin(3x—2)) (3x—-232)'= —6sin(3x —&);
f”(x)=(——6 sin (3x — %i)),=
— —6cos(3x-—23£) (3x—2§-),=—13C05(3x'—‘2§)§
(%) =—18cos (3- 5 —2)=—18cos 2 =—18 - =0,

3HaueHHe BTOPOM NPOM3BOAHOH B KaXKAOH TOUKE €CTb MIHOBEH-
Hasi CKOPOCTb H3MEeHEeHHsl CKOpOCTH AaHHOH ¢yHKuuu. Ecan no 3Haky
nepBoH NpPOH3BOJAHOH (YHKIHH MOXHO CYIHTb O e€e BO3paCTaHHH
HWAH yOblBAHHH, TO MO 3HAKy BTOPOH NPOH3BOJHOH MOXHO CYIHTb
O TOM, KaK NPOHCXOAHMT 3TO HM3MeHeHHe — YCKOPDeHHO HJH 3aMen-
JIEHHO.

Ynpasxcnenun

1. Ha pucynuke 182 nsobpaxeH rpacduk HenpepblBHOH (yHKUHH
y = f(x), onpeneneHHoil Ha npomexkyTtke ]a; b[. HasoBure uucaoBble
NPOMEXYTKH, Ha KOTOPbIX AaHHas QYHKLHsA: a) NocTosiHHaA; 6) yG6bl-
BaeT; B) BO3pacraer.

2. Hafinure BTOpPYI0O NPOM3BOAHYIO C/eAYIOUIUX (YHKIHMH:

a) y=x*—2x;
6) y=sin3x;
. LW
B) y=2sm(3x—-5-),
r) y=cosx - 2sinx;
n) y= —3sin(0,2x 4+ n) + 2 cos 3x; Y

e) y=1x*. sin(—;--—-g—).

%—9
| |

X -

[
3.2I/Iccne11yﬁ1‘e nosefieHHe  (YHKUUH | ; D : e
Yy=Xx"—Xx —2 NpH NOMOILH NPOH3BORHOH. 0| a ¢ dek m b x
4. Hccnenyiite  moBesenne  (yHKuHH
f(x)=ctgx na npomexyrke ]0; n[ npu
NOMOILH NPOH3BOAHOI. Puc. 182
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§ 74°*. MOHATUE O [AUDDEPEHLIMAJIBHOM YPABHEHUW.
FTAPMOHHUYECKME KOJIEBAHNA

Miuorde npouecchl, NpoUCXosiive B NPUPOAe, MOTYT OHITb ONH-
caHbl C MNOMOlIbIO OCOOLIX ypaBHeHHMH, HasbiBaeMblx AHb@epeH-
L1 bHBIMH. ’

OudpdepeHunalpHblM  ypaBHeHHEM Ha3blBalOT TaKoe ypaBHe-
HHe, KOTOpOE CONEPXKHT HEH3BECTHYIO (YHKUHIO, a Takxke ee
[POH3BO/HbIE.

Hanpumep, nudcdepeHurHanbHbIMH YpaBHEHHSAMH OYyAYyT ypas-
nenusi: f'(x) + 2f(x) =10, [”(x) — ['(x) = 3f(x). Ilepoe u3 HHuX
HasbiBaloT Aud¢epeHLHaNnbHBIM YypaBHEHHeM MepBOro mopsiaka, a
BTOpOe — BTOporo nopszaka. Ilopsakom audgepeHuHanbHOro ypas-
HEHHsl Ha3hBalOT MNOPSAOK HauBbICIIEH NPOM3BOAHOH, BXoAsLIeH

B Hero.
PewenneM nu¢d¢epeHIHaNbHOIO ypaBHEHHS] HA3bIBAIOT TaKylio

¢yukuuio f(x), onpeneseHHYI0O Ha HEKOTOpPOM mnpomexyTtke Jla; b[,
[IpH NMOACTAHOBKE KOTOPOH B JaHHOe AHbdepeHUHasbHOE ypaBHEHHe
OHO ofpallaercsi B TOXKIECTBO NpH Jo6oM x €]a; b[

H3yuenHe Meron0B peuweHHss AHddepeHIHaIbHBIX YPaBHEHHH
BBIXOJHT 3a PaMKH NpPOrpaMMbl cpejHeH LIKOJbI, MO3TOMY paccMa-
TpUBaeMble HHXKe MpHUMepbl aHGdepeHnHaNbHBIX YPAaBHEHHH MBI
OyneM pemaTb MeToioM mnoabopa, T. e. 6yneM mpeanoJsararb, YTO
HeKoTopast GpYHKUHUSA SIBJISETCS pelueHHeM JaHHOro AHddepeHunas b-
HOrO ypaBHEHHsl, a 3aTeM INOACTAHOBKOH 3TOH (YHKUHM H €€ Mpo-
M3BOJIHBIX B ypaBHeHHe Y06eXAaTbCsl, UTO 3TO MPEAIOJIOKEHHE BEPHO.

MMpumep 1. Pemnre ypaBHenue ['(x) — 2x = O

Pewenue. Ecau npexnonoxurs, uto f(x) = x*, To f'(x) = 2x.
Tak kak (x%) — 2x = 0 npu JOGLIX 3HAUYEHHAX X € R 10 f(x) = £*
SIBJISIETCSI  pelleHHeM JaHHOro AHddepeHuHaNIbHOro ypaBHeHHs Ha
mHOx)ectBe R. Herpymuo 3amerutb, uto ¢ynkuun ¢(x) = x* + 5,

P(x) = x* — 3 u Boobwe ¢(x)=x*+ C, rae C — mo6oe uucJo,
SIBJISIIOTCST PELUeHHsSIMH JAaHHOTrO JAHGbdepeHuHaNbHOrO ypaBHEHHS
(npoBepbTe 3TO NOACTAaHOBKOH). MOXKHO MA0OKa3aTh, 4TO JAPYrHX
pelleHHH JaHHOe ypaBHEHHE He HMeeT.

3agaunue 1. Haiinure omHo u3 peweHHil avdpoeperunab-
HOro ypaBHeHHi{ a) f(x)=sinx; 6) f[’(x)=cosx; B) ['(x)=
=3x2 4 2

I‘apmonuttecrcue Koaebanus. Vsyuenue B (pH3HKe M TEXHHKE pas-
JIMYHBIX KoJeGaTe/ibHbIX [POLECCOB CBA3aHO C pPacCMOTpeHHeM
TpuroHomerpuueckux (pynxuuii. C npumepamu KosneGaTeJbHbIX JIBH-
’KEeHHH TPHXOAHTCA BCTPeYaTbCs [OBOJIBHO 4acTo: JBHXKEHHe
MasiTHHKa YacoOBOr0 MexXaHH3Ma, KoJjie6aHMsA CTPYHbl MY3blKaJb-
HOrO MHCTPYMEHTa, KoJeGaHHSi BOAbl OT GPOLIEHHOrO B Hee KaMHS
u ap. Hanbonee mpoctbie KoseGaresibHble ABHXXEHHA — 3TO rapMo-
HHYeCKHe KoJiebaHHs.

TFoBopsT, uTO (H3HYeCKas BeJHYMHA COBEpILIAeT rapMOHHYECKHe
KoneGaHHsA, €CJH ee M3MEHEHHe C TeYeHHeM BPEMEHH ONHCHIBARTCSA

222

tdyukuueit f(¢), ABasowencsa pelieHHeM ',umpq)epeﬂunanbuoro ypaB-

HeHHs
[ (§) = —o’f(t), (1)

rage o — HeKoTopasi IOJIOXKHTeJbHasi KOHCTaHTa. TakuM o6paso,
OpH rapMOHHYECKOM KoJileGaHHH BTOpPasi NpPOH3BOAHAfA (DYHKUMH,
ONHCHIBAaIOIEH HM3MEHAEMYIO BeJHYHHY, NpPONOPLHOHAJbHA CcaMOi
¢ynkuun. YpaBHenue (1) HasniBaorT aHd¢epeHUHANBHEIM YypaBHe-
HHEM rapMOHHYecKHX KoJje6GaHHA. MoXHO po0Ka3aTh, uTo JioGoe
pelleHHe ypaBHeHHsi (1) HMmeeT BHA:

f(t) = A cos (ot + ), @

rie A, ®, ¢ — HEKOTOPble KOHCTaHTHI, HOCSLIME CIeUHasbHble Ha-
3BaHHsa: A — aMnaWTyna, © — yacrora, ¢ — HauajabHas ¢asa Ko-
Jne6aHus.
2

Beanuuny T=;“ Ha3bIBAIOT NEPHOJAOM T'apMOHHYECKOIro KoJie-
GaHus, a BeJHuHHY of + ¢ — ero ¢as3oil. Puanyeckuit cMmbica mne-
pHoza TakoB: mepHos I — 3TO BpeMsi, B TeueHHe KOToporo ¢asa
KoneGaHHs MeHseTcsl Ha 2n. Ilokaxem, uto ¢yHkuusa (2) sBasercs
pemenneM ypaBHenusi (1). Haiipem:

['(£) = (A cos (ot + @)) = —Asin (ol + ¢) - (of + @)’ =
= —Ao sin(ef + @),

["(t) = (—Aosin (ot + ¢))’ = —Aw cos (of + ¢) - (ot + ¢)' =
= —Aw?cos (of + ¢).

IMoncraBuB f”(¢) u f(f) B ypaBuenue (1), moNyurWM TOXKIECTBO.
IMosTomy ¢yHkuus (2) ectb peweHHe auddepeHLHaTbHOTO ypaBHe-
HHA (1). AHaJOrHYHO MOXKHO [0Ka3aTh, YTO rapMOHHYECKOe KoseGa-
HHE ONHCbiBaeTcst Takxke ypaBHeHHeM f(f) = A sin (ot + ).
3ananune 2. Jlokaxure, uro ¢yHkuua y= Asin(ot+ ¢)
fIBJsETCA pelieHHeM ypaBHeHusa (1).
IMpumMepom rapMOHHY€CKOTrO KOsIeGaHHS MOXKET C/YyXKHTb JIBUKEHHE
1o NpsMOH MaTepHasbHOH TOYKH Macchl m NoOJ AeHCTBHEM cHabl F,
NPHUTArHBaIOLIEd 3Ty MaTepHaJbHYI0 TOYKY K HEKOTOpoH Touke O,
npuHajJexaied Tod xe npaMoid. Mopesb Takoro ABHXKEHHS H30-
6paxkeHa Ha pHucyHke 183. 3a Hauano cu-
cTeMbl KOODAMHAT nNpHHATA cepeauHa O y
orpeska BC. OrkjoHeHHe TOYKH M ot
Toukn O 6yneMm oGo3HauaTtb x(f), rae ¢ —
Bpems. CornacHo BTopoMy 3akoHy Hblotona
ma = F, rne F — cuna ynpyrocts, AeidcTBy-
IoLlas €O CTOPOHBI NPYXKHHBI Ha MarepH- ‘m
anabHywo Touky M; F = —kx, rne k —xo- g 0Ll ¢
3¢ PHUHEHT YIPYrOCTH NPYKHHB, a==x"(x)—
ycxopenHe aBHKeHHs. Toraa BTOpo#l 3aKoH
HbioToHa npumer BHA auddepeHUHANbHOrO
ypaBHeHHs1 BTOpPoro mnopsaka: mx”(f)= Puc. 183
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= —kx(t) wiu x”(t)=—-—%x(t). Ecan nonoxutb, 4TO —:7=m2,

H B KayeCcTBe ® B34ATb 3HayeHHe '/ i) TO NOJIyYEHHOE

ypaBHeHue npumeT BUA ypaBHeHHS (1. Kak 6bl10
CKa3aHo Bbille, BeJMYHHA, HW3MEHEHHE KOTOPOH OMHUCHIBAETCS
TaKHM ypaBHEHHEM, COBepluaeT rapMoHudeckoe KoseGanue. Pelenuem
NOJIyYeHHOro ypaBHeHHs1 OyneT pyHKUUsA

1p(t)=Acos( l/%— . t+(p).

Yacrotra @ koseGaHusi marepuasbHO#d TOuKH M MoOxeT ObiThb

T
BbIYHCJIEHA MO (opMyiie w = ‘/7 OT Ja cJjepyeT, YTO 4HacToTa

Ko/sie6aHHs onpenensieTcs JHllb MacCOl m W yNpyroctbio k npyxu-
bl. Eciu 3apath HekoTOpble HauajbHble YCJAOBHSI 3ajaqu, Hanpumep
nosoxeHue x(fo) mMaTepHanbHOH TOUKH B HEKOTOPbIi MOMEHT Bpe-
MeHH fo U cKopocTb x’(fp) B 3TOT MOMEHT BpeMeHH, TO MOXHO HafTu
3HaueHue aMnauTyabl A W HauaabHOH ¢asbl ¢ KosieGaHUsA U TeM
CaMblM MOJIHOCTbIO HAHTH 3aKOH ABHIKEHUS! MaTepHa/bHOH Touku M.
3ananue 3. [IBHKeHUe MaTepHabHOH TOUKH 3aLaHO ypaB-

HeHueMm f(x) = 3 sin (2x — % ) Kakoe 310 nBuxeHue? Uemy paBHa

aMnIMTyAa, 4acTtoTa M HauagabHas (asa koseGauusa? [loctpoiite
rpatuk KosebaHUs.

Caoxenue eapmoHuueckux koaebanuii. MoXHO [0Ka3aTb, 4TO
cymMMa [BYX JIOObIX rapMOHHUYECKHX KoseGaHMH C OAHUM H TeM Xe
nepuoaoM (4acToToH) CHOBA fIBJISIETCS] FapMOHHUECKHM KosebaHHeM
C TeM >Ke NepHoAOM (4acToOTOH):

Ajcos (of + @1) + Azcos (of + ¢2) = Ascos (0t + @3).

B o6uiem Buae Mbl 3TO YyTBepXAeHUe [OKa3biBaTb He OyleMm.
Paccmorpum Juuwb 4YacTHblit cayuyali. TapMmoHHueckoe KoJebaHHe
f(£) = A cos (of + ¢) (2) MOKHO NpeacCTaBHTb B BHIE:

f(t) = A (cos wt - cos ¢ — sin ot - sin @) =
= A cos wt - cos ¢ — Asin ot - sin ¢.

Beenem o6o3uauenusi: Acosg =a; —Asing=>5b (3), rae a u b —
HeKoTopbie uucaa. Tenmepb rapmoHuueckoe KoJebahue (2) MOXHO
3anucatb B Buae A cos (of + ¢) = a cos of 4 b sin ot (4). YpaBHenue
(4) nokasbiBaeT, UYTO MNPOHU3BOJbHOE TrapMOHHUecKoe KkonebaHue
A cos (0t + ¢) moxeT ObITb NpeiaCTaBJeHO B BHAE CyMMbl JBYX
GoJiee NPOCTbIX rapMOHH4YeCKHX KoJsebaHH# a cos wi 4 b sin wf ¢ Toi
)K€ YacTOTOlH M HYJ/IeBbIMH HadalbHbIMH (hasamH.

Moka)em 06paTHOe, YTO CymMMa ABYX FapMOHHYECKHX KoJeGaHHHi
acos of u bsinwf ¢ ogHOA U TOH XKe YacTOTOH M HyaeBbIMH (asamu
ecTb CHOBA HEKOTOpOE rapMOHHuecKoe KoneGanue A cos (ol + @)
C TOi# K€ 4acTOTOH, T. €. UTO acos wl + b sin of = A cos (ot + ).
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[lnsi noKasaTeqbCTBa ITOr0, O4eBHIHO, He06X0AHMO NoAo6paTh TakHe
3HauyeHuss A u @, 4TOObl OHH ynoaneTBopﬂnu paseHcTBam (3). Pewum
Acos o=

& orHOCHTE/NBHO MepemeH
—Asing=10 P

CHCTEMY [BYX ypaBHeHHH

Hoix A u @.
BosBeeM Kai0e ypaBHeHHe 3TOH CHCTeMbl B KBaipar M CJO-

XKHM [OUTEHHO MOJYUeHHble ypaBHEHHS:
n { A?cos? ¢ = a?,
A?sin? @ = b?

A%(cos? ¢ + sin? @) = a® + b7, .
tak kak cos’g+sine=1, 10 A’=a’+ b% A= Va4 b> (5)

M3 paBenctB (3) moryT ObiTb nosydeHbl ABa PaBeHCTBA:

CcoS —i———___f__.sin =__9.=-____b__. (6)
AT Vare YT T AT T Vare '

,HOSBOJIHIOLL[He 0IlH03Ha'~[HO HaxXoO4dHuTb (p

" Urak, Mbl A0Ka3a/H, UTo a cos wt 4 b sin wf = A cos (wf + ), T. e.

YTO CyMMa ABYX FapMOHHYeCKHX KoJeb6aHHui a cos wf -+ b sin wf ¢ oau-

HAaKOBOM YacTOTOI M HyJeBbiMH (pazaMM eCTb TaKxXKe rapmoHHuyecKoe
KosieGanune A cos(wf + @) ¢ TOi ke YacTOTOH. . _
[Tpumep 2. [laHbl rapMOaneCKue KoseGanus ¢ (f)=

= ¥/3 cos ——t u P (f)=sin —t Haiiaute pe3yabTHpylollee Ko-
neéaune ;

Pewenue. Tak Kak gaHHble Kone6aHHA UMEIOT OJHY H Ty XKe ya-
CTOTY, TO X CyMMa GY€eT rapMOHHUECKHM KoJleGaHHeM C TOH XKe 4acTOTO#:

FO=00)+ ()= V3 cos t+sin+.
Ins naxoxaeHuss amnantyapl A pesyabTHpyiouUlero KojeGaHus
BOCMOJ/Ib3yeMCsl ¢opmyaoi (5). Umeem: a = V3, b=1, '

A=;/a2+b2= V(V3P+12= V4 =2

15 HaxoXAEHHS HAuyaJbHOMH (a3bl pe3y/bTHPYIOLLErO KoneGaHnﬂ
BOCIOJIb3yeMCsl cpopmynaMM (6). Mmeem: :

V3 . b

 SiNQ=——=——,

a ' F11
COS @ =—= no3TOMy ¢ = — .

A 2
Urtak, nonyuuau pesyabTupylollee KoJjebGaHue:

()= ﬁcos%+sin%=2cos(%——g—).

A10 KosleGaHHe SIBJISIETCH TaK»Ke rapMOHHYECKHM C TOH Xe YacTOTOH

o) ——f—; (uan nepuonom 2x : —-;— =4n) u ¢ HauaabHOH Pa3oi ¢ = — -g—.
8 3axas 252 225




t

Puc. 184

Ha pucynke 184 nso6paxenbl rpa¢yKkH JaHHbIX KoJeGaHHil U pe3yiib-
THpYyIOLIero.

3anaunue 4. Halinure pesynbTupyioiee rapMOHHYECKOe KoJe-
6aHue ABYX rapMOHHUYecKHX KojeGauuii @ (f)= — cos2t u (p(t)—-

= /3 sin 2t. [locrpoiite ero rpadux.

3ameuaHue. Pe3yibraToM c/0XKeHHS TapMOHHYECKHX KoJe-
6aHuil ¢ pasJHYHBIMH 4acCTOTaMH CJYXKHT GoJsiee C0XKHOe KoJjieGaHHe,
BOOG11le roBOpPs, OTJHYHOE OT rapMOHHYecKoro Kosebanus. Hanpumep,
Ha pucyHke 185 u306pakeHbl JBa rapMOHHUECKHX KojieGaHHs (p(t)—
=cost n ¢ (f)=sin2¢. Cymmapnoe koseGauue f(f)= cost 4 sin 2t
yxe He GyaeT rapMOHHUECKHM.

ITpumep 3. Haiigure Hau60ﬂbmee 3HaueHHe  (QYHKUHH
y=3sinx 4 4 cosx Ha MHOXeCTBe JeHCTBHTEJNbHbLIX UHCEJ.

Peuwenne. Cnocob 1. Bocnonbayemcs ¢popmyJioit (5) Haxoxze-
HUSl aMIVIMTYAbl pe3yJbTHPYIOLIEr0 TapMOHHYECKOro KojieGaHHs

A= Va*+ b* = V38 + 4> = 5. 3anuwem nannyi0 GYHKUKIO B BULE
y =5(-§—sinx -l—%cosx).
OGosnauum "2‘ =Cos @, TOraa
y

== sin ¢. [Tonyunm:

y=>5(sinx cosg + cosxsing) =
=5sin(x + ¢).

Tenepb BHAHO, 4TO HaHOGoJbLIEE
3HayeHHe NAaHHOH (YHKUHH paB-
HO 5.

Cnocob6 2. 1ns peuieHus AaH-
HOH 3ajayu BOCIOJIb3yeMCsl CKa-
JIIPHBIM ~ NIpOM3BefleHHeM HABYX
BeKTopoB. Hanomuum c¢opmyisi:

fetr=pet)swet)

Puc. 185
226

a=(x1; y1), b=(x2; y2), a-b=1al - 6] - cosq, rae 9€[0; n], a-b=

=xi1x2 4+ yiy2, lal= Vi + 4} .
PaccMOTpuM BEKTODbHI a—(3 4) u b-—(smx oS X). Torna
y=3sinx+4cosx=a-b=]lal - lblcosq><|a| |bl=

‘= V324 42. Vsin’x + cos’x=>5. Takum o6pasom, y << 5. Hau6osb-

lee 3HayeHHe JaHHOH (YHKUHH PaBHO D.

Ynpaxcnenusn

1. [MpuBeaute npumepsl nuddepeHHaNbHBIX ypaBHeHHH.

2. Ha#figute onHO U3 pewleHuil AH(PdepeHUHaNbHOIO ypaBHEHHA:

a) f"(x)=3x% 6) ['(x)—2x+5=0; B) ['(x)= —cosx.

3. Jlokaxkute, uTo aubdepeHuHasbHoe ypabHeHue [’ (x)= 5x*
uMeeT GeCKOHEUHOe MHOXECTBO peLleHHH, OTJHYaloWUXCA APYT OT
Jpyra JIMIIb NOCTOSIHHBIM CJlaraeMblM.

4. 3anuwurte auddepeHuranbHoe ypaBHeHHe rapMOHHYECKOro Ko-

~JiebaHus.

5. Jlokaxure, uto ¢yHkuus f(f)=sin 5 onucbiBaeT rapMoHH-
yecKkoe KoJsieGaHHe.
- 6. Jlanbl rapMoHHyeckHe KoseGanusa @ (f)= — V3 cost w
Y ()= — sint. Hafinute pesyabTHpylolllee rapMOHHYECKOe KoJle-
6anue.

7. Iokaxute, 4TO CyMMa J[BYX TapMOHHYECKHX KoJeGaHHH cC

‘OLHOW M TOH Xe yacToToOH # HyJneBOH Hauya/nbHOH a3oH ecTb

rapMoHHuYecKoe KoJieGaHHue.
8. IMoctpoifite rpadHKH rapMOHHYECKHX KoseGaHHii:
¢
a) y=3cos—

- 6) y=1,5sin(2t — 0,5).

9. Haiigute aMmMniuTyay, 4acToTy, NepHOA H HayajbHyio a3y
rapMOHHY€CKOro KoJsiebaHun:
6) y=23sin— +cos

10*. Pelinte TpUroHOMeTpHUYECKHE ypaBHeHHﬂ.
a) 2sinx=1—3cos x; 6) 4sinx=4 — cos x.

a) y=cos2x — sin 2x;

§ 75. PELLEHUE 3ALAY

B stom naparpade paccMoTpuM HeKOTOpble 3ajayH, peliaemble €
NOMOLIbIO MPOH3BOAHLIX TPUFOHOMETPHUECKHX (PYHKIHIA.
I[Tpuwmep 1. Hafigure yros, o6pa3oBaHHbIl KacaTe/bHOH, npose-
o . 3 T
NeHHOH K cHHycouzae y=3sin (—-Q—x—--é—) B TOYKE x=%, ¢ no-
JIOXKHTEJIbHBIM HanpaBJ/ieHHeM ocH aGcuucc.

~Pemenue, f’(x)=(35in(—g—x——g—))’=
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— 3 n 3 3. =n
-—3cos(.—2~x 6) 7_4,5cos(7x 6).

f’(%)=4,5cos %-—’f——i ‘=4,5cos—;‘-=4,5.-;_=2,25.
tg 0 =2,25, a ~ 75°37’.

3anauue 1. Haligure yroa, o6pasoBaHHbiii KacaTe/bHOH K
KOCHHYCOHJe y = 2 COS (x — —4’3-) B TOYKe X = -g— C TIOJIOXHTENbHBIM
HanpaBJleHHeM OCH a6CuHCC.

ITpumep 2* Halinute Toukn makcumyma ¢ynkuuu f(x)=
= 2sin x coS 2x¥ Ha NPOMeXYyTKe ]0; —’2‘-[

Pewenue Haxonum npoussoanyio nauxoit GyHKuuH:

[’ (¥) = (2 sin x cos 2x)’ = 2 (sin x)’ cos 2x + 2 sin x (cos 2x)’ =

=2 cos x cos 2x — 4 sin x sin 2x.

HaxoauM KpHTHYECKHE TOUKH:

['(x)=0,

2 cos x cos 2x — 4 sin x sin 2x =0,

cos x cos 2x — 2 sin x sin 2x = 0,
€os x cos 2x — 2 sin x 2 sin x cos x =0,
cos x (cos 2x — 4 sin’x) = 0.

a) cos x=0. Ha npomexyTke ]0; %[ 3TO ypaBHEHHE pelleHHH
He HMeeT.
6) cos2x —4sin’x=0,
cos’x — sin’x — 4 sin®x =0,
cos’x — 5sin?x =0.

[Tonyuunn oaHOpPOLHOE TPHIOHOMETPHUECKOE ypaBHEHHe, COS X = 0.
Pasnennm oGe ero uactu Ha cos’x:

1—530% 0 | _5tg?x=0, te?r =1,

Cos“ x
tgx#—'%—? un tgx = — ;/1—5'"
1 1
x=arctg——+ nn wau x = — arctg——+ nn, n€ Z.
gﬁ+ g}/g-i- €

11
Ha npomexyTtke ]0; — | MONyuHIIH TOJILKO OAHY KPHTHYECKYIO TOUKY:
x= arctgv_g-. HcnbiTbiBaeM 3TOT KOpeHb: BLIHCAMM 3HAK TIPO-

H3BOJHOI B TOYKax, pPacnoJozK eHHbIX nepee H iipasee

arctg—‘-/-'_-g- ~ 0,4 paxa:
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f/(0,3)=2c0s 0,3 - cos 0,6 —4sin0,3 - sin0,6 ~2-1- 0,8 —

—4.03-06=1,6—0,72>0;

f(0,5)=2¢c0s0,5 - cos | — 4sin 05-sin1~2.09-0,5—
—4.05-08=09—1,6<0. '

1
CnenoBatenbHo, X = arctg 75 TOYKa MaKCHMyMa.

3anganune 2% Haiiaure sxkcrpemym ¢yHkuuu f(x)=
= sin x cos’x Ha NpomMexyTKe ]0; %[
Mpumep 3* Hccaenyiite dyuxuuio f(x)=2cos x -+ sin 2x u

nocrpoiite ee rpaduk.

Pewenune. I. D(fy=R.

2. E(f) uckatb He GyneMm.

3. DyHKUHS CBOHCTBAMH YeTHOCTH (HeyeTHOCTH) He oﬁﬂagaer.

4. Tlepuoa ¢yHKUMHM COSX paBeH 27w, nepHod QYHKUHH sin 2x
paBeH 5, MO3TOMY MEPHOA (YHKLHH f(x) paBen 2m. I/Iccnenoataﬂne
HaHHOH (YHKUHMH [OCTAaTOYHO [MPOBECTH Ha MPOMEXyTKe [0; 2x].

5. Haiinem Hyau oynkunu: [(x)==0, 2cosx +sin2x=0,
2cosx+ 2sinxcosx =0, 2cosx(l-+sinx)=0,

a) cosx=0, x=%+ nn, n€Z,

6) 1 4+sinx=0, sinx=—1, x=(—1)"" ———;i)—{—nn, neZ

Ha npomexyTke [0; 2n] nojyuuMm aBa Hyasi AaHHOH QYHKIHH:
3n
_2'.
6. Haiizem npou3BOAHYIO NaHHOH (PYyHKLHH:

f’ (x) = (2 cos x + sin 2x)’ = (2 cos x)’ -+ (sin 2x)" =

= 2(—sin x) 4 cos 2x (2x)’ = —2sin x + 2 cos 2x.
7. HaiizeM KpHTHYeCKHE TOYKH JNaHHOH (YHKLHH! y' =0,

—2sinx 4 2cos 2x =0, sin x — cos’x + sinx =0,

sin x — (1 — sin’x) + sin®x =0,
2sin’x + sinx — 1 =0,

n
X1 =—2—’ Xo =

. —1+3
sin x = ——,
. 1 e
sin x =—- uau sinx = — 1,

n
x=(—l)"—g- + nn wan x=(—1)"- (“'é') + nn, n€Z.
Ha npomexyrtke [0; 2m] noayuaem TpH KPHTHYECKHE TOYKH:
5 3
X1=—2-, X2=Tn, x3=—2£.
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8. Ilnsi HaxoMXIeHHS TNPOMEXYTKOB BO3PACTaHUAA H YGHIBAHHSA
IaHHOH (YHKUHMH, a TaKxKe ee TOueK MakKCHMyMa H MHHHMYyMa
cocTaBuM TabauLy:

n n n 5n S5n 5a 3n 3n 3n

x ]°=?[ s ]?'e‘[ 3 ]*5??[ Fl ]7‘2"
' (x)=—2sinx +
+ 2 cos 2x + 0 - 0 + 0 +
f(x)=2cosx + - -
+ sin 2x - | =~26] > |x-—26 7 0 4

HeT
max min 3KCTpe-
MyMa

3n
B Touke x = —JlaHHaH q,’)yHKHPIﬂ HH MaKCHMYyMa, HH MHHHMYMa He

umeer. Ocb a6cuncc Kacaercs rpaduka ¢yHKUHH B TOUKe (3“ 0)

f( =0, i (¥)=o.

9. Haiinem 3HauyeHust JaHHOH (GYHKUMH Ha KOHIIaX NPOMeEXYTKa
[0; 2=].

f(0)=2cos0+sin2.0=2, f(2n)=2cos2n + sin2 - 2n = 2.

Tenepr ctpoum rpaduk jnaHHOH ¢GyHKUHH Ha npomexyrtke [0; 2m]
(puc. 186) a 3aTeM NpPOJOJIKAEM €ro nepnonnqecxn Ha MHOXKECTBO
BCeX NEHCTBHTENbHBIX YHCEJ.

3ananue 3* Hccaenyiite ¢pynxkuuio f(x)=cos2x —cosx u
nocrponte ee rpadHuk.

ITpumep 4. Halinure Han6oabuyio miaoumaab GOKOBOH moBepx-
HOCTH MNPaBHJbHOH YeTBIPEXYroJIbHOH NPH3MbI, IJIHHA JHAroHasH

KoTopoil paBHa ¥ 2 M.

Yy
26
2
1.. Bf Cf
N y i\ A
ol x a\ sz it o X d 1
6 2\ & 2 l \vZ’
J<--—>- ¢
-261 / <Y
A D
Puc. 186 Puc. 187
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PeweHnne,_ ITyctb ABCDA,Blc,Dl—naHHaﬂ npusma
(puc. 187), BDB ¢, S=4|AB|-|BB,|.

U3 ABBD | BB, I--l/_smcp,[BDl—}/—coscp
Us A ABD: |AB|=1|BD|sin45°,

lABI=ﬁcoscp-'/—-l_2.,
| AB | =cos ¢.
S(p)=4cos¢- V2 -sing=2 ﬁsin2cp.

[MToayueHHYI0 (YHKUMIO Tenepb HYXKHO HCCJEJ0BAaTh Ha MaKCHMYM.
D10 Hccneq0BaHHE MBI, KaK NPaBUJIO, BLINOJHSEM C MOMOLIBIO NPOHU3-

poaHoi. OXHAKO HeTPYLHO 3aMeTHTb, YTO HA MPOMEKYTKE ]0; %[
¢yukuust S () mpuHHMaeT HauGosbluee 3HauyeHHe, ecau sin2¢ =1,
T. €. IpH q)——- [MostoMy HauGoJsbliee 3HaueHHe MoIaLH GOKO-
BOI MIOBEPXHOCTH NMPH3MBI IOJy4aeM MpH ¢ = —-T ; S(—) =2y2 v

B naHHOM 3ajaue nNpH HAaXOXKIGHHH HAHGOJbIUEro 3HAYEHHS
¢yukuun S (¢) MOXHO, TakuM o6pa3om, 060HATHCH 6e3 NpHUMEHEHHS]
NPOH3BOJHOH.

3anaunune 4. PaccrosiHHe OT LEHTpa HMXKHEro OCHOBaHHA
UHJAHHAPA [O TOYKH OKDYXKHOCTH BEPXHEro OCHOBAHHA PpaBHO
V2 m. KakoBa JO/JKHA GBITh BHICOTA WMJHHAPA, YTOGHI MJOLLA.b
ero 6GoKOBOil MOBEPXHOCTH Gblia HaHGOJbLIEH?

Ykazaunue. Ilnomwanb G0KOBOH MOBEPXHOCTH LHJIHHAPA BHI-
uucasioT no ¢opmyse S =2nRh, rpe R — pagHyc OCHOBaHHS,
h — BbicOoTa LHJHHApA.

Ynpasxcrenun
1. Hafigure npousBoaHbie ¢yHKLHH:
a) f(x)=sin5x — cos 5x + tg-;‘—; 6) @(x)==cos2x - tg 5x.

2. Haiigute yros, o6pa3oBaHHBbI KacaTejqbHOH, NpPOBEACHHOH
K rpaduky yHKLHH y=2sin(x—~%) B TOUKe x=%—, ¢ moso-
JKHTEJIbHBIM HamnpasJieHHeM ocH alCLHcCC.

§ 76. NOBTOPEHMUE

1. Chpopmyaupyiite omnpegesneHne Npou3BogHOH ¢yHKUHH f(x) B
TOYKE X,.

2. Chopmyaunpyiite onpejnejeHHe HENPepbIBHOCTH (QYHKUHH B
tToyke. Kak 3amuchiBaeTrcsl YCJIOBHE HENpepLIBHOCTH: a) (YHKUHH
f(x) B Touke x=a; 6) (GYHKLHH COS X B TOUKE X == X,?
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3. Haiigure lim cos (x +
Ax—>0

4. Haifinute npepens:

a) lim sinx; 6) lim cosx; B) lim cosx; r) lim sinx;
3 2n

k14 n
x—>—4- x—»T x—»T x—»F
a) lim tgx.

5n
x>

4
5. Haifigure npenensr:

a) llm sinx | 6) l sin 8x;
0 8x
B) lim sin 5x ) lim Sin6x sin 6x
x—>0X COS x’ x>0 93X

6. 3anuunTe npasusa aAudepeHIHPOBAHHS CAOXKHBIX (YHKUIHMA:
a) (Fle())); 6) (sin(ax+b));  B) (Asin(o?+9));
r) (cos(ax+b)); 1) (Acos(ot+¢@)); e) (tg(ax+ b)) .

7. Haiigute  npoussoauble  ¢pynxuuii: a) f(x) =—%— sin 2x;

6) @(x)=sin0,5x — x% B) g(x)=sin 2x — 2cos 3x.
8. Hokaxure, yto ¢yHkuus f(x)=sinx — 3x yGbiBaeT Ha MHO-
JeCTBe BCeX NeHCTBHTE/bHBIX YHCeJ.

9. CoctaBbTe YypaBHeHHe KacaTeqbHOH K rpaduky QyHKUHH
I o
y=cos(x——-T) B Touke ¢ aGcuuccoll x =0.

10. Hajinute npousBoaHble GYHKIHHA:
a) f(x)=-sin2xcos x + cos 2x sin x;
6) g(x)=cos 2xcos x — sin 2x sin x;

B) ¢(x)=3sin(n—x)+2tg5;

r) h(x)=4sin xcos x.
11. Haiigure BTOpYIO MPOM3BOAHYIO (GYHKIHH:
a) y=1x°—7x% 6) y=—2cos3x; B) y=sinxcos?3x.

12*. Uccaenpyiite GyHKUHH H MOCTPOiiTe WX rpadHKH:

a) y=cos2x; 6) y=cos(2x+—g—); B) y=1,5005(2x+-—§-);
r) y=—sin3x; 1) y=—-—sin(3x—%); e) y=—2$in(3x——%);

X) y=—tg2x; 3) y==——tg(2x-—-%); u) y=—2tg(2x—-:—).
13*. Haiigure yros, o6pa3oBaHHbIi KacaTeJbHOMH, NPOBeAEHHOH K
rpaduxy ¢QyHKUHH y=2sin(x—-%) B Touke x=0, c NOJOXKH-
TeJIbHbIM HanpabJieHHeM OCH abcuHcc.
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§ 77. BAOAHUA AN CAMOMPOBEPKK

1. Haiigure: a) lim cos2x; 6) lim sin3x; B) lim——

x—>0

sin 7x
d X-—»-—-
x—»; 1
2. Haiizure npousBoiHble QyHKUHH:

a) y=3cos(2x—-4n—); 6) y=tg2x;

B) y={(1 — 2cos x)(3 + sin x).
3. Jlokaxure, uto ¢pynkuus f(x)==5x -+ 3 cosx BO3pacTaer Ha

MHOXeCTBe JeHCTBHUTEJNbHBIX UHCEeJ.

4. Onuwure cBoicTBAa (PyHKUUM y = 3COS X H NMOCTPOiTe ee rpa-
(HK.
5. Haiiaute yroa, o6pa3oBaHHBIH KacaTeJbHOH, NpoBeJeHHOH K
rpaduky QyHKUHH y=3sm-:13—x B Touke x =0, ¢ NMOJOXHTEJbHbIM

HanpasJieHHeM ocH abciHcc.
6. CocTaBbTe YypaBHEHHE KacaTesJbHOH K rpa(pm{y tbyHKuHH
y=sinx B Touke c abcuuccoll xo= n. Buinouanure CXeMaTHYeCKHH

PUCYHOK.




FTnasa VIl

NMOKA3ATEJIbHAS,
JIOFTAPUDMUYECKAS,
CTENEHHAS ®YHKUUU
U UX NPOU3BO4HBIE

§ 78. CTENEHb C AEACTBMTE/IbHBIM
NOKA3ATEJIEM

C NOHSATHEM CTeNeHH Bbl O3HAKOMUJIHCH B Kyp-
ce anre6pbl BOCbMUJIETHEH IIKOJIbI.

IlepsonauanbHo cTenenb onpepensiiach s HaTypaJIbHOrO I0OKa-
3aTtesisi n>1 H NPOU3BONILHOTO MHEHCTBUTEJNbHOrO OCHOBAHHSI d.
HmenHo, eciu n — HaTypaabHOE YHCIO U Q@ — MpPOU3BOJIbHOE AEHCTBH-
TEJbHOE YHCJIO, TO CTeNeHb a" ecTb NpPOH3BENEHHE N MHOMKHTeJell
KaXX[blii U3 KOTODHIX paBeH a: ’

a"=a-a-a-..-aq.
hv_/
n pas

Mpun=1a"=qa'=a. ‘
Onupasicb Ha 3TH onpeje/ieHHst; GbITH 10Ka3aHbl CBOHCTBA CTENEHH,
KOTOpble MOXHO NOAPAa3Je/HTh Ha ABE TPYMMbl:

I. CsoiictBa crenenn, Bbipaxawuluecs paBeHCTBaAMU:
]) am . an=am+n.

’

2) (a")'=a"", -
3) (a-b)y'=a"- b"

4) (%)n=-‘i rae b 5= 0;

b’
m m—n
5) &l a" " e m>nuaz0,
a’l
e € n>m oM a=0.

II. CpoiicTBa cTenenu, Bhlpaxaiouuecs HepaBeHCTBaMH:

1) ecin 0<<a<<b, 10 a"<< b

2) ecti a>1u m>n, T0 a™">a"

3) e 0<a<<lum>n, 1o a™ < a®

4) ecim a <0, T0 @">0 npu n=2k (n — yetHoe) u a"<<0
npu n=2k — 1 (n — HeyeTHoe).

Jlast cTeneneidt ¢ HY/IeBBIM M LENbIM OTPHILATEILHBIM 10KA3aTeNSIMHU
BBOJMJIUCh CIeLHaJ/bHbIE OlpefeseHHs:

a®=1 npu a£0;

— 1
a*=— npu a0, kEN.

a
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anHﬂTbIe onpeneJeHUss CTENEeHH C HYJEBbIM H HeJbIM OTpHLa-
TeJIbHBIM MOKasaTte/JsIMH IO03BOJISIOT PAcCnpoCTpaHHTb CBOHCTBa CTe-
€EHH ¢ HaTypaJbHbIM MOKas3aTeJe€M Ha CTENCHH C JIIOGBIM LeJBLIM
nokKasareJseM.

CJIGI[Y]OLU.HM 3TanoM pacliMpeHHusi IOHATHS CTENEHH SABJAETCS pac-

CMOTpEHHE CTENEHH C JI06BIM pauHroOHaJbHbIM IIOKa3aTeJyeM.

Ecin r — NpOH3BOJBHOE DANHOHAJBHOE HHCAO, T. €. r=--,

n
rne n€EN, meZ ua=>0,T0

m
a’ =aqa" = VF.

[ToguepkHeM, YTO CTeneHb a’ ONpeAEJsIeTCsl TOJIbKO IJsl I10JI0-
JKUTEJbHOIO OCHOBAaHHA @ H caMmMa CTelnedHb a’ TakxKe sBJsieTcs
MOJOXKHTENbHBIM YHCJIOM.

CBOJicTBA CTEeNeHH, YCTAHOBJEHHbIE [JIsi CTEMNEeHH C HATypaJibHbIM,
a 3aTeM H C NPOH3BOJIbHBIM LeJbIM NOKa3aTeseM, BepHbl H AJsd
CTEMEHH C JIOGbIM pallHOHAJbHBIM NOKa3aTeseM.

3aK/aI0uuTe 1bHbBIM 3TAalOM PACLUHPEHHS NOHATHSI CTENEHH fBJ/ACTCA
paccMOTpeHHe CTeneHH a® ¢ J100bIM JeHCTBUTENbHBIM MOKa3aTeJeM o
M MOJIOXK UTEJbHLIM OCHOBAaHHEM da.

MHOKeCTBO [eHCTBUTEIbHLIX 4YHCesl eCTb 00beJHHeHHe MHOXe-
CTBa pAlUHOHAJbHBIX M MHOXE€CTBA HPPALMOHAJBbHBIX  HHCEJ.
Crenenb ¢ palMOHAJbHBIM NOKasaTeseM YxKe onpejeseHa, IMO3TOMY
HaM OCTaeTcs ONPEeleJHUTh CTeNeHb C HPPALlHOHAIbHBIM TI0Ka3aTe/NeM.
BBeseM Takoe onpejeseHHe, YTOObl /sl CTereHed C HppalHOHAMIb-
HbIMH NMOKa3aTeJqsMH COXPaHSIHCh CBOHCTBA CTeNMEHeHd C pauuoHalb-
HbIMH [OKa3aTejsiMi. BBICKaXKeM HEKOTOpble COoO6GparkeHus, KO-
TOpble TO03BOJSIIOT MOHATb, KaK OmpeJeserTcs CcreneHb C J0OBIM
HppalHOHaNbHBIM MOKa3aTeneM. Paccyxiaenuss mposeiem B o6iieM
BHJE NapaJjiieibHO € WJIOCTpalrei mpuMepa.

[TycTh 0. — NpPOU3BOJIBHOE HP- Insi onpenesieHHOCTH MYCTb
pauKoHa/JbHOe YHCIO; Iy, [rg, | = V2.
rs, .., [In ..— BO3pacrapolas Paccmotpum mnocienoBaresb-
nocJeq0BaTeNbHOCTb palHoHanb- | HocTh 1; 1,4; 1,41; 1,414; ... Bce
HBIX uHces, umemouias npenen o | 6ojee TOYHBIX AECATHYHBIX MNPH-

(HanpuMep, MOC/ENOBATEJbHOCTD
Bce Gosiee TOUHBIX JECATHYHBIX
npubJaHKeHHH uyHuciaa o C Hepo-
CTaTKOM) :

n<ro<<rn<.<rmnm<.;
limr,=a.
n—-oo
Ecan a> 1, To mo cBoOHCTBY
I1(2) cremeHn ¢ panHOHA/bHBLIM
nmokasaTe/sieM HMeeT MecTo Hepa-
BEHCTBO a'"<a?<a® < ..
Leaht<< ...

G6amxennii uyucaa V2 ¢ Heno-
cratkoM. OHa Bospacraer: 1 <C
<l4<l4l<1414<..., npe-
JeJ 3TOH [OoC/ef0oBaTeJbHOCTH
pasen V2.

ITycte a = 10, Torga no cBo#-
ctBy 11(2) nmeem:

10! < 101,4< ]01,41 < ...
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ITocnenoBaTesbHOCTL  YHCEJ
a; a”, a’, ..., a’, ... asasercs
BO3pacraolieil U OorpaHUYeHHOH,
TaK Kak JIlo6oil ee 4jieH MeHblile,
Hanpumep, uucaa at, rne k—mpo-
H3BOJIbHOE pallHOHaJbHOE YHCJIO,
6onbuiee a. [To Teopeme Beiiep-
uTpacca MoCJIel0BaTeNbHOCTh
a™, a", a”, UMeeT rnpejed.

Yucna ry, re, rs, ..., In,

IMocnenoBaTebHOCTD 10!,
10"*,10"*! ... Bospacraer u orpa-
HHYeHa, Hanmpumep, uucaom 102
3Haqm‘ nocJefoBaTesbHOCTb 10!,
104, O““, ... HMeeT mpejel.

Hpez(e.nom 3TOH mocJiefoBa-
TeJIbHOCTH €CTEeCTBEHHO HAas3BaThb
yncao 1072,

npubJHKAIOTCA K UHCAY 0O 1O
mMepe Bo3pacraHus n. Ilpenenom
1oCJe10BaTe/JIbHOCTH a", a",
a’,...,a’™, ... eCTeCTBEHHO CUHTATb
yucao a’.

AHajioruuHo MOXHO 6bLIO Obl paccmMoTpeTb ciayuan 0 <<a<<l u

= 1. O60o6uias BbiCKa3aHHble COOOpPaXKeHHf, €CTeCTBEHHO CUHTaTb

CTEMeHbIO MOJIOXKHUTENbHOro uncia a(a >>0) ¢ uppauHoHaJbHEIM MO-

KasaTeJjeMm o npenen nocjaegoBatensHocTH a’l, a’?, a”?, ..., a™, ..., rae

(rn) — nmpousBoOJIbHAsE MNOCJHELOBATENbHOCTb palHOHA/NbHBIX YHCel,
cxoasimiasics K uucay o. HMrak, a®= lim a’* rge a = lim r,.

n— oo n-—»oo

Mbl yCTaHOBHJIH CMBIC/ TMOHSITHA CTENEHH NOJOXHTEJbHOr0 YHCJ/1a
¢ n©6bIM UPpaLHOHANbHLIM NOKaszaTtesneM. TakuMm o0pa3oM, Bepaxe-
nue a* umeer cmplca npu a >0 pas J060ro AeHCTBUTENBHOTO
noxkasartensi x. MOXHO J0KasaTbh, YTO JJisl CcTenmeHeHd C JIOGLIMH
JeCTBHTE/IbHBIMH TOKa3aTeJsIMH COXpaHSIIOTCS BCe CBOMCTBa, ycTa-
HOBJIEHHble [JIsI CTelleHedl ¢ palHOHAJbHBIMH IOKa3aTesasiMH.
p» Hanpumep, nokaxem csoiictso I (1).

Hdauno:a>0,a€ER, BER.

INokaszaTthb: a® - aP=a"*P,

HokasateabctBo. [lycts (r,) u (r7) — ABe NpouU3BOJbHbBIE
NOCJIe1OBATENbHOCTH pPaLlHOHAJNBHBIX YHCeJ, CXOASIIHeCs COOTBeT-
CTBEHHO K uHucaaM a U B, T. e. limr,=a, a limr, =2, TOrza

n—oo n—-oo

lim(r, 4+ ri)=a + p. Ilo cBoiicTBy cTeneHeii ¢ paLHOHAJbHBLIMH
n—oo

nokazarteasmMu a’"-a’"=a’"*" TlpumeHsisi TeopemMy O Inpejese
NpOH3BeJeHUs NMOCJeN0BaTeNbHOCTEH, HMeeM:
’ ’
lim @™ . lim @’ = lim a"»*'»,

n—-oo n—»oo n—»oo

n0J1b3yHCb BBE€JE€HHbIM OHNpeaeJI€eHHEM CTeneHu C JeHCTBHUTENbHBIM

nokasarenem, noayuum: a® - af = a**P, yto u Tpe6osasoch KOKaszaTh.
AHanorHyHO MOKHO [0Ka3aThb BbLIMOJHHMOCTb IPYFHX CBOHCTB
cTeneHH JJig JIOGHIX NeHCTBUTEJNbHbIX MOKa3sareJeii.

3 ananue. Jokaxure: %5-=a““'ﬁ, rae o €R, BER. <
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Ynpaxcrenus

1. Coopmyupyiite onpenesieHne CTENEHH YHCIA @ C HATYPAJIbHBIM
nokasaresieM .

2. Copmyaupyiite CBOHCTBA CTeNeHH C HATYpa/ibHbIM [OKa3a-
TeJeM.

3. l'lpenm-aab're clepyioule Apo6H B BHAE LeJbIX BbIpaXKeHHii:

2ab < b2 1 5
’ 6 , . .
a) = = ) d-3 B) 3a~2p% "’ r) (a+b6)%’
42 7 ‘ 3b2
I ; e ; .
) 9(x—y)* ) 3~ xSyr.k %) 5~% (a4b)~" (a—b)*

4. BoimoJiHuTe NefiCTBHA M OTBET 3aMHIIHTE C MOMOILBLIO PajH-
KaJoB:

|
0w

4
B) ctd) 5s.
a®.0*t.a% (c+d) *.

5. IlpencrasbTe naHHble BhIpaXKeHHS B BHAE CTeNeHell ¢ pauHo-
HaJIbHbIMH MOKa3aTesiMH:

Va . Vot Ve . Vo® Via+ b)a®. 7
; 6) - ; *Yavya.
Ve O e Yo ) VaVars

6. Brluncaure:

a) ((3")0)—0'5—7’5- it JETEEES
2 - -L -3
N CRHINORORICN
o (@) @) e - omyh

7. BoinosanuTe nelicTBHS:

a) 2V3.2°7V3; 6) 2'*+v%:273; B) (277)'®; 1) 6'5.6% "
—53+VE 1 5Y5 1 (2V3)V3; 1) 8YF 1473,

8. ¥Ynpocture BbIpakeHHus:

a) ((a% — x‘l‘_)_l (a—x)— —1“-—"'—’5,—) .2 (ax)

)
r .
d?

a)

C e
.

a3 _l_x's_
3 3 3 3
6) 2 V25 - (a+b)"! ((a +b )(a - ﬁ)
10— 02—b2
2_ : 1
B) (x(l-—x) 3 5):(1-—2x+x2)“'-(1—x)§—;

(1—x°
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‘v

v SR, s (CE -t —a),

— —a+ 1
a
9. Hafinure YHC/IOBOE 3HAUYCHHE BBIPAXKEHHS:
,/— _ l/—‘ a? —b? 1 1
1

a) — €I =z, b=1;
+a2 7 aT—l—b:

3 2

*a;+b .a—‘;-;/aa-—b _ 3
6) 7 ¢ aﬁ_bﬂ)_,ecnn a—l,2ub-——5-.

(a® — ab)®
10. Jlokaxure TO)KlIeCTBO'

a) l_a,—l- +a a"al=0;

a +a 2 a2 a2 2

O (T )"' ) =
e 2% —x®

o (. -—(“f—?)“)«ab)‘%l
(aE—{—b?)"" a_2— 2

§ 79. NOKA3ATENIbHASA dYHKLIMS,
EE CBOHACTBA U TPAD®UK

Onpenenenue Pyukuus y=a*, rae a >0, x € R, nasnisa-
€TCHl nokasarejbHOH dyHKIHe.

X

Hanpumep, dpyuxuun y = 2* y=(—;—) , y=1{(0,3)" asasiorcs no-
Ka3aTeJIbHbIMH.

B onpenenennu nokasartesbHOH (QyHKUHH yKa3blBaeTcs, 4TO @ —
TMOJIOXK HTEJIbHOE YHCJI0. DTO OrpaHHuYeHHe BHI3BAHO TeM, YTO CTeNeHb C
palHOHANbHBIM NOKa3aTeseM OnpefeasieTCsl TOJMbKO AJisl HOJI0XK HTeb-
HbIX OCHOBaHMH. MHorue mnpouecchl (paZHOaKTHBHBIA pacnaj, OX-
JIaXIeHHE TeJsa, H3IMEHeHHe aTMOC(HEpPHOro NaBJeHHS C H3MeHeHHeM
BBICOTb) MaTeMaTHYECKH ONMHCBLIBAIOTCS C NMOMOILbLIO MOKAa3aTeJbHOR
¢yHkuuu. Hanmpumep, KOJIOHHSI JKHBBLIX OpPraHu3MoB (B YacCTHOCTH,
6akTepuil) pacreT B pesy.ibTaTe pa3MHOXKeHHsi. Ecau 3a paBuble
NPOMEeXYTKH BPEMEHH 4YHC/IO XHBbIX OPraHH3MOB ° YBeJHUHBAETCS
B OJHO M TO XK€ YHCJO pa3, TO YHcja0o N OpPraHu3MOB MO HCTEYEHHH
BpeMerH t mnocne Hayana HaGJOaeHHS Bbipaxkaercst  (popmyJioit
N = na', rie n — 4HC/I0 OPraHH3MOB B HAaYa/bHbI MOMEHT BpeMeHH,
a — NOCTOsIHHAs BeJIHuMHA. Uneno a (a > 1) xapakrtepusyert GbiCTpOTY
POCTa NaHHOH ‘KOJOHHH. DTO YHCJO 3aBHCHT OT GHOJIOTHUECKOrO BHAA
OpraHU3MOB W OT yC/oBHit BHelHell cpensl. Hanpumep, ans 6aktepun,
AiBAsIOlLlefics BO30yAUTENEM XOMepbl, YHCIO @ GJAH3KO K UeThblpeM.
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Y Yy Y

y=a

a>?

y=a* 1| y=0a% a=1
1 oca<t
./ \ -—

0 X 0 X 0 X
Puc. 188 " Puc. 189 Puc. 190

W3 BocbMuJIeTHEH ILKOJIBI BaM H3BECTHbI CBOHCTBA NOKa3aTeNbHOH
¢ynxkuuu. HanomauMm Hx.

I'paduk nokasarejsbHOH (QyHKUHH y=a* npu a>1 H306paxeH
Ha pucyHke 188, npn 0 << a << 1 — Ha pHcyHke 189, npu a=1 — Ha
pucyske 190. Mayuenue ¢pyHkuuu y = a* npu a =1 He npeacrasJser
HHTepeca, TaK KaK B 3TOM cjy4yae (QyHKUHSA NPH BCeX AEHCTBHTEJNbHBIX
3HAYEHUSIX NEepPEeMEeHHO NPHHMMAeT OLHO W TO XKe 3HaueHue, papHoOe
eJVHHIE.

OcHoBHble CBOHCTBA (YHKUHH y = a*

npu a>1

1. O6aacts onpejeseHHs
(G YHKIHH — MHOXECTBO AEeHCTBH-
TEJbHBIX YHCeN:

D(a)=R.

2. MHoxecTBO 3HaueHHH
(QYHKIHH — MHOXECTBO INOJIOXKH-
TeJIbHBIX NeHCTBHTEIbHbIX YHCEJ:
E(@)=R,.

3. ®yHkuusa Bo3pacTaer Ha
Bcell 06/1aCTH ee ompejeseHus,
T, €. €CJH X=X, TO a**> a*'

4, Ilpuy x=0 a*=1, ecan
X€J—oo; O, To O<a’"<l;
x€1]0; oof, T0 a* > 1.

mpu 0<a<1

I. O6nactb onpeneyeHus
(YHKUHH — MHOXECTBO JEHCTBH-
TeJIbHBIX YHCeJI:

D(a*)=R.

2. MHOXecTBO 3HauYeHHH
(YHKILUH — MHOXKECTBO IOJIOXKH-
TEJbHBIX JE€HCTBHUTEJNbHBIX YHCEJ:

3. ®yHkuusa  y6boiBaeT  Ha
Bcedl o0G6GJacTH ee onpejesneHus,
T. €. €CJIH X2=>>X), TO a*?*<<a*.

4. Ilpuy x=0 a*=1, ecan
x€J]—oo; O[, To @*>1; ecan
x€]0; oo, To 0<a* < 1.

OpxHO M3 BaXHBIX csoucm nokasarejbHOH (YHKIHH COCTOMT B
€e HempepblBHOCTH: hma =a* 3Irtor ¢akT Mb npumem Ge3 1OKa-

3aTeJsbCTBRA.
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ITpumep 1. CpaBuHTe ¢ exHHHUEl c/leAylOUWlHe 4YHCJA:
a) 0,13%% 6) 3,704

Pewenune a) ®ynkuus y=0,13" y6uiBaowas (cm. puc. 189).
Ecau x>0, to y <1, nostomy 0,13%5 < 1.

6) Pyukuus y=3,7% Bospacraiolas (cM. puc. 188). Ecau
x <0, To y<< 1, mosromy 3,779 < 1.

[Tpumep 2. [lokaxure: ecad 3Ha4yeHHs1 apryMeHTa MOKa3a-
TeJbHOH QYHKUHMH 06pasyloT apH(MeTHUECKYIO POrpeccHio, TO COOT-
BeTCTBYIOLLHE HM 3HAuyeHHs NoKasaTesbHOH (YHKUHH 06pasyioT reo-
MeTPHUYECKYIO MPOrpeccHio.

Pewewnwne Ilycts y nokasareqabHoll ¢ynkuun y=a*(a>0,
a = 1) aprymeHT npHHMMaeT 3HaueHHsi, obpasyiouiue apudMeTH-
YECKYIO MpOrpeccuio: xo, Xo - d, xo + 2d,..., xo+ (& — 1)d,..., Tor-
[a COOTBETCTBYIOLUMe 3HAYEHHS IMoKasaTeJbHOH ¢GYHKUHM o6pasy-
0T MOC/AeNOBaTebHOCTL a°, @ °t9, gxot2d = grot(k—=Dd = Hap.
€M OTHOlUeHHe ABYX JIOObIX COCEAHMX UuJIEHOB 3TOH MOCJefoBa-
TeJNbHOCTH: ' '

Ynti . axo+nd _ad
Un _axo+(n—l)d_— ’

oTcloa
d
Int1 = Ynd~ k—1)d
ITo onpenesnennio mnociesosatenpiocts (a*°+*—19) gapngerca reo-
MeTpHUeCcKoil mporpeccueii co 3HameHaTeseM a.

Ha pucynke 191 npusenen rpaduxk ¢yHkuun y=2* pas x>0,
a Ha pucyHke 192 — rpaduk ¢pynxkuun y = 2%, x € N, T. e. uzo6paxe-
HHE 4JIEHOB reoMeTpHuecKoH mnporpeccuu 2, 22, 2%,.. 2".. (b=2,
qg=2).

M3 paccmoTpenHoro npumepa ciefyer, 4TO MOKa3aTebHOH (ByHK-
UHEHA H COOTBETCTBYIOIIEH I€OMETPHUYECKOH MpOrpeccHed MOXHO Ma-
TEMaTHYECKH ONHCATb OJHH H TOT XK€ NPOLEeCC H3MEHEHHSI HEKOTOPHIX
BEeJIHYHH, C TOH JIHLIb PasHHLIEH, YTO NOKa3aTeabHasi QYHKIHS OMHCHI-
BaeT 3TOT INPOLECC HENPepbIBHO, a reoMeTpHUEcKas NPOrpeccHs —
AHCKPETHO (YYHTBIBAIOTCHA JIHIUb OTAE/bHblE COCTOSIHHSI 3TOr0 Mpo-
necca).

y q
|
| b, |
41 I | C3 it
| |
2 ¢ | | 2 __?1, ] :
vl ! i
[ . [ —
01123 X 01123 X
Puc. 191 ‘ Puc. 192
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Ynpascnenun

1. CopmyaupyiiTe onpesesieHHe NMOKa3aTeJbHOH (QYHKIHH.

2. IlpuBeaute mpuMep mnpoiecca, MaTeMaTHYeCKH OMHCbIBAEMOro
C MOMOILbIO NMOKa3aTeNbHOH (QYHKLHH.

3. TMoctpoiite rpaduk ¢yskuuu y=3*. C nomouipio rpaduka
HaliauTe:

a) 3Ha4YeHHUs] apryMeHTOB, IIPH KOTOPbIX 3Ha4YeHHs QYHKIHH PaBHbI
0,5; 1; 3,7; '

6) pewenusi HepaBeHCTB 3" << 1 u 3* > 3.

S ‘ 1\*

4. Tlocrpoiite rpaduk ¢GyHKUHH y=(?) . C nomouibio mo-:
CTPOEHHOro rpaduka HaHguTe: ,

a) 3HaueHHsl aprymMeHTa, NMpH KOTOPbIX 3Ha4YeHHs1 (PYHKLUHH pPaBHbI
0.5; I; 3,75

. : l X 1 X

6) peileHHA HepaBEeHCTB (?) <lwu (?) > 3.

5. B onHOHl cucTeMe KOOpAMHAT NoCTpoiite rpaduku ¢yHKUHH

X
=3,y=2"y= (%) . Kak uamensitorcs rpadiku ¢ yMeHblIeHHEM
OCHOBaHHUA?

6. Omuukte: a) ofuMe CBOHCTBAa GYHKUHMH y==2* u y=(-—;—) ;
6) passnuuHble cBOHCTBA (GYHKUHA y=2" H y=(%) .

" 7. Toab3ysich CBOMCTBAMHM MOKAa3aTeJbHOH (YHKUWH, CpPaBHHTE
yucsa:

_L
9 (5 nno(5) Tntn (3) 0 (5): 0 04
0 (0% 1) 256F 1 (0312 &) (L) n (L)% %) (4) 7w

() (D7 n (@) w0 0o w0

H (—;-)2'8; a) (’(g-—g—)~I ul.

8. Kakune 3HayeHuss MOXeT thHHMaTb OCHOBAaHHe MnoKaszaTeJib-
2 5 7 11 : 3

HOH (YHKUHH y==a", ecau: a) a *>a%;6) a® >a%; B) a® < a’f
1 .

r) a 3<a®? n) a=?>a 0%
9. CpaBHuTe uucia a H B, ecju:

a) 1,34°< 1,34%; 6) V0,364° < V0,364%; ) V1,6°< V1,6

10. CpaBHuTe C enuHHleil yncao a, ecad a®* << a®®. v
11. CpaBhuTe uncaa: a) n'® u 3,145 6) e %% u 2,72708,
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12. CyuwecTtByeT qu y QyHKIUHH y=(-51’—)”: a) nHau6oJbliee 3Ha-
YyeHHe; 6) HauMeHblliee 3HaYyeHHe?
1x|

13. Tocrpoiite rpadukn dynxunii y=2% n y=(—%—) . Cy-

LWeCTBYIOT JIH Y JaHHbIX (yHKUHH: a) HauGoJbllee 3Ha4yeHHE;
6) HauMeHbliee 3HayeHue?

1\=x
14. YcraHnoBuTe, KaK H3MeHsieTCs] QYHKUHS y=(T) ¢ Bo3pac-

1
TaHuem aprymenTa or —3 10 0. Buluncinre 3Hauenune y npu x = — -
15. Haiinure o6aacTb onpeneseHuss GpyHKLHIA:

—_ Ve_s
a) y=>53-% 6) f(x)=(%) ; B) z(x)=§.

16. Haiinute MHOXeCTBO 3HAaueHHH (QYHKUMIL:
a) y=2",6) y=—2%8) y=13"—3|.

17% Hcxons us rpaduxka ¢ynkuuu y= 10*, nocrpoiire rpadux
dyHKUHN:

a) y=10"42; 6) y=10"—2; B) y=10~""
r) y=10*1% n) y=—10%5 e) y=10"""

18. JlokaxuTe, uTO mNOC/JeLOBATENbHOCTb 3HAYEHHH (YHKUHH
1 X
y=(-7) NpH HATypa/JbHBIX 3HAUYEHHAX apryMeHTa COCTaBJsieT
reOMeTPHYECKYI0 MPOTPECCHIO.

§ 80. NMPUMEPbI PELLEHMS NOKA3ATENIbHbIX YPABHEHWMA

INokasaTenbHbIM HAa3BIBAIOT ypaBHEHHE, COJiEpIKALLEE NEPEMEHHYIO
B NOKa3areje CTeNneHH, Hanpumep 2°=4; 3~ '=2x; 2'*'=5;
3= —9.

PaccMotpum HekoTophle cOCOGH! pelueHHsT 0Ka3aTeNbHLIX ypaB-
HeHunH.

1. ITpusedenue nokasareavnowx ypasnenuii k sudy a® =
= a®™. H3BecTHO, YTO NOKa3aTeabHas ¢ynkuua y=a* npu a >0
H a7 | Bo3pacTaeT WM YGbIBAaeT, NOITOMY KaxKJOe CBOE 3HAUYeHHEe
OHa MPHHHMaeT TOJIbKO NPH ONHOM 3HauyeHHH aprymenTta. U3 papencr-
Ba a“=a" crefyeT paBeHCTBO & ==v. DTHM YTBepXKJAEHHEM PYKOBOA-
CTBYIO’;‘CSI NPH pelleHHH NOKa3aTeJbHbIX ypaBHeHHH Buaa a/®) =

=a'®,
x2
ITpuwmepl. Pewnre ypaBuenus: a) 52 =5'"—*; 6) (%) =

= ()" 8 (5) - (T) =5 ) 25 =01 (0.
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Pemenmne. a) 53 2=5""* 3x —2=10—x, 4x=12, x=3.

9 (3 =) (=) =

x’-—t’»x—l—2 0, x=1 nnn x=4.
x x x 3 x
0 (3 (D -EED =@ B-

3 3
= (T) , X = 3.
r) 2.5 =0,1-(10"13, 10*=10"". 10*73, 10* = 10%*"*, x =
=3x—4, x=2.
K YpaBHEHHSIM PAaCcCMOTPEHHOroO BbIllI€ THINA MPHBOAATCA YypaB-

Henus Buna a/®=1(a>0; a 5 1) myTeM npeacTaB/ieHHs eIHHHIbI
B BHJe CTENeHH YMCJIa C HyJeBbM NokasaTenem: ') =qa°.

IIpumep 2. Pewnrte ypaBuenus: a) 17*-3%+6—=1; ) 7'+1*=

Pemenne. a) 1775+6 — ], |75-5546 |70 42 _ 5y | §—0,

x=2 wiu x=3.
6) 7' =1, 7"t =7 | 4 |x|=0, |x]|=—1. Pewennit wer.
3anaunue l. Peuwnre ypaBuenusi: a) 3%~ '=9; 6) 2" *=1.
ITpumep 3. Pewnre ypasnenus: a)’ 147 = 26;

6) 2*.. 3 !.5+2 =4,

Pemwmenne. a) 147 =26, §=log|426, x =Tlog,,26.

6) 2.3 1.5+0—=4, 25. 2 .5.95—4, (2.3.5 =

?5’

12 12
30* = o5 X = logs = = log,,0,48.

2. Boinecenue obuje2o MHOXCUTeAR 34 CKOOKU.
Mpumep 4. Peumnte ypaBHewusi: a) 3*—2.3*"2=63;
6) 52x—l_52x+22x+22x+2=0; B) 23/Y+2_23;/7+l=12+

+ 28 -1
Pemenue. a) 3*—2.32=63,

3 2.7=63, 3*2=3% x=4.
6) 52x—l . 52x + 22x + 22x+2 — 0’ 22x + 22x+2 —_ 52x _ 52x—-l’
4 2% 4

_ " . 9 2x_
22(1 429 =5%(1—57), 2%.5=5%. & Z_ 4 (Z)'

52x
2
=(-§-),2x=2,x=1.
B) 23/7+2_23/?+l=12+23ﬁ—l,23ﬁ+2_23ﬁ+l_23ﬁ_—l=
=12, 23/*-1(22 _22__1)=12, 2%*-l.3=12, .23%F—l—4,
B =92 3/x _1=2 Yx=1,x=1.

3=2(3? — 2) =63,
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Y 3. IIpusedenue noxasarers-
A HO20 YpasHeHus K KeaodpaTHOMY.
Y IIpume P 5. Peumte ypaB-

HeHus: a) 7 —8.7"+4+7=0;
6) 22+t*—22=*—=15; B) 2%} 6*=

s A
p, Pemenue. a) 7%—8.74
0 + 7=0. O6o3nauum 7* uepe3 {,

Torga noayuum: {2 — 8t 47 =0,
t=1 unm t=T7.

Puc. 193 1) 7"=1; 7"=7% x=0.
2) 7"=T7; x=1.
OrTser: 0; 1.
y 6) 22+ — 227% =15, 22. 2% —

22
__2;=15. 3amena: 2=t

4t — ;i= 15, 42— 15t —4=0,
1

t=4 win t=_T‘
[) 2*=4, x=2.
' 2) 2" = ——;- — pelIeHHH HeT.
l/ Ortser: 2.
T yxt-2x B) 22x+6x=2 . 32x, 22x+
|

+ory—2.37=0, L+

9%, 3* 2. 32x
T =0

(2 )2x+( )—2 0. 3amena:

(T) =t, Pt —2=0, t=—2

y=2"* M t=1.
-53 X " l) ( )=-—2 — pelueHH# \-
, ) (F) =t (3)=
Puc. 194 ==(_.), x=0.
Orser: 0.

4. I'paguueckoe pewenue noKasaTesbHvLX YpPaABHEHUL.
I[Tpumep 6. Pewmnre rpaduuecku ypasHeHHsa: a) 2°-=yx;

6) Ctpoum rpaduku GYyHKUHH y=2"% n y = x> — 2x (puc. 194).
IFpapuku ¢yHkuuii y=2"" u y=x® — 2x nepecekaioTcsi B Tpex
TOouKax, abcuucchl Kotophix x; =& —0,6, x, &~ 2,1 u x;~ —5,3 ss-
JISIIOTCSl PELUeHHSIMM JAaHHOTO YpaBHEHHS.

Ynpaxcuenus

1. IMpuBennre npHMepel MOKa3aTeNbHbIX YpPaBHEHHH, HMEMOLIHX
TOJNIbKO: a) OAHO pewenue; 6) nBa pewenus. [lpuBemurte npumep
MOKa3aTeJbHOrO ypaBHEHHs, HE HMEIOUIEro pelleHHs.

2. Pacckaxure 06 H3BeCTHbIX BaM cnocofax pelleHusi Mokasa-
Te/bHbIX YPaBHEHHH H NOKaXKHTe MX NPHMEHeHHe Ha mpUMepax.

3. Pemnte nokasaresbHble YpaBHEHHA INpHBEAECHHEM HX K BHLY
[() — go™)-
a a

1
a) 6°%=216; 6) 2% =(512)*;
2 ) 5 5x—7 7 7x—5.
B) 577 — 625; r) (_7_) =(___) .
'x 1 x——3_ 1 x. x—1
w¥-(3) =(z): o(F ) (+) =
x+l7
K) 27625 — 16 1/ 2; 3) 327—‘7_025 1283 ;
u)* (0,11)**~°=0,001331; K) 2°°73 . 5**=3=0,01 - (10'~*)?,
. 25 x2—12 97 3.
) 06 ( ) 1—2-5)
M)5w+2 02F+2—125*—4 0,04*~2.
4, PewnTe nokasare/ibHble ypaBHEHHS:
1 x+1 9
a) 3*=71; 6) (7) =5; B) 10°=3.10%

3x—17 7x—3
r)2r=21.3Y 0 5t=10.75 ¢ (L) =(%)
)K) 5x+2 — 72x; 3) 93x __ 92 | 12.
5. Pewnrte nokasartesbHble ypaBHeHHS] CrOCOGOM BbiHECEHHS 00-
ILlero MHOX HUTeJssl 32 CKOGKH:
a) 2 —22=3; 6) 3* —3?=8§;
B) 2.3 —5.372=1443; r) 10+ 10! =0,11;
Jl) 5x—4 - 5x—5 —92. 5x—6 =92. 3x—-4;
e) V35t _ 7135 — 162

6) 27 =x? — 2x.

Pewenmune. a) Crpoum rpacduku ¢yukuuit y=2* u y=x
(puc. 193). I'padukn ¢yHKuui y==2* W y=x He HMeIOT OGILHX
TOYeK. YpaBHeHHe 2° = x pelleHHH He HMeerT.
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X)) 5% — 7F — 5% . 354 7. 35 =0;

3) 4}: 3x—0 5 3x+0 5 22x—-

H) 2x 2x+l + 2x+2 + 2x+3 3x + 3x+| + 3x+2 + 3x—l—3;
K) 2x2——l _ 3x2 3* 24 2x2+2.
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6. Pewinte moka3aresqbHble ypaBHEHHS] CNocOGOM TpHBENEHHS K
KBaJipaTHHIM YpaBHEHUSM:

a) 3% —30. 3%+ 81 =0;
B) 4%+ 2+ = 80;

Il) 4x_2x+3_|_16=0;

x®) ¥ _9P—r—6;
) 4724 16=10.2"7
n) 34 45.6°—9. 2212 =0; m) 2%F 43+ =5.6
w* (V2— Y3y +(V2+ V3 y=4

0)* (V4— 15y + (V4 + Y151 =38.

7. Pewnte rpaduueckn ypaBHEHHS:
a) 27%=1; 6) ¥=x+2 5) F=—rx%
r) 2=x% ) 2"=%; e) 3'=6.

6) 7% —6-7"+5=0;
r) 22! 42t — 64,

e) 5'F —14.57% _275—0;
3) 2.7%—5.49% 4-3=0;
k) 4H72 5.0t Pl

I

§ 81. MPUMEPDBI PELLUEHUSA MOKA3ATE/bHbIX
HEPABEHCTB
IlpocTeiiye nokasaTesnbHble HepaBeH-
ctBa BHaa a*>b win a*<<b pewalorcs
y Ha OCHOBe H3BECTHLIX CBOMCTB MOKa3aTejb-
y-ax HOH (YHKUMH Yy = a”:
ast npu a>1, ecau a”>a", 10 x,>x,
a* (puc. 195),
npu 0 < a < 1, ecam a™ < a*, 10 x, > X,
(puc. 196).
— PaccMorpum npumepsl.
[Ipumep 1. Pemure HepaBeHCTBa:

a) 36—x> 1; 6) (_3—)3x—7<(_;.)7x—3;
B) 6*1='< 216.

Pemenune. a) 35 *>1, 3 *>3°

, 6) (—;_ )Sx—7< (% )7x—-3’ (-T:;-)Sx—7 <
y-a* < (% )_”H, 3x—7>—Tx+43,10x>10,

O<a<t x> 1.

B) 6'*'71<C 216,61 6% x| — 13,
el <4, 44

)
&

>
N

=

Puc. 195

a* a*s 2. Pemnte HepaBeHCTBO
e g DRBLER P
a| x, xz X S

Pemenne 2°F—2"723,
22213, 27, 2K,

Puc. 196 x—2<0, x2.
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Yy Yy gi
=2hrl
y=4 4 / \ J /y‘
| 1 y=5
g3 fy L4 NV |
A i, 23} 12,3
o] 13 x 0 X
Puc. 197 Puc. 198 Puc. 199

Mpumep 3. Pemnre nepaBencrso 5%~ ! 4 5*+! = 250.
2x
Pemenue 5145+ >950, 245 .5 250,
5% 4 25 . 5* — 1250 > 0.
3amena: 5 =y, y>+ 25y —1250>0, (y-+ 50)(y—25)>0,
y<<—>50 uau y>25, 5*>52 x> 2.
[Tpumep 4. Peuwnte rpacduuecku HepaBeHcTBa: a) 3*>4;

6) (%)x<x+1; B) 251 <5,

Pewenue. a) Ha pucynke 197 uzo6paxxesl rpadpuki GpyHKuHit
y=3" nu y=4. Haxonum npu6anKeHHO abCUHUCCYy TOYKH HX IMepe-
ceyeHua: x = 1,3. M3 pucynka Bugno, uro 3*>4, ecau x> 1,3.

6) Ws pucynka 198 énenyer, 4YTO pelleHHe HepaBeHCTBa
(—;-) < x4 | ectb npomMexyrtok x = 0. A

B) M3 pucynka 199 cnepyer, uYTO pelueHHe HepaBeHCTBa
2'"' < 5 ecTb npoMexyTok —2,3 < x << 2,3.

Ynpaxcrenusn

1. Ilpn KkakMx 3HAueHHSIX @ M3 HepaBeHCTBA a™ > a™ caemyer
HEPaBeHCTBO X, = X,?

2. Ilpu Kakux 3HauYeHHAX a M3 HepaBeHCTBa a“*>a™ cjeayer
HEPaBeHCTBO X, << X,?

3. Haiinure MHOXKecTBa pelueHHil HepaBEHCTB:

a) 5% << 625; 6) 37*+2>27,
B) 2¢+! < 32, r) V5 > %35,

0 ()@ 0 oms 2,

1
%) 1000 - (0,1)* < 100%; 3)* 0,32+4+6+-+205 0372 N
4. Haligure MHOXecTBa pellleHHIl HEPABEHCTB:
a) 77°<3; - 6) 3~ '>27.5%
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Y ¥ [ Y
Y3 e
Y= <
=2-X o+
1 J 1 1
y=1x y-h s
y 2 NS 7
ag x b0 ] X el X
[ ¥x
Puc. 200 Puc. 201 Puc. 202 Puc. 203

1 2 x x—5 2x+1
B) (T) <3-25% 1) 8.2¢5> 62t
) (0,12)3"+' < 27* . 8.
5. MeTojgoM BbIHECEeHHsI O6LIEro MHOJMKHTEJS 3a CKOOKH Hall-
JHTE MHOXEeCTBa pelIeHHH HepaBeHCTB:
a) 2¢+2 _ 9* = 96; 6) 7" =7"'46;

B) 577! <24 4+ 5*!; 1) 3! g% _ 3%—4 315
n) 22— 9rt3 _ grtt 5 prtl _ 5xt2

6. Pemnrte HepaBeHCTBa:

a) 72x___6. 7x+5>0’ . 6) 52x+l>55x+4;

B) 34 18.37<<29; r) 9*—6-3"<<27.

7. Huxxe Ha pucyHkax H3o6paxeHbl rpadHkH  QYHKUHHA:

X

y=x* n y=23* (puc. 200); y=—)‘c— " =-2'— (puc. 201);

y=2—xu y=% (puc. 202); yzj;l H y=—x (puc. 203),
rae a, b, ¢, d, e — abcuuccel Touek mnepeceuedusi rpadukon. Ilo

COOTBETCTBYIOLIHM PHCYHKAM YCTaHOBHTE MHOXECTBO pelIeHHH KaX-
JIOTO H3 HEPaBEHCTB:

a) 3> x% 6) 3" < x%; B) 5> -0 1) < —
n) %>2——x; e) -§';<2—x; x) ~<—x 8 Ll>—x

8. Hadipure o6aactb onpeneneHnust QyHKLUHH:

a) f)=Va+ —27; 6) ¢(x)= '

¥ 0,008* — 125
B) y=V2.F =3 1) h(x)=—ode.
Vosinx _
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§ 82. MPOM3BOAHASA MOKA3ATEJIbHON dYHKLIMU

[Mpexne ueM HaWTH NPOU3BOAHYIO MOKAa3aTeJbHOH (YHKUHH,
ciesaeM JBa Ba*KHbIX NMpeABapHTE/NbHbIX 3aMe4yaHHs.

I'pacduk nokasaresbHOH (GYHKUHH y==a" NPOXONHT uepe3 TOU-
Ky (0; 1). Ilyctb o — BeanunHa yrJia, o6pa3oBaHHOrO KacaTe/bHOI
K rpacduKky ¢yHKuHH y=a* B Touke (0; 1) c mosioKHUTEJbHbBIM Hal-
paBJjeHneM ocH abcuucc. MoxXHO MokKas3aTbh, YTO BeJHYHHA 3TOro
yriia 3aBHCHT OT 3HauyeHHs OCHOBaHHMA a. Hanpumep, BbluHcaeHO,
4TO NMPHU @ = 2 BeJIMYHHA yrja o npubiaukeHHo paBHa 34° (puc. 204),
anpu a=3 a = 47° (puc. 205). Ecan ocHOBaHMe a moka3aTe/bHOM
¢yukuun y=a* Bo3pacraer oT 2 10 3, TO BeJHUHHA yrjia o BO3-
pacraer u NIpHHHMaeT 3HaueHHs oT 34° 10 47°. MoxHO JOKa3aTh, YTO
HalijeTrcsl Takoe 3HauyeHHe @, NMPH KOTOPOM KacaTe/bHasi, NpOBeleH-
Has K rpadpuky ¢yHkuuun y=a* B touke (0; 1), obpasyer c moJso-
JKHTEJbHBIM HampaBjaeHHeM ocH abcuucc yroa 45° (puc. 206). Takoe
3HayeHHe @ NMPHHATO 0603HaYaTb GYKBOH €. e — YHCJIO HpPpallHOHAMb-

Hoe, e = 2,718281828459... . OHo paBHO npegeay lim (l -+ —:T )n= e.

Ecan ocHoBaHHeM Jiorapu)MOB CJYXKHT UHCJIO e, TO TaKHe JorapHU¢pMbl
Ha3bIBAIOT HaTypajbHbIMH: log.x=Inx (3anuch Inx uuraot:
«HaTypaJbHBIH Jorapupm uucaa x»). Harypaabuble Jorapudmbl
(norapudMbl ¢ OCHOBaHHEM e) IIHPOKO NPHMEHSIIOTCS B Marema-
THKE H NpaKTHKe. :

Takum o6pasom, KacarenbHasi K rpaduky ¢ysxkuun f(x)=e*
B Touke (0; 1) o6pasyer C MONOXKHTEIbHbIM HaNpaBJEeHHEM OCH
a6Gcuuce yros, paBHbIi 45°.

B cooTBeTcTBHH C FeOMETPHYECKHM CMBICJOM NPOU3BOIHOH HaH-
HbIfi BBHIBOJ O3HA4yaeT, YTO 3Ha4yeHHe MPOH3BOAHOH QyHKuMH [(x)=
=e* B Touke x=0 paBHo tg45°=1. Takum o6pasom, ['(0)=
= lim &=,

Ax—>0 Ax

BriBenem Temepn ¢opmyny npousBonHoil ¢yHkuun f(x)=-e*.
ByaeM nosnb3oBaTbCsl NMJIAHOM HaXOXK/JEHHS NPOU3BONHON (YHKUHH
(cM. § 21).

y y s
y=3
y=2"
~ a z °
o =34 L / oL=47 o
0 X /0 X x

Puc. 204 Puc. 205 Puc. 206
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1) Ilycts aprymeHT x nonyuaer npupauieHue Ax.
2) Haxoaum npupainenue ¢pyHkuuu Af:

Af=ex+Ax__ex=ex(eAx__ 1)

3) Haxomum oTHOweHHe mpupalieHusi GYHKUMH K MPHPALIEHHIO
apryMmeHra:

Af__ef(@r—1)
Ax Ax :
A
4) BbluncasieM npeiesn OTHOIIEHHSA Z—i, CYHTAsA X IMOCTOSIHHOH,
a Ax nepemeHHOMH, cTpeMmsIeica K HYJIO:

. A . e* (ed* — 1 . Ax |
lim & — hm—lr—)=e" lim & b or . 1 =¢".

Ax—»0A%x  ar0 Ax—»0  Ax

Takum o6pasoM, npoussonHas GYHKUHH e* paBHa caMOil (yHKUMH:
(e*) =é*.

l;lai»’meM Tenepb NpPOM3BOJHYIO MOKasaTeNbHOH (yHKuuu f(x)=

=a" (a>0, a1). Hcxoass U3 reoMeTpHuecKHX MNpeiCTaBJEHHI,

MO2KHO NMPEAMNONONKHTD, YTO 3Ta QyHKUHKs AuddepeHunpyema, Tak Kak
B JIIOGO# TOuKe rpauka CyliecTBYeT He BepTHKaJbHASsl KacaTeJsbHasl.

Bocnosb3oBaBIIMCh OCHOBHBIM .norapmpmuqecxnm TOXIAECTBOM -

logsa ___
(b°®*=aq, cM. § 84), M060e YHCIO @ MOXHO MPEACTABHTb B BUIE

— plna
a=e"" HOBTOlMy M0Ka3aTeNbHYl0 (QYHKIUHIO MOXHO MpPeACTaBHTh
B BHJe a* =¢* ™.

o Bocnonbayemca npaBHIOM HaXOXIAEHHS NPOH3BOLHON CJOMKHOM
YHKIUH:

(@Y = (eI") = e*!ne . (xIlna) = e . Ina.
YuurteiBas, yTo €'"% = g*, nonyuum:
(@Y =a*-Ina.
{Ipousaoauaa nokasareasvnoid ynkyuu pasna npoussedenuro
aroil (hynKkyuu nRa Haryparvuoll A02apUPM ee OCHOBARUSA.

Pewum HECKOJIbKO MpMMEpPOB Ha MNpPHMEHEHHE INPOM3BOAHOM
NoKa3aTeJbHOH (yHKUHH.

I[Tpumep 1. Haiiaure npoussoanyio ¢pyHkuuu:
a) 5x; 6) e—Sx; B) e3—~2x; l") (0’3)sin2x.
Pewenue. [To popmyse npoussonHoll nokazatenbHO# (YHKIHH
H  npaBu1y AuQQPEpeHUHPOBAHHA CJHOXKHOH (YHKUHH HMeeM:
a) (5*Y =5"Inb5; '
6) (e—-Sx)/ —_ e—5x (—5)6)' — __58-—5::;
B) (63-—2):)1 = 3%, (3 _ 2)6)' — _283—2x;
r) ((0,3)““”‘)’ =0,3""*.1n0,3 - (sin 2x) =
=2.0,3%"%*. 1n0,3 - cos2x.
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Mpumep 2. Haiigure ypaBHeHHe KacaTenbHOH K rpaduky
¢oynxuuu f(x)=e"* B Touke ¢ abcuuccoi xo= —1.

Pemenune YpaBHeHHE KacareJbHOH K Trpaduky QYHKUHH
y=7[(x) B npOM3BOJbHOH TOUKe (Xo; Yo) HMEET BHL: Y — Yo=
= " (%) (x — xo). ITo ycnoBHIO %= —1, mo3TOMYy Yo=1¢2 .
f' (x)=(e~*) = —e %, toraa [’ (—1)= —e. [loacrasass HallleHHbIE
3HAYeHHS X,, Yo, | (X,) B YpaBHEHHE KacaTeJbHOH, MOJYYHM ypaBHe-
HHE HCKOMOI KacaTeJbHOMH:

y—e=—e(x+1), y=—ex.

Ynpaxcnenun

1. Pacckaxure, Kak MOXKHO BBECTH YHCJIO e.

2. Haiiaute yrioso# Ko3(¢HUMEHT KacaTelbHOH K rpaduky
¢yukunu y=e* B Touke (0; 1).

3. Kakne morapudmbl Ha3blBalOT HaTypaibHbiMH? Haiipure:

Ine; Ined; ln—:;—; Inye.

4. CocraBbTe NJaH BhBOAA (OPMYJbl MPOH3BOAHOH GYHKUKH
y=¢e".
5. xCOCTaBbTe naad BhiBOoAA (OPMYJbI NPOH3BOJHOH QYHKUHU
=a".
Y 6. HaiiguTe npousBoAHYIO MOKa3areabHOH ¢GyHKUHH y=a", eciu
ee OCHOBaHHe a paBHO: a) a=e¢; 6) a==2; B) a=—:-;—; r) a=am.
7. Bhluuc/iuTe MPOM3BOAHYI0 QYHKLHH:
x—1 x

a) 53x. 6) (_1_)2 . B) 82x+3—x. I‘) x.2sinx. ll) .
’ 3 ’ ’ ’ gﬁ'y

X

x . B PR e x+1. * 2!
e) ¥V x(05°41); %) g-cos——e™™; 3) tge*™’; n) T

8. BbluncauTe 3HaueHHs NPOM3BOAHBIX (QYHKIHA B Touke x==0:

a) y(x)=3""5+8 6) z(x)=2% . V2 — 2%, B) h(x)= —
Y143
9. Haiigute ypaBHeHue KacareqbHOH K rpaduky QYHKIHH
y=[f(x) B Touke c aGcuucco X ecam: a) f(x)y=e7*, xo=1,
6) f(x)=2, xo=—1;B)*y=x"-e % xo=1
10. HaiiguTe BeJIMUHHY yrja MexXAy NOJOXKHTEJNbHBIM HanpasJje-
uHeM ocd Ox M KacaTeJbHOH K rpadMky (QYHKUHH y=e * — e

B Touke ¢ a6cuuccoit x = 0.
§ 83. JIOTAPUDMUYECKASA DYHKLNA

INokasaTtenbnas QyHKuus y = a* Bo3pacraeT HWJIH yGbiBaeT NpH
a>0u a1 u HenpepbiBHa HAa MHOXeCTBe BCeX JeHCTBHTENbHbIX

yucea. dra ¢Pyukuus obparuma
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Y\ y=ar? g
: Oca<t!
.a 4=109,X
y 1l a>! 1
g . 1 ) o
1 X 0 1 X 0 2 4 X
370 [ % \% Logex wﬂ"
O<a<t ‘
Puc. 207 Puc. 208 Puc. 209

Onpenenenue Pyukuus, o6parHasi NoOKasareJbHOH, HA3bl-
BaeTcs JorapumMuueckoi.

Jlorapupmuuyeckan ¢yukuua oGo3Hayaercss TakK: y = log,x.
D(y)=10; oo[; E(y)=R. HsBectHo, uTO rpaduKM B3aHMHO
00paTHbIX (QYHKUHA CHUMMETPHYHbI OTHOCHTEJbHO MNpPAMOH Y == X.
Ha pucynke 207 cxematuyHo u3o6paskeHbl rpaduku GpyHKuuil y = a*

n y=Ilog,x npu a> 1, a Ha pucyHke 208 rpaduku 3THX QyHKLHE

npu 0 <a<<l.
CpoiicTBa PYHKUHH y = logai
npu a > 1 npu 0 <<a<<l
1. O6nactb “ompeneseHns 1. O6nactb onpeneseHus

(O YHKHHH — MHOX€CTBO NMOJIOXH-
renbHbix uucena: D (logax)= Ry.

2. MHoxecTBO 3Ha4YeHHH
(QYHKIMH — MHOXKECTBO JeiCTBHU-
TesqbHbIX uHcen: E (log.x)=R,
NpH 3TOM KaxJCce€ 3HaueHue NnpHu-
HHMaeTcsl QYHKIHeH TOJNbKO Npu
€IMHCTBEHHOM 3HAuYeHHH apry-
MeHTa.

3. ®yHKuHMA BO3pacTaer Ha
Bcell 06JacTH ee omnpejeseHus:
€CJIH X2 > Xxi, TO log, xo > log, x;.

4. Ecmu x€]0; 1[, o
logax<<0; ecan x=1, TO
logax=20; ecain x €]l; oof, TO
logs x > 0. ‘

(QYHKUHMH — MHOXKECTBO MOJIOXKH-
teabHbIX yucen: D (logex)==R,.

2. MHoxecTBO 3HaueHH#H
(YHKUHH — MHOXKeCTBO JeHCTBH-
TesqbHbIX  uHces: E (loga.x) = R,
NpH 3TOM KaxX[0€ 3HaueHHEe NpPH-
HUMaeTcsi (yHKIHel TOJbKO NpH
€[lMHCTBEHHOM 3HAa4YeHHH apry-
MeHTa.

3. ®ynkuusi y6roiBaeT Ha
Bcell 06JlacTH ee oOnpefeseHHs:
€CJIM X2 => X1, TO log, x2 << logex.

4. Ecmm x€]0; 1[, To
logex>0; ecan x=1, TO
logax=0; ecan x €]1; oof, TO
logs x << 0.

Ba:xHbiM cBofictBOM J1orapHdmHueckoll GyHKkuMH Yy = log, x
fIBJISIETCS €€ HEeMpPEPLIBHOCTb Ha Bced 0(J1acTH OnpejesieHHsl.

3apnanue. INocrpoiite rpaduk GpyHkunn y = 3~ u eii o6par-
HOH yHKuuH. PacckaxuTe 0 CBOMCTBAX 3THX (YHKIHMIL.
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Ynpaxcnenun

1. Ha ocHOBaHHH KaKHX CBOMCTB MOKa3aTeJbHOH QYHKIHH MOXKHO
yTBEpKIaTh, YTO OHa oGparuma?
2. 3andmnTe QYHKUHIO, OGPATHYI0 QYHKLHH:

a) y=25 6) y=(5)5 B y=a@>0a=1)
3. Ha pucynke 209 u3o6paxkeH rpaduk ¢yHKUHH y=log,_x.
2

Ha#nure no rpaduky 3HaueHusi (YHKUMH NpPH Cjelylol{uX 3Ha-

1 1
YeHHSIX apryMeHTa: —-; 7;-1; 2; 4.

4. ChopMyaupyiiTe cBOHCTBA JIOrapH(pMHUECKOH G YHKLHH. i

5. O6bACHHTE, HA OCHOBaHHH KaKOro CBOMCTBA JlIOorapudMHYECKOH

GYHKUMH MOXKHO yTBepKAaarth, uro: a) log:5 > 0; 6) log_,_5<0;
2

B) In3>0;r) ln—;- < 0; n) logs7 > logs5; €) logos7 << logoab.

6. Ucnonbsyss cBoficTBa JorapupMHUecKOoHd (YHKLUHH, CpaBHHTE

yucaa:
a) logs;4 u logz6; 6) log, 7 u log, 9;
3 3

B) logeb u loggh; 1) lo_g_l_3 H log,_3.

7. Pemnte HepaBeHcCTBa: '

a) log:3 < logzx; 6) logosb > logosx.

8. YcraHoBHTE 3HAK BBIpAXKEHHS:

a) logog4 - log_,_ 5, 6) logs10 —2; B) logo2!18 — logo217.
2

9. Ioxkaxure, uto rpapuku ¢yHKuuid y =logsx u y = logl_ x
3
CHMMETPHYHbl OTHOCHTEJIbHO OCH abcuHcc.

10. Haligute o6nactu onpeneneHns GyHKUHA:
a) y=log.(x + 1); 6) y=loga(x — 1);
B) y = logs(—2x); r) y = logs x% ,
n) y=loga(4 — #°); e) y=loga(3x’ 4 1);
XK) y=log,|x|; 3) y=log. Vx+1;
- u) y=logos(5x — x* — 6).
11, 1asi kakux 3HaueHuHl x u3 npomexyrka [0; 2x] umelot cMbica
BbIDAXKEHHS:
a) log, (sinx); 6) logs(igx); B) logz2(cosx); r) log, (ctgx)?
2 3

12. TMoctpoiite rpaduxky GyHKUHIA:

a) y=logsx -+ 1; 6) y=Ilogsx —1; B)y=logs(x+1),

r) y=Ilogs(x —1); &) y=Illogax|l; e) y=logslx].
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13. Kakoe 3ak/ioueHHe MOXHO cAesaTb 06 OCHOBAHUM JOrapHd-
Ma, eCcaH mpH Jo6oM x M3 06s1acTH onpejeseHusi (GYHKUHH HMeer
MeCTO HepaBeHCTBO: :

a) loga(x* + 3) > logax; 6) loga(x® + 3) < log, x?

§ 84*. OCHOBHbIE CBOMCTBA JIOrTAPUDMOB

HanomHuum, uro sorapudmom uucna N mno ocHoBauuio a(a >0,
a = 1) Ha3biBaeTcsl MOKa3aTesb CTeNEeHH, B KOTOPYID HANO BO3BECTH
YUCJO0 @, 4TOObl moayuHTb yucao N: ecan a* =N, to log, N = x.
Hanpumep, logs 125 = 3, Tak kak 5° = 125;
log 5+ 3 = 2, Tak kak (¥3) =43;
logos 16 = —4, tak kak (0,5)” * = 16.

M3 onpesenenusi jorapudma crefyeT OCHOBHOe JIOrapH(pMHYECKOe
ToxaectBo: a'%" = N. CornacHo 3Tomy TOXzecTBYy: 3'°¢%=5;
QIow:07 (7, 721088 — (79882 _ g2 — 64,

3ananue 1. Haiinure x, ecan: a) loge, x = —1; 6) log, 216 =
= 3; B) Iog3?17- = x.

3ananmue. 2. Boluncaute: a) 2'°8%7% 6) 4! +10e2; g) [(logu00l —2

CdopmyaupyeM ocHOBHbIe CBOHCTBa Jorapudmos.

Teopewma 1. Jlocapuppm npoussedenus 08Yx NOAOKUTENLHBIX
4ucea no ocxosanuro a (a >0, a %= 1) pasen cymme aozapupmos
MHOXNCUTeNek NO TOMY Hce OCHOBAHUIO:

loga(x1 + x2) =log.x| + logaxs, rae x; >0 u x> 0.
JokasarteabcTBo. O6o3naunm: log, x; = yi, loga x2 = yo.
Torma mo ompeneseHHio JorapHdma MOXKHO 3aNmHCaTh:
xy =a" (1),
Xy =a* 2).
ITepemuoxxum nouseHHo paseHctBa (1) u (2): x; - xp=a¥% T4,
ITo onpenenennio sorapugma nosyuum:
loga (x1 + x2) = y1 + yo = logax1 + loga xa.
Teopema nokasaHa.
ITpumep 1. Jdano: logs3 = a, log; 7 = b. Boiuucaure: logs 21.
Pewenune. logs21 =log;(3 -7)=1log;3 + logs7 =a -+ b.
MoxHo 0606wHTb Teopemy 1 Ha cayuail JM060ro KOHEYHOro
YHCJa MHOXHTEJIeH: ‘

loga(x1 + x2 « x3 + ... » xz) = logax1 + log, x2 + logaxs + ...
.+ logaxa, roe x, >0, n € N.
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Teopema 2. Jlozapugpm uacrnozo dsyx noaoxureavrvix
4ucen no ocnosanuio a (a =0, a + 1) pasen pasnocru aozapugmos
HUCAUTEAR U 3HAMEHATEAR NO TOMY e OCHOBANUIO:

logaz—; = loga X1 — logaxs, 20e x; > 0 u x3 > 0.

Teopemy 2 nokaxuTe C€aMOCTOSITENBHO, pasiejquB MNOYIEHHO
paBenctBo (1) Ha paBeHcTBO (2).
I[Ipamep 2. Jano: logs 10 = a. Haiigure logs 5.

Pemenue. log25=logzi29=log210——log22=a— 1.

Teopewma 3. Jozapupm crenenu x* no ocmosanuio a (a>0,
a 5 1) pasen npouseedenuro noraszareas o na aozapupm wucaa
X no ocunosanuio a:

logax* =a - log,x, rne x > 0.

JokasarteabcTBo. O603nauum logax =y, Torna x = av.
Bossenem oGe yactu nosnyuennoro PaBeHCTBA B CTENEHb a: x*® = aq%,
ITo onpenenennio sorapupma MOJIYYHM:

logax*=a-y=a - log,x.
Teopema nokasana.
IIprumep 3. Buuncaute: a) log; 9; 6) Ioggé.

Pemenmne.
a) logs9=1l0og33’=2-.log;3=2.1=2;

6) logso-=log:2™® = —6log; 2 = (—6) - | — —6.

Ilpn Haxoxmennn sorapudma KopHsi ero 3ameHsiOT CTeneHbIo
C IPOGHLIM MOKa3saTeJeM.

ITpuwmep 4. Haiinure log, f'/4—5

5
Pewenune. log, 3/4_5=log24Q=—§—log24=%log222=

5 . o_10_ .1
=— 2—3—33.

‘3ameuanue. Teopemn 1—3 CBHJIETEJILCTBYIOT O TOM, 4TO
AEACTBHSA YMHOXEHMsl, JeJeHHS, BO3BeNeHHS B CTeneHb MOryr
OHITb CBefieHH K GoJee NPOCTHIM  IEeHCTBHSIM — COOTBETCTBEHHO
C/I0XKEHHIO, BBLIYHTAHHUIO JIOTapH(MOB, YMHOXKEHHIO Jorapupma Ha
HEKOTOpOE YHCIIO.

Teopewma 4. Jozapugm nosomurersnozo wucra no dannomy
OCHOGAHUIO PAGeH 4ACTHOMY OT derenus aozapudma 31020 Ke wucaa
nO HOBOMY OCHOBAHUIO HG AOzaApUpM AAHNO20 OCHOBARUR NnO HOo8OMY
OCHO8aRUIO:

logax =18% 290 x>0, a>0, b>0,a-1,b~1.

logs a
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NokasaTeabcTso. [IpororapupMupyem 10  OCHOBaHHIO
b(b >0, b 5= 1) ocHOBHOE JIOTapH(PMHYECKOE TOXKAECTBO alogs * = x:

log, x - logs a = logs x.

M3 nonyueHHOro paBeHCTBAa HaiaeM:
' loga x = logy x
lOgb a
Teopema pokasana.
[TocnenHee cooTHOLIeHHE HasblBalOT (GOpPMYJOH mnepexoga OT
Jorapupma npu OCHOBAHHH @ K JIOrapHpMy NpH OCHOBaHHH b.
I[Tpumep 5 Beiuncaure log,s64.
PeueHue 3amerum, uro uucia 16 v 64 ABAAIOTCA CTENEHAMH

yucaa 4. [ostomy yno6HO mepeiiTH OT JaHHOTO Jorapugma K Jora-

puomMy c ocHosanuem 4. IToayuum: log,s64 == Eﬁ‘—?g = -‘:;- = 1,5.
4 19

dopmyna nepexoja MO3BOJSET JOrapumMbl AeHCTBHTEbHBIX YH-
ceJl ¢ NPOM3BOJNBHBIM OCHOBAaHMEM Bbipa)KaTb Yepe3 AECATHUHBbIE
gorapudmbl. ITO HAXOAHT NpHMEHEHHe B MPAKTHKe BbIUHCJIEHHH,
TaK Kak [J5 JeCATHUHBIX JOrapu(MoB cocTaB/ieHbl TaGJHLbI.
[Tpumep 6. Bruncaure: a) logo256; 6) logg-:—}.

. g 56 1,7482 1,7482
Pe . a = g — 2, ~ — ~
wenue. a) logoe56 =255 = 03670 ~ ~ 06990

~ —25010:

17 1gl7 —1gl4 _ 12304 — 1,1461 _
6) logs-ﬁ = i3 =~ 04771 ~ 0,1767.
lMpumep 7. Jlokaxure, 4TO €CJAH 3HAYEHHS aprymesra Jo-
rapugMuUecKoil (QyHKUHH O00pa3yioT KOHEUHYK TeOMETPHUECKYIO
[POrpeccHio, TO COOTBETCTBYIOULHE MM 3HAUYeHHs (QYHKUHH o6pasyioT
apudMeTHUEeCKYIO MPOrpeccHio.

NokasaTeabcTBo. Paccmorpum  @yHKuHi0 Y= logax
(a> 0, a 5= 1), aprymMeHT KOTOpPOH NPHHHMAaeT 3Ha4YeHHs, obpasyioluue
reoMeTpHYECKYIO MPOrpeccHio: Xo; Xogd; x0g%...; xog*® ~'. Toraa coot-
BeTCTBYyIOLLHE 3HAYeHHS JorapHgmuuyeckoi yHKUHH 06pasyioT
nocse10BaTebHOCTb: log, x; 1oga (¥0g); loga (x0g°); ...; loga (x0g* ~ ).

HaiizeM pasHocTb ABYX JIIOOBIX COCEIHHX 4JEHOB 3TOi MocJeno-
BaTeJIbHOCTH: - '

et — ge=loga(x0g") — loga (xoq" ~ ') =
= log, X0 + klogsq — logaxo — (k — 1)loga g = logaq.

Pa3sHOCTb Yk 4 1 — Ye NMOCTOSIHHA W paBHa log.q. OTKyAd Ye 4 1=
= y + loga g. ITo 03Hauaer, uTO Noc/Ie0BaTeNbHOCTb (loga (xog* "))

siBasieTcsi apudMeTHUeCKOH mporpeccueii ¢ pasHocTbio loga g.
3

MMpumep 8 Peumnrte ypasHenue log,64 = ——-.
’ 3 3 2 2 2

Pemenue. x = 64, (x—?)ﬁ'? = 64—?, X = (43)——3_ = 1—‘6'
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Ynpaxcnenus

1. Chopmynupyiite onpenenenue Jjorapupma.
2. 3anuuuTe caenyiolHe paBeHCTBA, IPHMEHsIsI 3HAK Jorapudma:

a) 6°=216; 6) 4°=1024; B) (0,1)*=0,0001;
1y 1, 5 1. 1 \"3
r) (?)__W B 2%=g o) (7—) = 343,
3. 3anumuTte Ge3 3Haka JorapH$pMa cieyIOlHe PaBEHCTBA:

a) logg-;—=—-—3; 6) log, 8= —3; B) log,625=4;
2

F) IOg21024= 10, ,CI,) lOgO,I0,000I =4, e) 10g4f23_1_= —3.
’ 3

4. Haiipute norapudmbl unces mo ocuosanuio 10: a) 10; 6) 1000;

’

8) 0,1; r) 0,0001; 1) 10% e) y10; %) 10%; 3) }/100; u) 7‘:
1 10’
10 Y10 '

5. Haiinure snorapudMmbl uucesn mo ocHoBaHuio 2: a) 32; 6) —;—;

B) —é—; r) V2:10 2V 2;e) 1/—17-; x) V4, 3) —5;:.
2

6. Pemnrte ypaBHeHHS:
6) log,36=2;

a) logex=15; B) logsg/gx=—%;

r) log4g/7x=——z—; n) logix=—3; e) log,,27=—g—;
4
X) logx4f/71-=——%-; 3) log,yzx=—6; u) log/5x=4;
K) log,2=—0,5.
7. Jlorapu¢M Kakoro uucja paBeH OCHOBAHHIO [AHHOrO Jora-
pudma?
8. Bbluucaute: a) 5'T'0&?; @) 3tlosss, gy 72logd, ) gl-—logd,

1
p) a'tloet; ey glolomb, ey gdlogd. 3) a® logab | n) q?logt

.
’ ’

T 1
2 4+ — log;36 lo 34+4log:5 5 logs7 + 21
K) 1/25 7 logs ;ﬂ) 9 gy23+ og% . M) 92 ogs7 +2 08'514.

9. UsBectHo, uto Ig3d=a u lg2=0>b. Haiigure: a) log6;
6) log,s12. ¢ * ) logds

10. /1 a 1 o: log4125 = a. Bripa3sure 1g64 uepes a.
11. Beluucaure: a) log,5; 6) log,749; B) logyr V49;

r) log,s V625; 1) log:0,125 + log,59; e) logzlogs V7 2 .
12. ano: Ig3=a, Ig2=>0. Haitgure log,6.

9 3akas 252 257



13. dokaxure:

1

. S .
TOéXT’ 6) lOgaX--—- 7 logax,

a) log,x=

r) logex _ 1 4+ logsb.

B) logax® =logax;
logatx

§ 85*. MPUMEPbI BbIYMCNEHMA C MOMOLLBLIO JIOTAPUDOMOB

Ilnst BBLIMOJIHEHHS] BHIUMC/IEHHH C IOMOLUBIO JIOrapu(pMOB HALO
yMeTb JIorapudMHpOBaTh anreGpaHyecKHe BHIPAXKEHHS H BBINOJHATb
o6paTHYI0O ONepauuio, HasblBaemylo noTeHuupoaHueM. [loTenuupo-
BaHHE COCTOUT B BOCCTAHOBJICHMH aJ/re6paHyeckoro BhIpaXKeHHS
[0 ero Jorapuopmy.

Huxxe npuBeneHbl OCHOBHBIE MNpaBu/ia JOrapuGMHPOBAHHS H
HNOTEHLHPOBAHHUS.

[Mpasnaa aorapupmuposanus

(Teopemsi o norapudmax) Mpasuaa MOTEHUHPOBAHHA

loga (x1x2) = logax1 + logaxs logax) + logaxs = loga (x1%2)

x
loga;i = log.x; — logaxs logaxi — logaxs = loga—;-i

logex® = a logax a log.x = log.x"

100 }/0,001a*
10a
Pemeunune. Ilo npaBunam JorapucbmMHpOBaHHS HAXOAMM:

lg x=1g 100 + - 1g 0,001 +2iga—Llglo—Liga=

[Tpumep 1. [Javo: x = . Haiigure 1g x.

=2+_:1)’_-(—3)—|—%1ga~——1—- 1 -——;—lga=—;-—l—%lga.
@SV

C ;
uyncaa. Halinure logmx.
Pemenue. Io npaBmlaM JlorapncpMHpOBaHuﬁ HaXOMHM:

logmx =3 logma + — log,,,b — 2lognc—— log m

[MTpumep 2. Hano x= ,Tnea, b, c, k — nosoxurejabHble

IMMpumep 3. I'Ipnmemm npaBusa NMOTEHUHPOBaHHSA, HalauTe X,
ecJIH:

a) logox =4 log:3 — 1-log:216 + - log25;
6) log5x=%log5m — 2 logzn — —g—logsp + logsg.
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Pewmenwue.

a) logax = 4logs3 — —-log>216 + —log225 = logs3* —
1 1
— 1022167 + l0g225% — log, &V

3

= log, 81.5 . log, 67,5. U3 pa-

BeHcTBa logax = 10g267,5 Haxoaum x = 67,5.

6) log5x=é—log5m — 2logysn — —g— logsp + logsg =

l 2
=]og5m — loggn? -—log5p —I—log:-,q”—log5 ‘/— .. Us paBeH-
2 Vo
5 5
ctBa logsx = logs W; L waxomum x = ‘/;3' .
n?. Vp? n?. Vp?

Haubonee yaoOHbiMH 4711 BbIYMCJIEHHS SIBASIOTCS Jorapudmsl ¢
ocHoBaHHeM 10 (nmecsituuuble JorapudMbl). Jlio6oe nosOXKHTENbHOE
YMCJIO X MOXKHO 3anucaTh ¢ nomoubio uudp 0; 1; 2; 3;...; 9 B BUOe
x=a-10", roe 1 <a< 10, n€ Z. [deiictBureabno, 18=1,8-10;
263,7 = 2,637 - 10% 12530 = 1,253 - 10%; 0,378 =3,78 - 10~;
0,0075=7,5-10"%u 1. 1.

3anuch yHcesaa x B BHAe x =a - 10" Ha3biBaeTcsA CTaHAapTHOM 3a-
MHCbIO 3TOrO0 4YHCJA, a LeJoe YHUCIO A — MOPSAKOM 3TOr0 uHCJja.
Hanpumep, uncio 37 umeer nopsinok 1, Tak kak 37 = 3,7 - 10'; uncso
562,1 — nopsimoK 2, Tak Kak 562,1 = 5,621 - 10% uncao 0,0673 —
nopsinok (—2), Tak Kak 00673—6 73 . 1072,

[Tycte x — mpou3BOJIbHOE MOJOXKHTEAbLHOE uucao. [lpeacraBum
€ro B CcraHgaptHoM BHae: x=a - 10", rae n — uenoe uHCIO,
1 <a<10. Torna lg x paBeH cymme OBYX CjaraeMmblx:

lgx=n+lga.
Yueno n — nopsinok uMcaa x ecTb uesasi yacTb Jiorapudma 3TOro
uucna [lg x], Ha3biBaemasi ero xapakTepuCTHKOM; 1g @ ecTb npaBub-
Hasi moJlokuTenbHad Apo6b, Tak Kak 1<<a<<10, suHauur,
lgl<lga<iglon 0lIga<1.

Hpo6rass uactb snorapudma {lga} HasbiBaeTcsi ero MaHTHCCOH.

Jloraputm uncna x paBeH cyMMe ero XapakTePHCTHKH U MAHTHCCHI:

lgx=[lgx]+ {lgx}.
Teopewma. Ecau nosroxureasvroe wucao x ymuoxurs na 10", 20e
n € Z, To manrucca ezo nozapupma e usmeHurca.
HeitcruTtenbHo, 1g x =[lg x] + {lg x},
lg(x - 10 =I1gx+1g10"=n+ lgx=n+[lg x] + {lg x}.
XapaktepHcTHKa Jorapudma uucaa x - 10" paBHa n-[lgx], a

MaHTHCCa MAaHHOro Jorapupma He H3MeHHJacb. TakuM 0Gpasom,
Jgorapu®mel yHcesa x H x - 10" UMEIOT OJHHAKOBble MaHTHCCHI.

Hanpumep, morapudmel uucen 0,00521; 0,0521; 5,21; 52,1;
521000 orsiMualoTcA APYr OT [pyra TOJIBKO XapaKTePHCTHKAaMH.
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XapakTepucTHka lg x Bcersa uesioe YHC/IO: MOJOKHTEJIbHOE, €CIH
x> 10; paBHO Hymo, ecan |<{x<<10; orpuuarejabHoe, eCaH
0 <x<<C1. Manrucca xe lgx ecTb Bcerja HeoTpHLaTe/NbHAsT Hpa-
BHJIbHAsl Apo06b.

XapaKrepHCTHKY JiorapHdMa uYHc/ia MOXKHO HaHTH cpasy — OHa
paBHa MNOpSIAKY AAHHOTO YuCJa B €ro CTaHAaapTHoi 3samucd. Ha-
npumep: ’

[lg 15,28] =[lg 1,528 - 10'] =11,
[lg513,71=[lg 5,137 - 10*] =2,

[lg 257 000] = [Ig 2,57 - 10%] =35,

[1g 0,0072] =[1g 7,2 - 1073].= — 3, -
[1g 0,0000304] =[lg 3,04 - 10~5] = —5.

MaHTHCCH eCATHUHBIX Jorapu(MOB yHceJ OTBICKHBAIOTCA 1O CHe-
IHaJbHBIM Ta6JiHIaM, Ha3blBaeMbiM Ta6GJHIAMH JIOrapH(pMoOB.

Jas pasHbix peseil ynorpebasitorca Tabauubl jJorapudmos ¢ pas-
JIMYHOH CTemeHbI0O TOYHOCTH. JlJsi BBIYHC/IEHHH MBI OyA€M MOJb30-
BaTbcst «UeThlpex3HaYHBIMH MaTeMaTHYeCKHMH TabauIamMHu»>
B. M. Bpapuca. B rtabaune XIII manbl 3HaueHMss MaHTHCC Aecsi-
THYHBIX JIOrapu(MOB, BBHIUHC/IEHHBIE C YEThIPbMS JECATHYHBLIMH 3Ha-
KaMHd JJisl Bcex uucesn U3 mpomexkytka [1; 10[.

INpuBenem ¢parMeHT 3TOH Ta6GJHIbI H MOKaXKeM Ha IpPHMepax, Kak
MOJIb30BaTbLCA €10 JJIf BLIUKCJIEHHH.

N|] O 1 2 3 4 5 6 7 8 9 112]13]4|5]1617]81]°9
30| 477114786 | 4800 4814 | 4829|4843 | 4857 | 4871 4886[4900| 1 | 3 14| 6 79 j10f11]13
31]4914 4928|4942 4955 | 4969 | 4983 | 4997 | 501150245038 1 | 3 | 4] 6 | 7| 8 f10f11|12
3215051 | 5065 | 5079 | 5092 | 5105 5119 | 5132 | 5145{ 5159|5172 1 | 3 |1 4|5 | 7| 8| 9fi1}12
33]5185|5198 | 5211 | 5224 | 5237 | 5250 | 5263 | 5276 | 528915302} 1 | 3 | 4 | 516 | 8| 91012
34 15315 5328 | 5340 | 5353 | 5366 | 5378 | 5391 { 5403 | 5416 | 54281 1 { 3 { 4 | 5 ) 6 | 8| 9f 10} 11

[Tpumep 1. Bouucaure: a) 1g 32,84; 6) 1g 0,0003473.

Pewenne a) Xapakrepucruka sorapudma 32,84 pasua 1.
Ha nepeceuenuu crpoku ¢ metkoit 32 u cronbua ¢ MeTKOi 8 HaXooUM
yucao 5159. INpubaBuM K 5TOMY 4YHCIY HONPaBKY, HaHAEHHYIO s
uuodpel 4 B npaBoil yacty TabJULbl Ha NepeceueHHH TOH XKe CTPOKH
W cronbua monmpaBoK ¢ MeTKOH 4, T. e. 4HCAO b, MOJYUHM YHCIO
5159 4 5=>5164. Hrak, maHtHcca HCKOMOro Jorapu¢ma paBHa
0,5164. CaenoBarensHo, lg 32,84 ~ 1,5164.

6) Xapakrepucruka Jjorapupma uucaa 0,0003473 paBHa —4.
Ha nepeceuenun cTpoku ¢ MeTkoH 34 u cronbua ¢ MeTKOH 7 HaxoauM
uyuciao 5403. INpubaBuM K 3TOMY UHCIY MONpPaBKy, HaWAEHHYIO IJs
uuodpsl 3 B npaBoit uactH TabJHUbl HAa NepecedyeHHH TOH XKe CTPOKH
U croabLa NONpPaBOK C MeTKOH 3, T. e. uucjJo 4, TOrAa MNOJYYHM
yuciao 5403 + 4 = 5407. Takum o6pa3om, MaHTHCCA HCKOMOTO Jiora-
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pupma pasna 0,5407. CaemoBartensbHo, Ig0,0003473 ~ —4 +
+ 0,5407 = — 3,4593.

Inst HaxXoXIeHusl YHCAa MO ero JorapidMy MOXKHO MOJb30-
BaTbCsl TOH e Tabuuueldl Jorapu¢MoB, BHIMOIHAS AeHCTBHS B MO:
psinKe, o6paTHOM ONHCAaHHOMY BHILLE.

Oxnnako B c6opuuke Tabauu B. M. Bpamuca mis pewenus 31oii
3ajaqu UMeeTCs crnelHasnbHas Tabnuna (tabauua XIV), HassiBaemas
Tabnuuedl auTWjIOrapudmoB. Idra TabiHLA BbIPAXKAeT 3HAUYEHHS
¢ynkunu y==10". OHa ycTpoeHa Taxk e, Kak H Ta6GJHLA JOra-
pudMOB, M TO3BOJSAET MO MaHTHCCe Jiorapudma BHauaje HaAHTH
3Hayaulke UHQpPBl YMCAa, a MOC]Ae 3TOr0 MO €ro XapaKTePHCTHKe
ONIpEeHTDb MOJIOXKEHHE 3aNsTOMH.

IlpuBenem ¢parmeHT Ta6aHLBl aHTHIOrapH(MOB H MOKaXKeM Ha
npuMepax, KakK Mo/Jb30BaTbCs €0 MPH BbIUHCJIEHHSX.

m 0 1 2 3 4 5 6 7 8 9 12131415167 ]8{9
1251 177811782 | 1786 | 1791 [ 1795|1799 | 1803 | 1807 | 18111816} 0 | 1 |1 f2 |2l 2| 3| 3| 4
,26( 1820 | 1824 1 1828 | 1832 | 1837 | 1841 [ 1845 1849 1854|1858 0o | 1 | 1] 2| 2] 3|3 |3 |4
,27| 1862 [ 1866 | 1871 1875|1879 | 1884 | 1888 | 1892 ) 1897|1901 o 1 {1 |22 |3 |3 |34

IMTpumep 2. Hafinute x,  ecanu: a) lgx=2,2638;
6) lgx=-—3,7217.

Pewmenue. a) Ilo yciaoBuio xapakTepucTHKa Jorapudma
4UHcaa x paBHa 2, a MmanTtHcca 0,2638. [lo Ta6auue auTHjIOra-
pPHOMOB Ha mepeceyeHHH CTPOKH C MeTKOH 26 H crosiéua ¢ MeTKol 3
Haxonum uucjio 1832. IlpubaBuM K HaleHHOMY uHCy NOIpPaBKy
Ana uupbl 8, CTOsALLYIO B MPaBOi CTOPOHE TaG/HLbI HA nepeceyeHuu
TOH K€ CTPOKH M cToJbua Cc MeTkoit 8, T. e. uHcao 3, HONyYHM
uncno 1832 4 3 = 1835, koTopoe cocTaB/sieT 3HAYAIHE LHQPHI HCKO-
MOTrO 4HCaa X. YUHTBIBAsi, YTO XapaKTepHCTHKA lgx paBHa 2, no-
ayyaem x =~ 183,5.

6).Ilpeo6pasyem nanHoe 3HaueHHe Jgorapudma Tak, yToGbl BhIUJe-
HHTb €ro MaHTHCCY:

—3,7217=(—=3)+ (—0,7217) = (=3) + (= 1) + (1 — 0,7217) =
= —4 4 0,2783.

Takum o6pasom, xapakTepHCTHKa Jorapudma uucaa x paBHa —4, a
maHtucca 0,2783. Ilo TaGauue aHTWIOrapudMOB HAXOAUM UYHCIAO
1898, coorsercTByomee mantucce 0,2783. Tak Kak XapaKTepHCTHKa
lgx paBHa oTpuuaTenbHOMY uHCAy —4, TO HCKOMOE YHCJIO X
npubanxenno pasno 0,0001898. :

a5t BLIYMC/IEHHH JIOTapHPMOB TPHIOHOMETPHYECKHX $yHKLIHHA co-
CTaBJ/IeHbl CelHaNbHble TAaGMHLbB HX 3HaueHH#H (Tabunubl XV — XIX
B Tabnuuax B. M. Bpamuca). Ilpuuuun ycrpoiictBa 3THX Ta6JHI
TaKo# ke, KaK W TaGJHL CHHYCOB (KOCHHYCOB) H TaHIEHCOB (xo-
TaHreHCOB).
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I[Tpumep 4. Bouncaure: a) lgsin31°18’; 6) Igcos72°20;
- B) lgtg 58232’ r) lgctg20° 52"

Pemenune. a) lgsin31°18 ~(—1)+ 0,7156 = —0,2844;

6) lgcos72°20" =~ (—1)+ 0,4821 = —0,5179;

B) lgtg58°32’ =~ 0,2133;

r) lgctg20°52’ ~ 0,4189.

[Tpumep 5. Bouucaure ¢ nomoubio Ta6uuy JorapupmMoB

0,5432°

Y0,00175 - sin 47° 32

Pemenune. OGo3sHauum pnanHoe BbIpaxkenue O6yksoii x. Ha-
xonum lg x:

lg x=31g0,5432 ——1g 0,00175 — Ig sin 47° 32",
ITo Tabauue sorapumMoB HAXOLUM: v
1g 0,5432 ~ —1 40,7350 = —0,2650,

31g0,5432 ~ 3 + (—0,2650) = —0,7950,
1g 0,00175 &~ —3 + 0,2430 = —2,7570,

— 1g0,00175 ~ — - - (—2,7570) = 1,3785,

lg sin 47° 32’ ~ (—1) + 0,8678 = —0,1322,
— lgsin 47° 32’ ~ —(—0,1322) ~ 0,1322.

Tenepr nHaxoaum lg x:
” lg x ~ —0,7950 + 1,3785 + 0,1322 = 0,7157.

IMo Ta6auue XIV naxomum 3nauenue x: x =~ 5,196.

Ynpaxcnenus

1. CopmynupyiiTe TeopeMbl 0 Jorapudmax.
2. HUsecrHo, uto 1g2=0,3010, a Ig3=0,4771. He nonnsyscs
TabauuamHu Jorapu¢mos, Bbiuncaure: a) lg6; 6) 1gl12; B) Igh;

r) 1g15; n) Ig—l%; e) lg4—:g)’-; x) 1g0,6; 3) 1g0,12.

3. Kak uameHHTcsl JlorapH¢pM AaHHOTO YHCJA, €CJH, HE H3MEHsS
OCHOBAHHSI: @) YHCJIO BO3BECTH B KBaApar; 6) M3 uKc/ia H3BJeYb KBaJ-
paTHBIH KOpeHb; B) UYHCJIO BO3BeCTH B KyG; I') M3 uHC/a H3BJeYb
KyOMYeCcKHH KODeHb; ) YHC/IO YBEJHYHUTb B TPH pasa; €) UHC/IO
YMeHbUIHTbL B 4 pasa?

4. Ilponorapudpmupyiite no ocuosanuio 10 BbIpaKeHHs: -

2b5

a) x=23ab; 6) x=-2%c-; B) x=ic3—-; r) x=4(a+ b);
_a+tb, _ 13/5' . __Sina-cosa,
1) r=-— e) x—m, X) ==
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3) x=Vpl—a)(p —b)(p—0); n) x=5aVa(a— by

5. ITponorapudpmupyiite no ocHoBaHuio 10 BbIpaIKeHHS:
ab 3
b

Y 5 . a3 .
a) h=(‘4/3_); 6) v =-—sin— ycosa;
B) s=6 ]/—33——; r) z2=-. VaVvb;

sin 2a cos a 2

) t=—i— m%

6. [IpencraBbre B BHIE NPOH3BEJEHHS CJAEAYIOIHE BbIPaAXKEHHS
H nposiorapuMuUpyHTe HX:

a) x=1—cosa; 6) x=1+4cosa;

B) x=1+4 sin2q; r) x=1—2sina;

1) x=sin3a+ V' 3 cos3a; e) x=3— 4sina;

K) x=1—2sin’q; 3) x=sin?(a+ B)—sin’(a —B);

) x= V3 +tga; K) x=1— ctg?2a.

7. BBINOJIHHTE MOTEHIHPOBAHHE BhIPaXKEHHH:

a) logx=23loga+ logb;

6) logx=1loga—4loghb;

B) logx=2loga—3logb+ 4logc;

r) logx=2log(d+ b)——-;—log(a—- b);
n) logx=%loga+%logb;

e) logx=-§—(loga — log b) — log (@ — b).

8. Halizute x mo naHHOMYy ero JorapHdmy:
a) logx=1log7 — log3 - log8;

6) logx=2log3+log6——;-log9;
B) Iogx=—;—log3+—§-log5——;-log4;

r) logx=—;—log(a+ b) — (loga + 2 log (b + ¢)).

9. 3anuuuTe B CTaHAAPTHOM BHAE NAHHOE YHCJIO H YKaXKHTE €ro
nopsinok: a) 37,8; 6) 532,14; B) 0,15; r) 0,000385.

10. Hadinute xapakTepHCTHKY HeCSITHYHOTO Jorapudma uHchaa:
a) 9; 6) 123; B) 5832,7; r) 0,17; n) 0,00513.

11. B kakoM cjyuae XapakTepHCTHKa [eCATHYHOro Jorapudpma
yucaa N: a) nosnoxurenbHa; 6) paBHA HYJIO; B) OTpHLATEJbHA?

12. Hajigute necsTuunbli Jorapu¢m uucaa: a) 10; 6) 100;
B) 1000; r) 10000; n) 10" e) 0,01; x) 0,001; 3) 0,0001; u) 1078,

13. ITouemy manTHCCH Jlorapudmos 1g x u 1g (x - 10") onuHakoBbI?
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14. Hafigure no TabauiaM [ecATHUHBIE JiOTapH(Mbl YHCEJ:
a) 89; 6) 342; B) 0,147; r) 0,0063; n) 21,93.

15. Haligute necsitnunble siorapudmel uuces: a) 17809; 6) 32,571;
B) 0,00058341; r) 0,74415.

16. Hafinure umncsao, necATHYHBIH JgorapudM KOTOPOro paBeH:
a) 1,8415; 6) 0,3562; B) —0,7843; r) —2,8761.

17*. CKONbKO 3HAayaumux UHUGP HMEoT umCa; a) 3'%; 6) 5%

18*. Ycranosute 3Hak pasHoct 212 —

19. Beruncaure ¢ moMouibio TaGMHI, JAECATHUHBIX JOrapH(pMOB:

a) 1,894% - 23 43 6) 0,8972 . /00792 .
44,15% . 0,9647° 2,15° . V/12,76°
—
2,591 . 0, 0836

) 1,147 r) (0,273)"°%.

20. IIpu momoiu TaéJmu JECATHYHBIX AOTrapu(dMOB BbIUHCIHTE:
a) log:0,012; 6) log, 75; B) logs0,04; r) 10go,0020,02.
2

§ 86. MPUMEPbBI PELLIEHNA NTOT APUDMUYECKUX
YPABHEHWA

JlorapudMuueckuM ypaBHeHHeM Has3bIBAaIOT ypaBHEHHe, COmepiKa-
liee NMepeMeHHYIO NoJ, 3HaKoM JorapHudwma.
IMpumepnl  JorapudmMuuyeckux ypaBHeHu#: logex =1 — x;

loga(x 4+ 6)=3; log,(x — 1)=2; Ylgx=1g yx ur. o

Pewutb Jiorapugmuyeckoe ypaBHeHHe — 3TO 3HAUHT HalTH BCe
€ro KOpDHH HJIM [0Ka3aThb, YTO HX HeT.

PaccmoTpum HekoTOpble CrmocoGbl peIIeHHST JOrapHpMHUECKHX
YpaBHEHHH.

OrTmeruM, YTO B OMHCAHHBIX HHXKE CNOCOGax peLIeHHs Joraphd-
MHUYECKHX YpPaBHEHHH NPHMEHSIOTCS TOJBKO TaKHe NpeoGpa3oBaHHs,
KOTOpble He NPHUBOAAT K NOTepe KOpHEeH, a MOryT JIHIUb NMPHBECTH
K NPHOOPETEeHHI0 NOCTOPOHHHX KOpHed. ITosaToMy mpoBepka KaKaoro
U3 TOJYYEHHBIX KOpHell o6si3aTesbHa, €C/IH HET YBEPEHHOCTH B paB-
HOCHJIbHOCTH ypaBHEHHH.

Pewenue noeapugpmuueckux ypasuenuli Ha OCHOBAHUU onpede-
AeHUA aozapudma.

[Ipumep 1. Peunre ypasuenue logs (2x + 1) = 2.

Pewewnue. INo onpepenennio sorapupma umeem: 2x + 1 = 3%,
2% =238, x=14.

ITposepka: logs(2 - 4 + 1) = logz9 = 2.

Orser: 4.

[Ipumep 2. Pemute ypaBuenue log,t1(2x% 4+ 1) = 2.

- Pemenue. Ilo Onpeie/IeHHIO .norapmbma umeem: 2x% 4+ 1 =
=@x+Dh 22+ 1= +2c4+ 1,82 —2x=0,x=0nau x = 2.

ITpoBepka: 1) 3HaueHHe x = 0 He MOXeT GbITb KOPHEM [JaHHOIO
YPaBHEHMs, TaK KaK OCHOBaHHe Jjorapudma x + | He HOJ/KHO paB-
HATbeA 1.
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2) lOg2+1(2 . 22 + l) = 10g39 = 2.

Orser: 2.

I[Ipumep 3. Pewnre ypaBHenue logzlogalogs3x = 0.

Peuwewnue. [Ipumensis NOC/IeN0BATeIbHO ONpEAeseHHe Jiora-
pudma, MOAYUHM: logglogg 3x = n’, logslogs3x =1, logs3x = 2!,
loga3x =2, 3x =23%, x =3.

ITpoeepka: lognlogzlogs 3+ 3 =log.logslogs: 9 = log,loge 2 =
= log, 1 =0.

Orget: 3.

3angaunue 1. Pemnre ypaBuenus: a) logs(3x + 7) = 4;
6) logx—1(3x*> — 8x 4 1) = 2; B) logslogslogs (6x + 4) =

Meroo noreuqupoaauuﬂ

IIpumep 4. Peuwnre ypasuenue logs x = log; (6 — x?).

PeweHn He. M3 pasencrBa JsorapudmMoB uucesn Ciaeayer:
x=6—x% X+ x—6=0, x=—3 um x = 2.

Hposepxa 1) Uucno —3 KopHeM AAHHOTO ypaBHEHHS GBITh He
MOXeT, TaK KakK JIOrapugpmbl OTPHUATEJIbHBIX YHCEI He CYLIeCTBYIOT.

2) logsx = logs2, logs (6 — x*) = logs(6 — 2%) = log, 2.

Orser: 2.

ITpumep 5. Pemnre ypaBHenue logs(x 4 4) — logs(l — 2x) =
= —logs(2x 4+ 3).

Pemenune. I[ToTeHuupys naHHOE paBeHCTBO, MOJYUHM:

logs = logs (2x + 3)7!, T = (20 + )7, FEL— L,
2x% 4+ 3x 4 8x + 12——1 —2x 2% + 13x 4+ 11 =0,
X = —1 nau x = —5,5.
[Mposepka: 1) logs3 — logs3 =10, —logsl =0, x= —1—
KOpEHb.
2) logs(—1,5) — He cyiecrsyer.
OrtBer: —1.

IIpumep 6. Peure ypaBHeHue
log:—g (x* — 5) = log._4(2x + 19).

Pemenune, x*—5=2c+19, x*—2x—24=0, x=—4
HIH X = 6.

IMpoeepka: 1) log_i011 — He cywecTByer, x = — 4 — He KOpeHb.

2) logo3l — ne CyLIeCTBYeT, X = 6 — He KOpeHb.

OTBeT: ypaBHeHUE pellleHHH He HMeeT.

3anganue 2. Pelunte ypaBHeHHs:

a) loga(x 4+ 13) = 2loga(x + 1);

6) logs(x + 2) + logs (x + 1) = logs(x + 5).

IIpusedenue socapupmuueckozo YpAGHEHUS K K8aopaTrHomy.

IMMpumep 7. Pewnre ypapuenue 1g2x =3 — 21g x.

Pemenue. 0603Haqum lgx yeped y. JlaHHoe ypaBHeHHe
npuHEMaeT BUA: y°> = 3 — 2y, y* —|—2y——3—0 y=—3uwmy=1.
lgx=—3, x=0,001 unu lgx =1, x = 10.
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IMposepka: 1) 1g%0,001 =9, 3 — 21g 0,001 =9, x=0,001 —
KOpeHb.

2) 1g?210=1, 3 —21g10 =1, x = 10 — kopeHb.

Orser: 0,001; 10. -

3agauue 3. Pemnure ypasHenusa: a) logix — logzx=2;

2
6) log34x + lng% = 8.
Ypasuenus, pewaemovie npusedenuem aro2apumos K 0OHOMY U
TOMY e OCHOBAHUIO.

[Ipumep 8. Pemure ypaBHeHHS:
a) log,gx + logsx + logex =7,
Pemenne.

|
a) loggx + logsx + logex =7, looézl%-l'%é%-i-logzx = 17,

6) logs, 3 = log,23.

-i—]ng x4 %loggx + logex =17, %loggx =7, logax =4, x = 16.

[TpoBepka: log,; 16 + logs 16 4+ loge 16 =142 4+ 4=17.
OrgeT: 16.

logs 3 — logs 3 1 — 1
I + logs x 2 logs x

logs3x  logs x*’  Zlogsx=1+logs

logsx =1, x=3.
ITposepka: logs33 = log,23 = log,3.
OrtserT: 3.
3anganue 4. Pewnre ypaBHenusa: a) logsx — 2log, x =3;
3

6) log,:9 + logs, 81 = 3.

Ypasnenusn, pewaemsie nozapupmuposanuem ezo obeux uacrei.

Mpumep 9. Pemnre ypanuenne x'€*2 = 1000.
Pewenue. Jlorapupmupyss oGe uactd ypaBHeHus (x> 0),

MOJIY4UM:
(lgx+2) lg x = 1g 1000,
lg?x +21gx —3=0.
3amenuM lg x = y. YpaBHeHue MPUHHMAET BHL: y 42y —3=0,
y=—3 nm y=1.
lgx=—3, x=10"3=0,001;
lgx=1, x=10.

IMposepka: 1) 0,001'€%%01+2 — 0,001 —3+2 = 0,001 ™' =
= 0,001 — KopeHb JaHHOro ypaBHEHHS.
9) 10€10+2 — [0!+2 — 10° = 1000, x = 10 — KOpeHb ypaBHeHHSL.

Orser: 10; 0,001. A
3agauue 5 Pemute ypaucuue x ° = 105+'€¥,
T'paguueckoe peuwienue roeapupmudeckux ypasrenull.

1000; x =

Mpumep 10. Pewnre rpaduueckn ypaBHeHHe logex =3 — x.
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Pewenue. B onHoil u Tol ke cucreme Y
KOOpJAHHAT CTPpOoMUM rpaukud  QyHKUHH <
f(x)=logex u @(x)=3 — x (puc. 210). o
AGcuncca TOYKH mepeceueHHs TrpadHKOB
¢yukuuit f (x) H @ (x) paBHa NPHMEPHO ABYM. ‘32
HeTrpynHo npoBepHTb, YTO 3TO TOYHBIH KO- p
peHb JaHHOTrO ypaBHEHHS.

0

3ananue 6. Pemmure rpacduuecku
ypaBHenus: a) logy x =x — 3; 6) logsx =

=05x —05. . °

Puc. 210
Ynpaxcrenun

1. Kakoe ypaBHeHue HasblBaercsl Jorapudmuueckum? Ilpusenn-
Te MpPUMepHI JorapuHMHUECKHX YpaBHEHHH.

2. - TlouemMy mpu peuleHHH JOorapH(GOMHUYECKHX YpaBHEHHH MOTEH-
IIHpOBaHHEM BO3MOXKHO MOSIBJIeHHE TOCTOPOHHHX KOpPHEH?

3. HasoBure cnocoGbl pelieHHst JorapupMHYECKHX YypaBHEHHH.

4. CocrtaBbTe NJaH pelLleHHS] YpaBHEHHS:

a) logaf(x)=log.¢(x); 6) logaf(x)+ log.¢(x)= log.g (x).

5. Pewnte ypaBHeHus:

a) log, 2x +3)=0; 6) logs(x 4+ 5)= —1;

P

B) logoa(x — 1)=4; r) logsogs x = —;—;

n) logslogslogs (x® + 7x) =0; e) log2(9 — 2) =3 — x;

®) logs x? = 2.

6. Pewnre yPaBHeHusL:

a) logo, (x* 4 1) = logo,1 (2x — 5);

6) loga(x + 12) = 2log2x

B) lg(x + 1,5)= —Ig

r) Iogsg — 1)+ log (x — 2)=logs(x 4+ 2);

2) 1g (e 4 75) — g (e — 4) = 2

e) lg(x + 6) —7lg(2x —3)=2—1g25

) 2 logoa X 1 ’
logo 3 (5x _ 4)

3) 05lg@2x —1)=1—l1gVx
7. Pemnre ypaBHEHHS:
a) logix — 3log2x_4

1

6) -1—2'|g x=?———z—lgx,
1 2 _ .
B) 5 — loga x l+log3x_lne’

r) log}x® —2O|og21/_x—+l-—0
) 3(]0%2811‘])6) + loga (1 — cos 2x) = 2;
e) 0,1lg*x —lg?x 4+ 0,9=0.
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8. Pewnre ypaBHeHHs:
a) x°8r=3,;

2—é—log%x

r) x
K) 1'% =100x;
9. Pewure ypaBHeHHS:

a) logy,x — log, x=14;

2
B) log 216 + logs.64=3;
1) log.(5x?) - logZx=1.

3) ' = 1045

logsx

6) x'oerT?—3g; B) x'~ i =5;

=_:); i) ;—x‘°32"—2=4; e) x'~%®lEr=10;

O —3 gk
m x "t T YT

6) 2loggx + 2log,5=2>5;
r) 3log.16 — 4log,sx=2logx;

10. Pemnre rpacuueckd ypaBHEHHS:

a) x+lgx=1; 6) log,x=x+41;
B) lgx+2=x% ) loggx+1x|=0;

n) 2log,x =sinx.

11. Pewmnrte ypaBHeHHS:
a) Ighx+4lg(x—1)=1;
B) lg?x 4+ Igx?= —1;

) x'¢*=10;

6) 2logs(2x —1)=log;(3x+1);
r) lg(2x—1)—2=1g0,3;
e) logyx—logoasx =4;

%) In(x* —5x—9)—In(2x — 1)=0; 3) x*'®*=10;

T gz +7)

H) x

— 101gx+l;

K) lgx=2"*

§ 87. NPUMEPbI PELLEHUA NTOT APUDMUYECKUX

HEPABEHCTB

Ha pucynkax 211, 212 npuBemenbl rpaduku Jiorapudmuyeckon
¢ynkuun y =Ilog,x ansa ciayuaeB a>1 u 0 <a<<1. M3 Bospacra-
HUsi QyHKuMM y=log.x B mepBoM ciyyae W YGbIBaHMS — BO BTO-

poM cienyer:

y

07\

205
Y C0gaXs
lo_qlax,

01/x,x2 X

Puc. 211
268

ol 1\logax, x
Seo L0gaXs
%,

Puc. 212

1) npua>1,ecan log.x, > logax, TO Xy > X, TA€ X; => 0, x,>0;
- 2) mpu 0<<a <<, ecin logax, <logax,, TO Xy > x;, TRE x>0,

x> 0.

CdopMyiHpOBAHHBIE yTBEPXK/IEHHsI HCMONb3YIOTCS NP pELICHHH
Jorapudmuueckux HepaseHcTB. JlordpudmHueckoe HepaBeHCTBO
B KOHEYHOM cyeTe CBOJAMTCH K HePaBEHCTBY BHJA

loga f (x) > loga @ (x), (1)

rae a>0, as 1. Ecain a>1, 1o nepaBencrso (1) paBHOCH/BHO
CHCTEME HePaBeHCTB

f(x) >0,
9 (x) >0,
{ f(x)>o(x).

Ecou 0<a<.1, To HepaBeHcTBO (1) paBHOCH/IbHO CHUCTEME HE-

paBeHCTB
[ (x)>0,
¢ (x)>0,
[ (%) < @(x)-
Paccmotpum npumMephl.
Pewnte HepaBenctBa: 1) logs(x — 3) << 2; 2) logos(2x — H>—1;

x~2+8x 5) log_1x<
3

3) 10g7,3}‘:_—§’>0', 4) logy.s 10g8—3— < 0;

 —
<x+2 (rpadpuueckn); 6) lg(x—1)+lgx—2)<lg(x+2).
PeumeHue:
1) logs(x —3)<<2, logs(x — 3) <<logs25,

x—3>0, x >3,
{23295 {r<os S<*¥<2B

2) logys(2x —4)> —1, log,5(2x — 4) > logs 0,57,
logys (2x — 4) > log,52,

2x"‘4>0, x>2'
429 {x<3, 2 < x<3.
X X
3) 10g7_8_‘—x+3>01 x+3>l,
x -3
P —1>0, m>0, x+3<0, x<<—3
2
4) log,s logs xx—l——§x<0,
248 248
logs );:r:a > 1, logs xxi 7 > logs8,
2 2 2
R R
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5) Crpoum rpacuku dynxuuii y =log x
3

H y=x-+ 2 B ofHOH cHCTeMe KOOpIHHAT
(puc. 213). I'paduku nepecekaioTcsi B TOUKe
A c abeuuccolt x, =~ 0,1. U3 pucyuka BuzgHo,
4YTO MHOXECTBOM pelleHHH HepaBeHCTBA
logix<<x+42 CTYXHUT NIPOMEX yTOK

270

3
Jxo; o[, rne xo &~ 0,1.

6) x—1>0,
{ x—2>0,

x+2>0,

Puc. 213 lg(x—1)(x—2)<lg(x+2),
x_l>0) x>l’
x—2>01 x>2’
x+2>0, x> =2,
(x—D(x—2)<x+2, * —4x <0,

x>2, x>2,
{ x(x—4)<<O, 0<x<4, 2<x<4.

Ynpasxcnenun

1. TlpuBenute npuMepbl JOrapHpMHUECKHX HEPaBEHCTB.
2. 3anuiuxTe NJaH pelleHHS HepaBeHCTB:

a) logaf (x)>loga@(x) mpu a>1;

6) logaf(x)<<logagp(x) mpu 0<a<<l.

3. YcraHOBHTE 3HAK BbIpa’KEHHS:
a) logy 3100 — logy39; 6) log,,,(%(l — Iog73));

10
B) logo,3(7(log25 — 1)).
4. Pewurte HepaBeHCTBA:
a) logy(5x — 2)>1; 6) logi (5x—2)>1;
2
B) log;|2x—7|<1; . r) logys(x2 —5x 4+ 7)>0;
n) logs(x® — 11x443)>2; e) log,(x? — 3x) << 2.
5. Pewnte HepaBeHcTBa:
a) logg(bx — 8) < logg(2x + 7);
6) logy(x — 1) — logy(2x — 4) > 0;
B) loggs(x? 4 1) — logy;2x < 0;

r)* loga(x — 1) + loga(x — 2) < loga(x + 2);
nN*Inx—1In(Cx—5)<In2 —In(x — 3).

6*. Pemiure HepaBeHCTBA BBeJEeHHEM BCIIOMOraTeNbHO#H mepe-
MEHHOM:

a) lg?x —21gx —3<<0; 6) (logoz(x — 1))’ >4;

B) 4logix — log,x>3; > 1.

2
r) 14+ 1gx
7. Pewurte rpaHueckH HepaBeHCTBA:
a) lg(2—x)<x—1; 6) loggx<<4—ux; B) *log,lx|<<2

§ 88. MPOM3BOAHAS IO APUDMUYECKON dYHKLIMMN

Ipexpge uyeM BHIBOAUTb (DOPMYJy NPOHM3BOAHOH Jorapudmuye-
cKO#t (YHKIMH, MOKaXKeM, HCXOAS H3 FeOMEeTPHUYECKHX COOOpaKeHHH,
ee AH(pEpeHUHPYEMOCTh B KaxKJOH Touke 06/1aCTH OIpeJe/eHHs.

Ha pucynke 214 nzo6paxeHsl rpadyKu ABYyX B3aUMHO -O0paTHbIX
¢yukuuit f(x)=a*(@>1) u g(x)=1log.x (a>1). dtu rpaduku
CHMMETPHYHBEI OTHOCHTEJIbHO NPSMOH Y = X.

IMokasatenbHas ¢pyukuus f (x) = a* HMeeT NPOU3BOAHYIO B KaXA0H
touke: (@) = a*lna 5= 0. B kaxjo# Touke Kpusoil f(x)=a* cyue-
CTByeT HeropHsoHTa/bHasi KacartesabHas. [lostomy cuMMeTpHYHas
el OTHOCHTEJbHO MPSIMOH y = x KpHBas g (x)==log,x HMEeT B Kax-
J0fi TOuKe HeBepTHKa/bHYI0 KacarteabHylo. CienoBaresbHO, Jora-
pudmMuueckass (YHKUHST HMeeT B KaxK[A0d TOYKe MPOH3BOAHYIO,
T. €. oHa aubddepeHuupyeMa BO Bceil: 06/71aCTH ee ONpeAeeHHSA.

IMepeiinem Temepb K BHIBOAY (OpPMYJbI NPOHM3BOAHOH Jorapud-
MHYeckoll (yHKuuu. Bocrmosibdyemcsi paBeHCTBOM @°8:* = x. J[ludde-
peHuupys o6e yacTH 3TOr0 PaBeHCTBA, MOJYYHM: (al°g=*y = x’, unu

logax .  — /= 1 =1 .
a Ina - (logax) =1, otkyna (loga.x) T Cne
JoBaTeqbHO, (opMmysna NPOM3BOAHOH JorapuMHUEcKOH QYHKUHH
HMeeT BHA:

1
xlna’

(logax)’ =

Ecniu  ocHoBaHMeM  Jorapu(@MHUeCKOH
GYHKUHMH CJHYXKHT YHCIO e, TO (opMmysna ee
NPOHM3BOAHOH mpolle:

1

(Inxy =—.

Mpumep 1. Hafmme MPOU3BOAHYIO
¢yukuuu: a) y=logsx; 6) y=Igbx;

B) y=In2(5x + 1); r) y=In}2x.

1
Pewenue. a) y =(logsx) =——- Pc. 214
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()_ 1

6) y=( = .
)y ( g5x) 5xIn10 5xIn10  xIn10

B) anMeHﬂﬂ _npasuio nnddepeHUHPOBAHHSA CJOXKHOH (YyHK-
uun, umeem: ' =(In’(5x 4 1)y =2In(5x + 1) - (In(5x + 1)) =

101n (5x + 1
—2In(Gr+ 1) g Bx + 1)/=__§.x(—jfl__)

r) Haa ynpoweHusi npouecca aupdepeHuHpPOBAHHS BHIIOJHHM
npeiBapHTEbHO JOrapu(pMHpOBaHHE:

InY2x =-+In(2x)=+1n2+ L Inx.
3 , 1 1 / 11 1
Tenepb umeem: (In 1/2x) =(?ln2 —I——?’-lnx) =T =5
[Ipumep 2. CocraBbTe ypaBHEHHE KacaTeJbHOH K rpaduky
¢yunkuuu y=Inx B Touke (e; 1).
Pemenune. YpaBHeHHe KacaTelbHOH K KDHBOH HMeeT BHI:
Yy — [ (xo) =F (x0) (x — x4). Ilo ycnoBuio f (x) = Inx, xo=c¢, f (x,) =1,

awaunt, ' ()= (Inx) =L, " (r) =L,

o o 1
YpaBHeHHe MCKOMOH Kacare/bHOH: y — | =7(x —e), y=—;—x.

IMMpumep 3. Tlocrpoiite rpaduk o¢yukuuu f(x)=x —Inx.

Peuwenue. Hccnengyem nanHuyio QyHKUHIO:

1. D(f)=1]0; oo[; f(x) HempepbiBHA B KaxJ0H TOYKe 006./1aCTH
onpeaeseHus.

2. ®yHkuusa f(x) He sABASIETCS HH YETHOH, HH HEYETHOM.

3. I'paduk pyHKUHH He HMeeT OOLLUX TOYeK C OCbio OX, MOCKO/NbKY
x —Inx 0.

4. HalineM KpUTHYeCKHE TOUYKH:

F)=@—lnxy =1—-L=%2=1;

X X

f'(x)=0, x;1=0, x—1=0, x+#0; x=1.
Kpurnueckas touka: x = 1.
fM)=1—Inl=1—-0=1.

CocraBuM TaGaHLy:

X 10; 1f l' 115 oo
() - 0 +
f(x) - o1 -

min
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5. Ctpoum rpacduk ¢pynkuun (puc. 215). '}

Ynpaxcnenus

1. Ucxoass U3 reoMeTpuueckHx coobpa-
JKeHHH, OGbsCHHTE, MNouyeMy JorapHgpmuye-
ckas ¢pyHkuus pudoepenuupyema B J060#
TOuKe 00J1aCTH ee OlpeleseHHs.

2. 3anuwure GopMyJay NPOH3BOLHOM JO-
rapupmMuueckoii (yHKUHH: a) y=log.x;
6) y=Inx.

3. Haiinurte npousBoaHble QYHKIHH:

a) y=logyx; 6) y(x)=23logsx;
B) ¢()=glogo, (x— 1) 1) [(x)=2cosx+Inx,
e) h(x)=(2x*>+ 5)log,x;

In x

Puc. 215

a) y=x*Inx;

XK) z(x)=¢€*Inx; 3) gx)=
4. Brluucaure:

) [/ (2), ecau f(x)=log,x;
6) ¢ (1), ectn o (x)=lg(2x + 1);

B) h’ (?), ecau h(x)= In cos x;

r) f'(1), ecnu f(x)=2¢"Inx;
1) 2’ (e), ecan z(x)=In’x.

l—lnx

5. Ha#inure npousBoaHy0 (YHKUHH, NpPEeABAaPHTENbHO BLIIOJHHB
Jgorapudmuposanue: a) f(x)=1In ¥3x + 1;6) ¢(x)=1In 5l/(x"’—G)"’;
3 —
B) g(x)=1In ]/iTi.
6. Hanuwmure ypaBHeHHe KacaTelbHOH K rpadHky QyHKUHH
In x

f(x)=—x— B TOYKe ¢ abCcLHCcCod xy==e.

7. B kako# Touke KacaTejbHasi K KpMBOH y=Inx napaJjenbHa
npsimoit y=x 4 1°?
8. Haliaure npomexyTKH Bo3pacTaHHfl M YObIBAaHMSI (DYHKLHH:

—In-L- =L,
a)y—-lnx,ﬁ)y—zx In x.

9. Hccnenyitte Ha 3KcrpemMym ¢QyHKuuioo: a) y=x—2lnux;
6) f(x)=xInx.

10*. Iloctpoiite rpaduk pyHkuuu: a) y==x + In x; 6) f(x) ='-'-ii‘-,
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§ 89. CTEMEHHAS dYHKLIMA M EE MPOMU3BOAHAS

HanmomuuM, 4TO cTeneHb uuc/ja @ € JIOGBIM AeHCTBHTEJNbHBIM MO-
KasaTeneMm o 6bl1a onpejeseHa paHee ciaexyloUuldM oGpaszom:

a"=a-a-a-..-a, Tne a€ER, n€N, n=£1;
_*/
n pa3
a;
1, rne a+0;
- =—-, rae a0, m€ N,
m a’"
a" = Va™, rne a>0,n€N, meZ
= lima™, rne a>0, a—hmr,,——uppauuouanbuoe 4HCJIO.

n—» oo

310 nNo3BOJIIET BBECTH IOHSTHE CTeNeHHOH (YHKUHH Yy =x".
CrenenHasi QyHKUHSI ompejeJieHa:

1) Ha MHOXKecTBe MAEHCTBHTEJNBHBIX YHCEJ NPH HATYPalbHHX «;

2) Ha MHOXeCTBe [eHCTBUTEJbHBIX UHCeJ, OTJHYHBIX OT HYJd,
OpH LeJbIX OTPHLATENbHBIX @ JHGO mpHu o =0;

3) Ha MHOXecTBe HeOTpPHLATe/bHBIX YHCeJN NPH HECOKPATHMbIX
MOJIOKMTENbHbIX APOGHBIX H HPPALHOHAJNbHBIX MOJIOXKHTENbHBIX I0-
KasareJsix «;

4) Ha MHOXeCTBe MOJIOXKHTEJNbHBIX YHCEeJ INpPH HECOKPATHUMBIX
OTPHUILATEJNbHBIX JPOGHBIX H HPPaLHOHAJbHBIX OTPHIATEJNbHBIX ITOKa-
3areJfix o.

Pa3bsicHUM onpejesieHHe CTeNeHHOH (DYHKIMH:

s H H

QQQ

Dynxuua y = x°
3HaueHHs mMokasaTens O6aactb onpeneneHus -
CTENeHH CTeNneHHOH (PYHKUHH Tpumepst pynxmuh
Z %,
a€EN y=x,
Jreo ;400 [ y==x
0 — LleJIoe  OTPHLLaTeNbHOE YHCJIO L » y=x""
au60 a =0 0 y=x2
J-eoi0[Ulose oo | Y%
y=x =1
0 — MOJIOXKUTeNIbHAsi HeCOKpaTHMast %
Apo6b NH60 TONOXKHTENbHOE HMpPa- & y=x2,
LHOHAJbHOe YHCJIO 0 y=x"7,
[0;4+00[ 2
y=1x°
a — OTpHlaTesNbHasi HecOKpaTHMasi _%
Ipo6b 160 HppalHOHAJbHOE OTPH- v y=x <,
uareJibHOe YHUCI0 0 y=x" ﬂ,
2
10;+c0 [ -5
Yy=x

274

yA 1)
yY=x y=x*4
1+ 7
| -
o7 X oy 1 X
Puc. 216 Puc. 217 Puc. 218 Puc. 219

Ha pucynkax 216—219 wuso6paxeHsbl
rpaduKH cTeneHHbIX (DYHKUUH NPH HEKOTO-
pLIX HaTypaJibHbIX MOKa3aTessix.

3ananue 1. [Tonb3ysich rpadukamu
¢ynkuui  (puc. 216—219), pacckaxure
O CBOHCTBax CTenmeHHOH (QYHKUHHM C HaTy-
paJibHbLIM NOKa3areJseM.

Ha pucysxkax 220, 221 wuso6paxkenbl
rpauKH CTemeHHbIX (YHKUHA OpU HeKo-
TOPBIX LeJblX OTPHLATENbHbIX MOKAa3aTeJsisiX.

3ananue 2. [Nonb3ysicb rpadukamu
¢ynkunit  (puc. 220, 221), pacckaxure
O CBOHCTBAX CTEeNEeHHOH (YHKUHH C LEeJbIM
OTPHILIATEJbHbIM NOKa3aTeseM.

Ha pucynkax 222, 223 uzo6paxeHsl rpa-
¢uxu creneHHbIX QYHKUHH ¢ APOGHBIMH IO-
Ka3aTeJ/sIMH.

Ha pucynke 224 npueseH rpaduk ¢yHk-

LHH y=xﬁ, a Ha pucyHke 225 — rpa-

UK GOyHKUMH y=x ﬁ

3ananue 3. n0ﬂb3yﬂCb rpagukamu
¢yuxkuuit  (puc. 222—225), pacckaxure
0 CBOMCTBAx CTeneHHOH QYHKUHH ¢ APOGHBIM
H HppaLHOHAJbHBLIM MOKa3aTeJseM.

Puc. 220

Puc. 221

yh )
1
y=x?
1 j -
| - |
o 7 X o 1
Puc. 222 Puc. 223 Puc. 224 Puc. 225
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3apnanne 4. Ilocrpoiite rpadukn dyuxunii: y=1x% 6) y=
! 1
=x3;B) y=x 3.
ITepefineM K HaXOXAEHHIO NPOU3BOAHOH CTEeNeHHOH GYHKLHH.
Panee mbl nuddepeHIEpOBaIH HEKOTOPLIE CTEeMeHHblE ¢yukuuu. Ha-

npumep, (¥°)'=2x, x€R;, (xY =3x% x€R, (x ') =—4x5,
1

1
x = 0; (x?)’=—%-x 7, x>0. Tlpu 3TOM Mbl NOJB30BAMHCH ¢op-

Mynoit (x*Y =a - x*~!, He 3flasm ee joKasaTeibCTBA AMS JIOGHIX

AeACTBHTEJbHBIX 3HaueHHH o. Cefiuac pPacCMOTPHUM HOKa3aTeNbCTBO
3TOH (opmMyJabl AAs 3HaYeHHH x>0 H JI0ObIX HefCTBHTENbHBIX
3Ha4YeHUH a.

Teopema. Jan 3nauenuii x>0 u awboix Odeiicraurensuvix
3nauenuil o eepra (opmyra

(") = ax*~',

HokasateabcTBo. 3anuieM OCHOBHOE JOrapHpMHUECKOe
TOKAeCcTBO: "= x. BosBeaeM o6e ero yacTd B CTeneHb o, noJay-
ynm: x° = e*"*

ITo npaBu/y BoIUHC/ICHHS TPOH3BOAHON CJ0XHOH (YHKLHH HMeeM:

(xa)/ p— (ealnx)/ J— ealnx . (alnx)’ — (elnx)a . _)0:_2

o a—1

a
=X ¢ =—==Q X
X

Hrak,
(2% =a . x>~
Ynpaxcrenusn

1. Pacckaxure, kaKk onpenessiercsi creneHHass GpyHKIHUS.

2. Ha pucynke 226 npuBefeHbl rpaduku cTeneHHoil (yHKUHH
y=x" ana caydaeB a=1; 0<a<<l, x>0; a>1, x>0. Ana-
JU3UPYSA TPadUKH 3THX (YHKUHUHA, yKa)KuTe o6LiHe HX CBOMCTBAa M
pas/HUHbIe CBOMCTBA. 3. Halinure uHTepBasbl BO3pacTaHus H
yobiBaHusl ¢yHkuun y==x", n € N, ecau:
a) n — 4deTHoe uucJ0; 6) 1 — HedyeTHoe
4HCJI0. ‘

4. Boiuncsiure npou3BOLHble (YHKUHH:

a) y=x" 6) y=x% 8) y=x"%
r) y=x*%. 2
5. Jlokaxure, uyto (PYHKUHH y=x" H
3
y=x" B3aumHo oGpatHbl. [loctpoiite rpa-
GHKH 3TUX PyHKUHUH.

Puc. 226 6. ITocrpoiite rpaduK GYHKUUH Y = X

v)

1
TH
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1
. T __g.
C ero NOMOILIbIO pellIHTe ypaBHeHHe M HepaBeHCTBa: a) x° =3J;

1
6) x* <3; 8) Yx >3.
7. Tlocrpoiite rpadukn dynkuuii: a) y= y/x; 6) y= y—x;
B) y=— Vx; 1) y= VlIxl. '

§ 90. MOBTOPEHUE

1. BuinosinuTte pefcTBHSA:
2

3! -3°+15-(1-;—)_ .
= ;
() -+

142 148 _
-7) (3) +.
6) ;
15 - 15° — (0,1)""
B) (4a_3b — 0,125"'l .a? + 4a"‘b“') . 2_2ab_';

r) (0,040 — 2a~% 4 57%"") : 5% 'b
! 1 1 1

_ 2 _ p2 - - -

N (=) @ T 0

a* +a’b*  a* +b* .

o) 2 ___2Va .a—;/ﬁ+b).4]/a}

(;/——/—b— avVa+bvVe Va-vVo/’ ’

avVa+b6Vb i 2Vb
W Gy — /o) et s

a—x a+ 4Vax"‘ 4

3) — — — Vax).
Va—Vi \yaiym

2, Cpeny cjefyioUuXx HPpaUHOHAJIbHBIX UHCEJ] HAaHAHTE HaH6OJIb-

ee 4yHucJo: ! , L L !

vz V3 YT Vs
3. CpaBuure uuncia:
1 10 1 20
a) (-8—) H (—3-) ; 6) log,3 u logs;4; B) log;3 u logs9;

* 10]966+1 " 101967+l; n)* Iogl_l_ " logll_'
101967 +1 101968 +1 T 2 §3
4. Ha pucynkax 227—229 wusobGpaxkeHbl 3CKH3bI TrpaUKOB
¢ynkuun y =xP nna pasnuunbix p € R. Ilas Kax[oro cjaydast ycra-
HOBHTE BO3MOXKHBIE IDOMEXYTKH 3HauYeHHH MoKasaress p.
5. Ha pucynkax 230, 231 nzo6paxeHbl rpapuks QyHKuuy y = a,
a Ha pHCcyHKax 232, 233 — rpadukH ¢(yHKUHH y=logyx. llJliI
Ka)XJoro cJjy4yasi yCTaHOBHTE BO3MOXKHble NPOMEXYTKH 3HayeHHM
OCHOBAaHHSA a@.

a)
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yi yA
y=x? y=x*
,.L_. 7 |
4N 1
[1] 1 X o 1 X
Puc. 227 Puc. 228 Puc. 229

6. IlocTpofiTe B omHOH M TOH 3Ke cHCTEMe KOOPAMHAT TpadHKH
IBYX (YHKUHH H pPaCCKa’XMTE O CXOACTBE H PAa3JHUUH HX CBOHCTB:

P LY p *
2) y=(03) u y=(53); 0) y=n"n y=(1): 8) y=logsx
H y=Ilog x.
5 1 x
7. He crposs rpaduka c¢yukuuu y=(?), onpejesuTe, Kak
H3MeHsieTCsi Yy ¢ BodpacTtanHeM x oT —3 no 0. Boeiuncaure 3HaueHue

_ 1
Yy mpu x=—.

—_X
8. He crpos rpaduka ¢yukuuu y=(—;—) , ONpelesuTe, Kak

g H3MeHsIeTCsl y C Bo3pacraHHeM x oT —9 10
—3. Bbluncaute 3HayeHHe y NpH X = ——é—.
y=a* 9. Hafinure HanGostbluve H HauMeHbLINE
1 3HAUEHHST QYHKUMHA:
/ a) y=3cosx; 6) y=2l—sinx;
0 : X i 10
B)*y=545""" n)*y=—nr.
10. C nomoiibio NPOM3BOJHOH HaHAHTe
Puc. 230 NPOMCKYTKH, B KOTOPBIX CyllecTByeT (YHK-
1M1, o6parnas pas QyHKLUHH:
y=a* y=1logyx y=10ggx

Puc. 231 Puc. 232 Puc. 233
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a) y=—:1;—x3——x+l;' 6) y=—%x3—|—4x—5.

11. dnsa paHHOH q)yuxuxm HaliauTe OoOpaTHYIO H IOCTpPOHTE HX
rpaguk B ONHOH M TOH XKe CHCTeMe KOOpAHHAT: a) y=2"—1;
6) y=2""

12, JloxaxkHTe, 4YTO MOCJeL0BATENbHOCTh 3Hauenwil QYHKLHH

X
y=(—i—) NpH HaTypaJbHbIX 3HAUEHHSIX apryMeHTa X €CTb reoMeT-

puueckasi NporpeccHs.
13. Ilpn Kakux 3HAUeHHSAX Xx: a) TnocJaefoBaTenbHOCTh Igx,
lg(x 4+ 6), lg(2x + 7) 6yner apucdmerHueckoii nporpeccuei; 6) 1mo-

4 o o
caegoBaTeNbHOCTb X, V 10x, x'€* 6yneT reoMeTpHYECKOH nporpeccuen?
14. Haiinute o6Gaactn onpejeseHHss QyHKUHH:

8) y—2%; 6 [0 =(+)""
B) z(x)=7—‘§;, r) y=log(x 4 1);

n) gx)=Ilglxl; e) f(x)=logo,(x —2);
K) y=loga.(2 — 3x); 3) y=Ig(6+ x — x?);
u) y=log,s(x*+ 4x + 4); K) 2=In(5 — 3x — 2x%);
Ja) f(x)—lg(4——x)+lg Y1—x; ™) y=Igcosx;

H)* [ ()= logos 2=

o 0)* y=log, sinx.
15. Briuucaure:

a) lgtg—Z———lgcos 0; 6) lgsin%]ogztg—z——l— log.l;
B) loggctg-’;— 42 logasin% + logssin —’Z—;
F) l/—::)._log;vi + lagh V2, ,D.) 2Iogﬂ- V'3 + logs9,

5
1—1
e) 100~ ¢7Z,
16. BriunciuTe npH MOMOLUM MHKPOKAJbKYJATOPOB HJHM TabJHL
JorapupmoB:

5,084 - 1/0,00315 ¥/ cos?37° 137 - 0,001582

a) x= ; 6) x=
) 0,065912 ’ ) tg?62°22" -’
B) r— sin®42° 19" /g 51°52" 0 x _;”\/0,1103 + 7/0,05513
tg*76° 37/ ’ 7,212 :

17. PeumTe HepaBeHCTBa:
x? 49 x4 6x 411

a) 0,63 > 1; 6) 7.2 -3 —1<0;

B) x> '>1; , r) log3 ;

>0;
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n) log) o2—<0; e) logi (3x —7,5) < 1;
2 2 ,
k) logs(2x — 5)>0,5; 3) logs (x “21)2 > 0;
x —

u)* logos(x? 4+ 2) <logos(8x — 7); kK)* logal2x — 5l < 1.

18. Pemute ypaBHeHHs: o \

x x x— 3 - 4 \¥ 9
a) 5. 2*=(10"'Y.0,1; 6) (T) (_3_) =
I') 9x+2= 132x—] :

B) 42~ *=3""7;
p) 2+ 2sinxeosy — 2 /9
x) 7"+2——;—-7”+‘——14-7"_‘+2-7"=48;

3) 9*t! ]—4 . §x—69=0; )3 -122<ﬁ1—'>—12ﬁ=8;
K) 2. 3% 3% 927 =0; n) 9F — 6 =4".

19. Pemurte rpaduuyecku ypaBHEHHSA:

e) 3-1 +sinx—sin®x+ ... — %_;

a) 3% =3; 6) 2*=x"—2x; B) 10*=sinx; r)*2*= V4 —x*.

20. PemuTte HepaBeHCTBA:

) (3) < 0 gs—er L,

= B) (—:‘,’-)x_l>3_§;

F) 3x2~—x—6 < 1; Il) 32x—l + 32x——2 . 32x—4 < 315,
e) 47TT<64- 27T ) H I T < 1 8y P B >

> .
243 258 1 ]
X X

21*, Jlokaxure, uto 3 % 43 % ne menbuwe 2 npu n06LIX 3HA-

YeHHsIX MEePEeMEeHHOH X.

22. CymecTBYIOT JI1 TaKHe 3HAYeHHUS X, IPH KOTOPHIX NMPHHHMAIOT

paBHble 3HAYeHHUS QYHKIHH:
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a) y___2x+4 + 2x+3 _|__ 2% u y=5x+l . 5x;
6) y=x'e—! uy=10yx?
23. Pemnurte ypaBHeHHs:

1

a) Iog4sinx=——-?; 0) logloologg(x—l)=%;

B) logzlogsln(x+1)=0; r) logs—i (35> —4x+5)=2;
1) lg2x+1g(5x—15)=2; e) lg°x—lg V' x =0,5;
1 ' 2 .

x) + =1,

4—lgoax ' 24 logosx

3) 2lg*x + 210g20,2=25 +%—lg2x;

u) logsx + logex + logy, x = 5,5;

K) log,2 : logs2 = logy, 2.

24. Pemute ypaBHEHHS:

a) 2982 —logs81;  6) 49T =0,5;

B) 42]gx . 51gx=6400; l‘) (%)]g%—lgx

1 lgx—1,
125 5 ’

}1) Sng . 3——1 +lgx= 31 +lgx 5—! +ng;
e) lg(lO"—l—sinx-—-—;):x;

3
X) log2(2"+cosx——£2_—-)=x;

3) logs(loggx —|——; +9* ) = 2x;
u) loge (17 — 2%) 4 logs (2 4 15)=38;
K) glogz‘,‘x2 + logﬁ ) l/—2_=_;_(91 +logasx gloggsx);

1) xlg(g‘—+7‘;—+—§- +)=1.

25. Pewute rpacduyecku ypaBHEHHSI:
a) logagx=x—1; 6) logox=1x>—2;

r) lgx= Vx;

26. JlokakuTe HepaBeHCTBA:
a) logsb 4 logs3>2; 6) logsn + 4log.3 > 4.
27*. PeluTe HepaBeHCTBA:

a) log;_(4 cos(2x-——-§—))< —1;

6) lg 2+ logs cos (Qx—_g—)< — g 5;

14 2x
1+ x

r) —21—log3(x-|— 1)—logs Vx+4<< —2+ logs4,5;

n)* é—log7(x —6)—log, Vx—3> log,‘—;g—— 2;

B) lgx=27%
n) Inx —cosx=0.

B) log, loge > 0;
-2

lg?x — 3lgx+3 .
€) lgx—1 >1

) lg2+1lg@ > +9)<Ine+1g@ >+ 1)
3) Y log: 31__2; < 1;

H) O’8log§x—l < 0’642+logﬁx;
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K) (—;)“g% ¥ >1n e;

a) x'€x>0,1x2

28. Pemnre rpaguueckH HepaBeHCTBA:

a) 27°>2—x; 6) 24+ 1 < —2x;
B) logsx > sinux; r) lgx<<x?—3.
29, Hajinure npousBojHble (YHKUHIH:

a) y=0,31"—2x*—10; 6) y=x_§+§_i4“;
B) Y=+ — r) y=4Vx —6 V%%
=(1 — £ (x — S
a) y=(1—x)(x 5)+ﬁ+1~ ey
30. Haiinute npoussomusle ¢ynkuuii: a) e?*; 6) 2 % ;
4. 2\, . f 3) 575 4) .
B) = r) (e-;),ll) eeosx; e) eitex; k) 2% 3) 577% m) eE
2
®) (Ii?x); a)  (O7)'=sH3 M) 673 m) €M 447N
’ 7 V—
0)* cosx+4’ )*cosx '

. Haiinute npousBonHble ¢yukuuii: a) logsx; 6) logosx;
B) logo 2(2x —5); r) logs(6 —7x); m) I1gl0x; e) In(cosx);
®) Intgx; 3)* 2°In(3x); u) 5. 3! 4 log2 (2x — 1); k) In 2x ,

sin x ’

) ‘/—“ M) 10° - Inx; 1) x"In (4x 4+ 9); 0) logs (x* +2 ¥V x — 4).

32. Harmmme ypaBHeHHe KacaTeqbHOH K rpaduky ¢GyHKUMH f
B TOYKe ¢ abCLHUCCOH Xxo, €cJu:
6) f(W)=(=0'" n=—1;

a) [() =% xo=1;
B) [(x)=2¢", xo=0; r) f(x)=e®, xo=2;
D=2 =1 e [W)=In@3x) n=-";

®) f(x)=1g (5x), x0=-;-.

33. Haiinure BesuuuHy yrsaa, o6pa3oBaHHOrO KacaTeJbHOH K
kpusoii y=Inx B Touke (l; 0) ¢ MOJOKHTENbHBIM HaMmpaBJEHHEM
ocu abcuucc.

34. Haiinute npomexXyTKH BO3pacTaHHf W yOblBaHHSI M TOUKH
3 _
sketpemyma  (yHkuuu: a) f(x)=12x* —x3 6) f(x)=e" ~¥*%
B) f(x)=3"7% 1)* f() =x1Inx; 0)* f(x) =5 e*cos x.
35. Jloka)kuTe, uto cjeayioouiass (QpyHKUHS He HMMeeT HH MakKCH-
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MyMa, HH MHHHMyMa: a) y=—;—x3—x2+x—2; 6) y=06x%—
— 15x* 4 1045,

36. CxemartuueckH uso6pasute rpapuk GyHKUHH, npeasapH-
TEeJbHO HcClAefoBaB ee: a) y=x>—9x; 6) Yy=— —“l—x" — %%
4

;T) y=2""% n) y—logn S

e) y_____{2x+l ecin x <0,
2%, ecmn x>0.

B) y=4x> —

§ 91. SALAHUA AN CAMOIMPOBEPKU

1. Broiyucaure:
1

_L -2
(5,6)° 40,027 3 — 3~! 1 256%75 (_ _é) :

2. Hafinure npousBoauble QyHKIHIA:

a) y=3-4% 6) y=e " cos3x; B) y=In(4x — x?),

1

T
3. Ilocrpolite rpaduru GyHKUHii:

) y=(3): 6) y=log:(x+2) 5) y=— V'x.

4. Pewmnte ypaBHeHHS:

a) 3 —2.3"'=3; 6) logs(2x> —9) — logsx = 1.

5. CocTaBbTe ypaBHEHHe KacaTe/qbHOH K rpaduky (byHKupm
y=3" B Touke ¢ abcuuccoil xo=1. BLIMOJHHTE CXeMaTHYECKHii
PHCYHOK.

6. Peumnre HepaBeHcTBa:

a) y0,37°>0,09%; 6) logs(3 — x)< —1.
7. Bbluncaure C TMOMOLLbIO TaﬁJlP!u JAECSATHUHbIX JIOI‘apl/I(pMOB:
0,7322

2,183% . y/0,3574

r) y=2x'% n) y=



Fnasa IX.

NMEPBOOBPA3HAS
U UHTEFPAN

§ 92. MOHATUE NEPBOOBPA3HOH
OYHKLUH

IMox nuddepenuuposannem ¢yHkuuu f(x) no-
HHMAIOT HaXOXJeHHe ee NMpou3BOAHOH [’ (x). PaccMoTpuMm mnpHMephl
nnq)Q)epeHunpoaaHuﬂ (pyHKIHA.
. Ecan f(x)=1x% 10 [/ (x)=3x" llJli! BCeX X E R.

2. Ecau f(x)=x yx, 10 f’(x)—-—(x )Y = —g =-—23-;/3? st

Bcex x > 0.

3. Ecin f(x)=cos3x, 10 f['(x¥)= —sin3x - (3x) = —3sin3x
IJs1 Bcex x € R.

4. Beiule ™Mbl pelwiasi Takxke 3ajauyd Ha HaXOXJeHHEe CKO-
POCTH M YCKOpDEHHSI MNPSIMOJNHHEHHOr0 MABHXKEHHS, 3Has 3aKOH
H3MEHEHHs] KOopAWHarhl x(f) MmaTepuasbHOH ToukH: v (f)=x"(?),
a(@)=v' ({t)=x"(2).

Tak, npu cBOGOJHOM TNajeHHHW TesJa B HauyaJbHbIH MOMEHT
Bpemenu =0, ckopoctb v (0)==0. ITyTp BHuKC/seTCA NO Gopmy.e

t2
s()=-2—, a CKOpOCTb M yCKOpeHHe HAXOAAT NPH MOMOILH IHG-

¢depenunpoBanus: v (f)=s’()=gt, a(t)=v (t)=¢g

BaxkHo yMeTb pewiaTh 3ajauH, oGpaTHble pacCMOTPEHHBIM BbIlle,
HMeHHO HaxoauTb ¢yukuuio f(x) mo 3ajnaHHOi ee NPOHM3BOAHOMH
f’(x). Hanpumep, B MexaHHKe 4YacToO NPHUXOAHUTCS ONpeAessATh
KoopauHaTy x(f), 3Hasi 3aKOH H3MeHeHHs] CKopocTH v (f), a Takxe
ckopocTh v (), 3Hasi 3aKOH H3MeHeHHs yckopeHHus a ({).

Haxoxnenue ¢yuknuu f(x) no [jgaHHOH ee INPOH3BOJHOMN
f’ (x) Ha3bIBalOT onepauHc MHTErpHpPOBaHHS.

Takum oGpasoM, omnepauusi HHTerpupoBaHHsl oO6paTHA onepaLuH
nudoepenuupopanusi. Onepauusi HHTETPHPOBAHHS COCTOHT B TOM,
YTO MO 3a4aHHOM mpou3BofHOH f’(X) HaxomsAT (BOCCTaHaBJHBAIOT)
¢yukuuio f(x) (narunckoe caoBo integratio osHauaer «BoccTaHo-
BJIEHHE») .

Mpumep 1. Mycrs f/(x)=23x% Haiinem f(x). Onupasice Ha
NpaBuJIO nu¢¢)epeﬂuuponaﬂnﬁ MOXHO Joragatbes, uto f(x)=x’.
JeiictBurensHo, (x°) = 3x%. Opnako HeTPymHO 3aMeTHTb, 4TO f(x)
HaXOAMTCS HeoAHO3HauHo. B kauecrBe f(x) Moryr ObiTb B3ATH

dyukunn f(x)=x>+ 1, f(x)=x* — V' 2, f(x) =x* 4+ 3,2 u apyrue,
284

Tak KaK NPOM3BOJHAS KaX[oH u3 HUX paBHa 3x>. Bce aTu dynkuuu

OTJIMYAIOTCA JAPYr OT JApyra MOCTOSIHHBIM CJiaraeMhM. HoaTomy

ofllee pelleHHe 3aiayd MOXKHO 3anucaTb B BHAe [(x)=x° -I—C

rie C — npousBo/ibHOe JefiCTBHTeNbHOE YHCI0. JII06Yyl H3 Haii-

;L’e(Hl-;b]x (byﬂxuml f(x) HasbiBaloT mnepBoOGpasHON s (YHKUHH
x) = 3x°

Onpeneanenne. Pyakuna F (x) HasbiBaercs nepso-
obpasHoii aas dyHkuuu f(x) Ha 3apasHom npomexytke I, ecau
IJsi Bcex x M3 aroro mpomexyrka F’ (x) =f (x).

Taxk, g)ym(uuﬂ F(x)=1x> ecTb mneppooGpasnas aas q)yHKuun
f(x)=23x" Ha npomexytke ]—oo; ‘oo[, TaK Kak uJas Bcex x € R
CrpaBeiJIMBO PaBEHCTBO

F’ (x) = (x*) = 3x2.

Hannas ¢ynkuus f(x)=3x? kak 6bl10 MOKA3aHO BhIIE, HMeEeT
GecKOHeYHOe MHOXKECTBO MepPBOOOPA3HbBIX.

MHoxecTBo Bcex mnepBoo6pasHblx aast ¢GyHKuHH [(X¥) MOXHO
npeacraButb B Buge F(x) 4 C, rae C € R.

[Tpumeuanne Jns yno6CTBa 3anmucH pellleHHH 3ajay MHO-
JKeCTBO BCeX nmnepBooGpasHelX ¢yHkuun f(x) Oymem wuHorga
o6osnauvath cumBosaoM F(x). Hanpumep, MHOxKecTBO mnepBoo6pas-
HBIX ,qu (pyﬂxmm f(x)=4x® 6ynem sanucmBath B BHIe F(x)=
—JC +

MMpumep 2. dyukuusa F(x)= yx ectb nepsoo6pasHas ajs

1
¢yHkuuH f(x)=—— Ha npomexytke ]0; oo[, Tak Kak AJaA Bcex x
2yx
U3 3TOrO NMPOMEXYTKA BBIMOJIHSIETCS] PABEHCTBO

1 1
’ 2y 1 77 1 2
F'(x)=(x*) =X =% =

1
2y x
IMMpumep 3. Pyuxkuusa F(x)=e* ectb nepooGpasHas nis
f(x)=¢€"* Ha mnpomexyrtke ]—oo; oo, Tak Kak mas Bcex xE R
CrnpaBelJIHBO PaBEHCTBO

F ()= (") =e" =] (x)
MMpumep 4. Pynkuua F(x)=3sin4x +—i + 2 ecrb mnepso-

ob6pasnas pasa ¢yskuuu f(x)=12cos 4x-——;15- Ha MpOMEXYyTKe
J0; oo[, Tak kak nJs1 Bcex X W3 3TOr0 MPOMEXYTKA

F’(x) = (3sin 4x+—)1;--|— 2) =3cos4x(4x) —1-x
1

2

—2—=12cos 4x—
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Ynpasxcnenusn

1. Chopmyaupyiite onpejejieHHe nepBoo6GpPasHOd  (PYHKLHH.
2. Hajiaure npousgogHble Ca€AYIOLIHX (byHKUéHH:

a) f(r)=x% 6) f(x)=c; B) f()=x °;

r) f(x)=x", rtne n€N; n) f(x)=x% rae x>0, a€R;

e) f(x)=sinx; x) f(x)=cosx; 3) @(x)=tgx;

) g(x)=¢e* K) h(x)=a"; a) [(x)=Inx;

M) f(x)=logax. ‘

B ynpaxuenusx 3—9 gokaxure, uro ¢pyunkuusa F(x) ectb mepso-
o6pasnas aas GyHKUHH f(X) Ha 33 1aHHOM MPOMEXYTKe, eC/H:

3. a) F(x)=3x" f(x)=12x3 ]—o0; oo[;
6) F(x)=4x" f(x)=20x", ]—oo; oo[.
4. a) F(x)=0,3x73, f(x)=—0,9x7*, ]—o0; O[;
6) F(x)= —0,4x~2, (x)=0,8x"3, 10; ool.
5.a) F()=2V7x, f(x)=3;7 , 10; oof;
6) F(x)= 7y — x, f(x)=—2l/[__x, 1—oo; O[.
6. a) F(x)= —sinx+ 1, f(x)= —cos x, ]—o0; oof;
6) F(x)=cosx—2, f(x)=—sinx, ]—oo; ool.

3 . .
7.a) F(=3tgx [W=— |- 5 :

6) F(x)=2ctgx, f(¥)=———, 10; nl.

sin? x

8. a) F(x)=3Inx, f(x)=%, 10; oo[;
6) F(x)=In (—x), f()=—, 1—oo; O[;

B) F(x)=logsx, f(x)=-x—lln—-§—, 10; ool.

9. F(x) = sin’x, f(x)==sin2x, ]0; oo[. )

10. Haiigure ojny M3 nepBoo6pasHbiX IJis KaxXJIOH H3 CJI%-
ayloux  gyukuwi: a) f()=5, 6) [(X)=—1; B) f(x)=2x%
r) f(x) = cosx.

11. dsasiercs au  GyHKUUSA % nepBooGpasHoit aast hyHKUHH
—% Ha npomexytke ]0; 2[?

12. Ssasiercs au  QyHKILHS -;l; nepsooGpasHoil Ansl QyHKUHH
——i—z Ha npomexyTtke ]—2; 2[?
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§ 93. OCHOBHOE CBOMCTBO MEPBOOBPA3HOM
DYHKUMM :

Briie Gbljo0 3amMedeHO, 4TO AaHHAsl (QYHKUHS HMeeT GeCKOHeuHoe
MHOXKECTBO NepBOOGpa3HbIX.

CnpaBejsiuBa caefyiollasi TeopeMa, BblpaXKawllasg OCHOBHOE
CBOICTBO NepBOO6pa3HOil (YHKIHH.

Teopema. Ecau F (x) odna u3 nepsoobpasnsix drn ¢ynxyuu
f(x) na npomesxcyrxe I, T0o mnoxecreo ecex nepeoobpasnvix 3T0l
@ynkyuu umeer eud: F (x) + C, 2de C — awboe deiicreureasnoe
qucao.

HokaszateabcrTso. Ilycts F/(x) = f(x), Toraa (F (x)+ C)Y=
= (F(x)y +(CY =f(x) mns Bcex x€I. A 3t0 o3Hauaer, 4YTO
npu Jo6om nocrosiuiom C ¢ynxuus F(x) 4+ C ectb nepBooGpasnas
s f(x) ma I.

Ilycre ¢yukuua @ (x) — mapyras mnepBooGpasuas misi f(x) Ha
I, 1. e. @ (x)=f(x). Torna (®(x) — F(x)y =@’ (x) — F'(x) =
= f(x) — f(x) =0, (®(x) — F(x)Y =0 aas Bcex x € I. 10 03Ha-
uaet, yto @ (¥) — F(x) nocrosinna Ha npomexyTtke I. CiiegoBaTenbHO,
®(x) — F(x)=_C, otkyna ®(x)= F(x) + C.

dtum nokasano, yto ecin F(x) — mepBooGpasHasi ansi f(x) Ha
npomexyTtke /, TO MHOXECTBO BceX MepBOOGPAas3HbIX Aasi f(x) uMeer
Bun: F(x)+ C, rne C € R.

IMonuepkuem eute pas, uto BeipaxkeHue F (x) 4 C ucuepnbiBaer
MHOXKECTBO BCE€X IM€pBOOOpa3sHbIX AJs 3afaHHOH ¢yHkuuu [(x).
JlioGele nBe mnepBooGpasHble JaHHOH (YHKUHH OTJIHYAIOTC APYT
OT JApyra IOCTOSIHHBIM CJIaraeMbiM.

Ilpu nokasaTenbcrBe TeopeMbl MBI OMHPANHCh HA YTBEpIKICHHE:
ecjqH Ha npomexyrtke I mpousponHasi ¢’ (x) ¢byHkuuu ¢@(x) paBHa
HYJIO, TO Ha 3TOM MNpoMexyTKe (yHKUHA ¢(x) nocrosHHa. ITo
ofllee yTBepkKAeHHE, Ha3bIBaeMOoe PH3HAKOM IOCTOSIHCTBA (YHKIHH,
MOXKHO HJIIOCTPUPOBATH reoMmeTpuHuyeck. MsBecTHo, uto ¢’ (x0) =
=1tga, le @ — Yron Hak/lOHAa KacaTeJbHOH K rpaduky (GyHKUHH
@ (x) B Touke ¢ abcuuccoit xo (puc. 234). Ecnu ¢’ (x) = 0 B 1060i
TOUKe npomexyrka /, To tg a = 0 111 060k KacaTeabHOH K rpadHKy
¢yHkwy @ (x). ITO 03HAUaeT, YTO KacaTeJbHAasl K rpaduKy DYHKUHH
B /106Oi ero TOuKe.mapasseabHa ocH abcuuce. IlostoMy Ha yka-

o (7
y=so(x) (P(X)=C

— — ———— —g

A

/ 0 X x| a J X

Prc. 234 Puc. 235
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_ % y=9p(t) !
! T: 2
| | !
0 t[, g tlz T Ve X
. -1
N

Puc. 236 Puc. 237
3aHHOM NPOMEXYyTKe rpaduk (yHKUHMH @ (X) COBHanaeT ¢ OTPE3KOM
npsamoil y = C (puc. 235).

[TpusHak mocTosiHCTBa (YHKUHH HMeEET TaKXe (PH3HUYECKYIO HH-
tepnperauuo. Ilyeth ¢dynkunsa ¢(f) 3agaer 3akoH ABHXKEHHSI TOUKH
no npsimoii. Paccmorpum 31y ¢dyHkuHIo Ha npoMexytke | = [{; to].
HssectHo, uto v (f) = ¢’ (f). Ecan ¢’ (f) = 0, to v (f) = 0. CkopocTb
MaTepHajibHOM TOUKH B JI060# MoOMeHT Bpemenu ! paBHa 0, 3TO
03HauyaeT, YTO B paccMaTpHBaeMOM I[IPOMeXYyTKe BPEMEHHM MaTe-
puanbHasi TOYKa HAaXOAWJach B COCTOsiHHM mokos. Ecau, Hampumep,
B MOMeHT BpeMeHH £; ¢ (#)= C, To Ha npoMexyTKe BpeMeHH | rpadHk
¢yukuun @ (f) Oymer orpe3koM, napaJsJenbHbiM ocu ¢ (puc. 236).

[Tpusnak nocrosiHcTBa (yHKuuu: GyHkuus f(x) = C — nocrosH-
Hasi Ha npomexyTke [, ecau f/(x) = 0 Ha 3TOM mpomexyTKe.

[Tpumep 1. Halinute MHOXKecTBO mnepBoO6pasHbIX (YHKUHH
f(x) = cos x. V13o6pasure rpacduxku Tpex nepBoo6GpasHbIX.

Pewenune. Ogna u3 nepBoobpasHblX /151 (PYHKIHH COS X ecTb
sin x. MHOXecTBO Bcex nepBoo6Gpa3Hbix uMeeT BUA: F (x) = sinx + C.
B uacTHOCTH, MOXKHO Ha3BaTb Cjaefylolive neppooGpasuble: F(x) =
=sinx, Fo(x)=sinx 4+ 1, F3(x)=sinx — 1 (puc. 237).

[eomMeTpHyecKH OCHOBHOE CBOHCTBO nep-

BooGpasnoii @ (x) = F(x) + C nmasi Heko-

Yl TOPOH (YHKLHH MOXHO IPOHJIJIIOCTPUPOBATD

caenywouim o6pasom: rpaduk Ja1060i nepso-

o6pasnoit F(x) + C MOXHO MONYy4HUTb K3

rpacduka nepsooGpasuoii F(x) npu nomou
napanjenbHoro nepexoca r = (0; C).

Mpumep 2. Jas dpyukuuu f(x) = 2x
J HaiauTe mnepBooGpasHylo, rpaduk KOTOpO#
npoxogut uepe3 Touky (l; 4). BoinosHute
cXeMaTHuecKHi PHCYHOK.

Peuenue MHOXECTBO BCeX [€pBO-
o6pasHbix JaHHOH (YHKUHH HMEeT BHI:
ol 1 * F(x)=x*+C. Tlo ycioBHiO 3amauu
F(1)=4, caenoparenbio, 1>+4 C=4,

C =3, F(x)= x>+ 3 (puc. 238).

Puc. 238
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Mpumep 3. CKkopocTb TOYKH, MABHXKYILEHCS MNPSAMCGJIHHERHO,
usmensierca no 3akony v(f)=2t+4+1 (8 m/c). Hafizure nyrs,
npoiiieHHbll TOYKOH 3a NMPOMEXYTOK BpemeHH oT (=1 po =4,
eCJId HM3BECTHO, YTO B MOMEHT BpeMeHH f{ =1 nyTb paBeH 3 M.

Peuwenue. [lycts nyrh, npoiiieHHbli TOUYKOH 3a NMPOMEXKYTOK
Bpemenu ¢, paBeH s (). M3Becrno, uto s’ (f) = v (), s (f) ectb nepso-
o6pasnas anasi v (¢), cienoBaresbHo, s (f) MOXKHO HaHTH MNPH MOMOILH
unterpuposanusa: s (£)=2t 4+ 1, s(f)=1t*+t+ C (cnpaseann-
BOCTb 3TOTO OTBeTa NnpoBepbTe AU depenuupoBanuem). Ilo ycioBuio
sagauu s(l)=3, caepoBarenbHo, 3=1+4+1+C, C=1, s(f)=
= 1> 4t -+ 1. TloacraBum B Bbipaxcende s(f) 3Hauenue ¢= 4:
s@)=16+4+1=21; s4)—s(1)=21 —3=18.

Otset: 18 M.

SAHCTBA (PYHKLUHH HA MPOMEXYTKE.

3. O6bsicHHTe NpH3HAK MNOCTOSTHCTBA (DYHKLHH, HCIOJb3Ys T[e€O0-

MeTPHUYECKHH CMBICJ NPOH3BOLHOH.

4. O6bsicHHTEe NMPH3HAK MOCTOSHCTBA (DYHKUMH, HCIONB3Ys Mexa-

HHYECKHH CMBICJI NPOH3BOJHOH.

‘5. s pnanHO# ¢yHKUMH f(x) HaliauTe nepBoo6pasHyio, rpaduk
KOTOPO# NPOXOJHT uepe3 3aJaHHYIO TOUKY A:

PaccmarpuBas tabauny npoH3BOLHbBIX Gy | MuoHeCTB0
¢yHkuu#, cocraBum TabJaully nepBO- 3}(x) ee  1epBO0G-
.06pasHbIX BDYHKUMIL: pasibix F(x)
k (const) kx+0b
IlpaBunbHOCTE 3amucu B TabJaHle
MHOXeCTBa NMepBOOOpPa3HbIX MOXKeT ObITh . xot!
o = — 4 C
npoBepeHa aupdepenuuposanuem. Ha- o+ 1
npumep:
L x>0]| Inx+4C
Fo=>" 4 ¢ F
X)) =-—"—— ; x) =
a+1+ () L x<0|In(—=x)+C
o ! ’ (o + x* o
_(a+l+c)_ ari Y= e c+c
=/ () ar—L. e am0, | Sy
. a1 Ina
[IpoBepbTe mNpaBHILHOCTbL  3amHCel
BCex MepBoOGpasHbiX B TabJuUe. sinx |—cosx+C
Ynpasxcnenun cos x sinx 4+ C
1. ChopmynupyfiTe OCHOBHOE CBOH- 1
o tgx+ C
cTBO nepBoo6pa3noit pynkuuu. I1ponJio- cos’x
CTPUpYHTe ero reoMeTpHYeCKH Ha MpH-
Mmepe. : 1 t c
2. CdopmyaupyiiTe NpH3HAK IOCTO- eyl It S0

a) f(x) = x*, A(—1; 0), nocrpoiite rpaduk ¢pynkuuu f(x);

6) f(x)= Vx, A(1; 2);

10-3akas N 252
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1
B) f(x)= = A (% ; —2) , mocrpoiite rpaduk ¢yHkuun F (x);
r) f(x)= “jlc‘ ,rae x >0, A(1; —1), nocrpoiite rpaduku pyHKuui
f(x) u F(x);

n) f(x)=x""', rne x <0, A(—1; 0), nocrpoiite rpadguk ¢yHk-
nun F (x);
e) f(x)=sinx, A(n; 2),

X) f(x)=cosx, A (—;—-, 2), nocrpoiite rpatdukH GyHKUMIH
f(x) u F(x); :

3) ) =——, A(F: —1);

H) 1) = sinl'“’x 4 (.i : O);

K) f(x)=e*, A(0; 4), nocrpoiite rpaduk dyukuuu f(x);

0 ) =25 A(0 5):

W) ()= (5)" A 0)

§ 94. TPU MPABUITA HAXOXXOEHNS NMEPBOOBPA3HbIX

B npenpinymem mnaparpade Gblia npuBeneHa TaGiauua mepBo-
o6pa3sHbIX HEKOTOPHIX ¢YyHKUHA. B atom maparpage MBI yCTaHOBHM
NpaBHJIa, NO3BONSAIONIME HAXOAHTb IEPBOOGPA3HbIE PASIHUHBIX (YHK-
IUH, COCTaBJEHHbIX H3 NMPHBENEHHHIX B TabJHIE.

Teopema 1. llepsoobpasnan cymmor deyx ¢ynxkyuili pasna
cymme nepeooGPasHbIX ITUX PYnKYUl, paccmarpuseaemvix Ha 00HOM
U TOM e npomeixcyrke.

HokxasarteabcrtBo. Ilycts F(x) ectb nepBoooGpasHasi ajs
f(x) ra npomexytke I, T. e. F/(x) = f(x); G(x) ectb nepBooGpasHas
ans g (x) Ha atom ke npomexytke I, T. e. ‘G’ (x) = g (x). Jlokaxem,

yto F(x) + G(x) ectb mepBooGpasuasi aas f(x) + g(x) ma mnpo-

mexyTke I, T. e.

(F(®) + G()Y = [(x) + g (»).
Hcnonbsys npasuna nuddepeHuHpOBaHHS CYMMbL IBYX (GYHKUHH,
HaXOIUM:

F@®)+ GHY =F (%) + ¢’ (x)=f(x) + g ().

Teopema cnpaBeanuBa AJaf CyMMBI JI0GOro KOHEYHOrO 4YHC/IA
byHkuui.

ITpumep 1.2Haﬁ11me MHOXECTBO BCeX NepBOO6Gpa3HbIX AJs
dbynkumn f(x) =x*+ Vx .

Pewenue. OnHa us neppoo6pasHbiXx (GpyHKUHH x° ecTb -é—xa.
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! L1

Onna 3 MepBOOGPasHbIX GyHKUHH X = x° ecTb :
. — 41
2

=—§—xVx. MHOXKeCTBO BceX MNepBOoOGpasHbIX AaHHOH (QYHKUHU

MMeeT BHA: F(x)=—:l,,-x3 +-§—xl/;— + C, rae x € ]0; oo[.

[Tpumeuanue Ileppoobpasunas —;;—xa onpejeseHa Ha MHO-

xKectBe [} = ]—oo; oo[, nepBoobGpasHas %xVx ornpene/seHa Ha

mHoxKectBe [ =1]0; oo[. Kaxnaasi u3 mnepBoo6pasHbiXx HaHHOH
¢yHkuun onpesenena Ha muoxecrse I = I, | [z = ]0; oo[.

B ynpakHeHUsiX HA HaXOXJeHHe NMepBOOGPa3HbIX CyMM (YyHKUHHA
HMeeTcsl B BHJAY, YTO Bce MepBooGpa3Hbie paccMaTpPHBAIOTCH Ha
ONHOM M TOM K€ TNPOMEXYTKe, Ha KOTOPOM paccMaTpuBaercs H
neppoo6pasHasi CyMMbl, II03TOMY OTBICKMBATb 3TOT MPOMEXYTOK
He Haluo.

Teopema 2. lepgoobpasnan npoussedenus 4uUCAQ HA (DYHK-
yu paena npoussedenurd 3TOZ0 HUCAQ HA NEP800OPasHyt0 0annol

¢dynkyuu.
NokaszaTteabcTtBo. Ilyctb F(x) ectb nepBooGpasHasi

¢yukuuu f(x), T. e. F’(x)=f(x), k — nannoe umucjo. Jlokaxem,
uyto k - F(x) ectb nepBooGpasnas ¢yHKuUHH Rf(x).

Hcrnosb3ys MpaBu/IO BbIHECEHHS NMOCTOSIHHOIO MHOXHTEJIS 32 3HAK
npousBoanoi, HaxonuM: (kF (x))Y = kF’(x) = kf(x).

IIpumep 2. Haligute MHOXKeCTBO BCEX MNEPBOOGPA3HBIX A/

¢yHrunn f(x) = 5 cos x.
Pemenue Ogsa H3 nepBooGpas3HblX (QYHKIHH COSX €CTh
sin x, MOSTOMY MHOXECTBO BCEX I€PBOOGPA3HBIX AAHHOH (YHKUMH

umeet Bua: F(x)=>5sinx + C.
Teopewma 3. EcauF (x) ecro o0na u3 nepsoobpasnsix dynxyuu
f(x), a k u b — nocroannvie, npusem k = 0, To -%—F (kx 4+ b) ecro

odna u3 nepsoobpasnsix ynxyuu f(kx 4 b).
HoxasaTteabcrtBo. U3secrHo, uto F’ (x) = f(x), Torna

(o F (lx + 0) ) = = F (ki + b) = - f(k-+ b) (x4 bY = (kx + b).

[MTpumep 3. Halizute MHOXecTBO nepBOOGPA3HBbIX (QYHKUHH
f(x) = sin (3x — 4). ‘
Pemwenue Onnausnepsoo6pasubix f(x)ectb pynkuus Fy(x) ==

= *% cos (3x — 4). MHuoxecTBO Bcex InepBOOGpa3HbIX AaHHOH
¢yHkuun umeer Bun: F(x) = ———%— cos (3x — 4) + C.
10* . 291



Ynpaxcnenus

1. Haiiante MHOXecTBO nepsooGpasubix QyHKUU:

a) f(x)= —7x4 4, 6) f(x)=ax 4 b;

B) f(x) =3x% + 4; r) f(x) =2x* 4 3x — 8;

8) f(x)=ax’+ bx + ¢ e) f(x)=ax® + bx? + cx + d.

2. Halinnute MHOXeCTBO nepBooGpasHbix QYHKLH:
a) f(x)=—?’;—2sin3w; 6) f(x)=——,;
X

sin? 2x
B) f(x) =4+ cosi ot r) f(x)=3 cos% — 2sin4x;
11) f(JC) — e2x—3; e) ]t(x) — 20.5x+l;
%) f(x) =l/_f2___l;_ 3) f(x) =2, rze x> 0,25.

§ 95. KPUBONIMHEMHAS TPAMEUMS U EE naowaAnb

B mnpembinymux knaccax Mbl HayuMAHCh BBLIYMC/ISTD MJ101a I
TPEYTrOJIbHHKA, NpSIMOYroJbHHKA, Napajjeorpamma, TpareLHH,
IPOM3BOJILHOTO MHOTOYTO/IbHHKA, T. €. MJIOWAAH (DUryp, rPaHHLAMH
KOTODBIX SIBJAIOTCSA JOMaHble JMHHH. Hayunauch Takke BBIYMCIISTH
NJIoWanb Kpyra M ero yacreit (cekropa, cermenTa).

B martemaTuke paspaGorannl Meronpl, NO03BOJIAIOLIHE BBIYHCJAATH
NJ0OIAAH (GHIYD, T'DAHHUBl KOTOPBIX COCTOST U3 KPHBBIX JIHHHH,
Hanpumep dyacreil mapaGos, CHHYCOHA M ap. (ecH, KOHEYHO, NJI0-
Wagd 3THX (QHUTYp CYLIECTBYIOT).

Tenepr, ucnosbsays 3nanus o nepBoo6pasHoll (YHKUHH, Mbl
HaydHMCsl HAXOAHTD IVIOIAAH (DUTYP, HA3BIBAEMBIX KPHBOJHHEHHBIMH
TpamneuusiMH.

Ha pucynkax 239—244 mTpHXOBKOH BbigeseHbl pas/ju4Hble
KPHBOJ/IMHEHHbIE TpamnelHH.

Onpeneuenue Kpusoauneiinoi Tpaneuued HasbiBaercs ¢u-
rypa, orpaHuueHHasi rpadukoM HenpepbiBHOH M He MeHsioulell Ha
orpeske [a; b] 3naka dynkuun f(x), npsambiMu x —a, x — b u or-
peskom [a; b].

PaccmoTpum kpuBosmHeiitnyo Tpaneuuio, OrpaHHYeHHYIO rpadu-
KOM QYHKUHH f(x) (puc. 245), npaMbIMH x =a, x — b ¥ OTpEe3KOM
[a; b] ocu aGcuuce. Buauane paccMoTpum cayqait f(x) > 0.

yh  y=f(x) gk yh

y=sin(x+Z)

o a 6 x //amc];m”mﬂml\\x 70 2 X

Puc. 239 Puc. 240 Puc. 241

Y=x2+2x
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yi (
-1 0 = 2 X
Puc. 242 Puc. 243 Puc. 244

[Myctb x € [a; b]. Tlaomwans KpUBOMHHEHHOH TpaNeLuH, seaugr&n)-
XOBAHHOM Ha PHCYHKeE, eCTb (‘byHKLlP}H ot x. O6o3HaunM ee qepos S0,

Huxe Gyner mnokasano, uto S’(x) = f(x). 1o pasgﬂcmaﬂ i
yaer, 4TO nepemMeHHas miomanb S(x) ecTb NepBoo pasn:lS o
¢ynkuuu f(x). [TosTomMy niowanb KpHBOJMHEHHON TpaTCUHH oxe;
6bLITb BHIUMC/IEHA TPH NMOMOLM HHTerpupoBanus. M3 puclﬂxa Be]J: o
yto S (a) = 0, Tak Kak 3alITPUXOBAHHAS QHUrypa MpH X = a NpeBp
uwaetcsi B otTpe3ok, S(b) =S ecth miowanb
paccmMaTpuBaeMoll KPHBOJHMHEHHOH Tparme-
uuu. B cayuae f(x) <O (puc.v24§) Bbl- Y y=f(x)
yHc/eHHe MJIOIlaad KpPHBOJNHHeHHO# Tpa-
neuuu GyaeM 3aMEHSTh BbIYHCJICHHEM IIO-
wand Tpamneudd, CHMMETDHYHOH NaHHOH /]
oTHOCHTeJbHO ocu abcuucc. Takas KpHBO- S(x)
JIMHEHHAas1 Tpaneuusi orpaHHyeHa NPsSMbIMH

x=a, x=>b, ocbo abcuucc, rpadukom S S
¢yHkund y = —f(x), npuHUMalwLLe# M0Js0-
XKHUTe/bHble 3HAYeHHsI HA PaccMaTpHBAeMOM prc. 245
HC.
NpOMeX yTKe.
p Koraa roBopaT o HenpepbiBHOCTH (YHK-
uau f(x) na npomexytke [a; b], To mon
5THM NOHMMAIOT HeNpepbiBHOCTb €€ B KaX- Yl 00
JOHf TOYKE 3ITOro MPOMEeXYyTKa, B TOM YH- {J y=
ciie B Toukax a u b, 1. e. uto lim f (x) =/ (a) y,/;//; ////7///////7/;;7/////
npu cTpemJsieHHH x cnpasa K a M lim f(x) = r///”///'"//’//,’,’«5///’7///5,”/25;4
A A

= f(b) npu crpemJieHHH x cneBa K b. b’///,/’ D x

PaccMOTpHUM MpHMEPHDI. : )

[ITpumep 1. Bpuucaure miowanb
Tpanewu#y, 3alITPUXOBAHHON Ha PHUCYHKE 247.

14

Yeranosute cBasb Mexay S’ (x) u f(x). . o)

PeweHue. MblumMeeM es0 ¢ OObIUHOH Y=
npsiMOYro/IbHOM Tpaneurei, Tak Kak rpadu- buc. 246
KoM (yHKuHH f(x) = 2x siBJAsieTcsl mpsmas He.
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vk c A
y=x2
B
7 L
0 A(1;0) D(x;0) x 0 7 x2x
Puc. 247 Puc. 248

Jaunusi. Ilo wu3BecTHOH M3 reomerpuu QopmyJe HaligeM mJOLIAAb
STOH Tpamneluu:

S=|ABI-I2—ICD|. |AD |,

HO |AB|=2-1=2,|CD|=2x |AD|=1x — I,
SW=2E2 . (x— D=(r+ Dx — =2 — 1.

Haiigem 8'(x): 8’ (x) = (x* — 1) = 2x. 3ameuaewm;, uto S’ (x) = f(x).
I[Tpumep 2. Mcnoneays pasencrso S’(x)= f(x), BbIUHCJIHTE
nJjouanb KpHBOJHHEAHOH TpaneuuH, OrpaHHYEHHOH JIMHHSAMH Y = X2,
x=1,x=2 y=0.
Pemenue. Ilycts x €[1; 2] (puc. 248). Tak kak S’(x)=
= f(x), T0 §’(x) = x*. Takum obpasom, S(x) ectsb neppoo6GpasHasi
a5t OyHKuHH f(x) = x®. HaiigeM MHOXeCTBO Takux nepBOOGpasHBIX:

3
X o o
Skx) = 5 + C. 3nauenne nocrosiHHOH C MOXHO HAHTH M3 YCJIOBHSA

— =1 R
SM=0,0=1+¢ C=—1.

3
Takum o6pasom, S(x) = -’é—-—- —;— INnomane naHHOH KpHBOJH-
(1] o 3
HEHHOH TpaneuHtH NoNyuuM npu x == 2: S (2) = —i— — —;—- = % = 2—;—.

ITpumep 3. Ucnonbsys paseHcTBo S’ (x)= f(x), BHuUMCIHTE
miowanb KpHUBOJHHEHHOH Tpame-

Yy y=sinx UHH, OrpaHHYEHHOH JIMHHUSIMH:
= y=sinx; y=0, a<x<2n

///7;5’7}‘A (puc. 249).
] 7 o Pewenune Ha 3apanHom
/, npomexyTke rpaduk QYHKUHH

Y == sin x JeXHuT nox ocbi> abc-
uuce. [Tosromy Beluuc/eHHe mJo-
Puc. 249 magH 3TOH TpameuHd 3aMeHHM
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BbIYMC/EHHEM TMJOWanH Tpame-  yk E M
UMH, CHMMETPUUYHOH JaHHOH OT- c

HOCHTEJIbHO OCH abcuHuce, T. €. Or-
paHHueHHOH# rpadukoM (QyHKUHH
y = —sinx H ocblo abcuHucc. P

S’ (x) = —sinx, S(x)=
=cosx+ C, S(n)=0;
0=cosa+ C, C=1. \\
Takum  o6pasom, S (x)= A D N
=cosx+4+1.S@n)=cos2n + [« —

Fl—141=2
OtBeT: S = 2 (KB. en.). Puc. 250

[Tosicuum mozppoGHee cMbicsi paBeHcTBa S’ (x)==[(x), NpHHATOrO
BhiLIe 6e3 mokasatesnbcTBa (pHc. 250).

JIJIl IPOCTOTHl pacCyXAeHHH paccmoTpuM ¢yHKuuio f(x), Hempe-
pbIBHYIO H Bo3pacTaloulylo Ha oTpeske [a; b]. [Tiouwanbs KpuBoaHHeAHOM
tpanenuu ABCD Gyper Takke HenpepbiBHOH (yHKuUHEl OT X, 0603-
Haunm ee S (x). [lagum x Hekoropoe npupaienue Ax >0, Toraa
S (x) nonyunt npupawenne AS (x). Haitnem AS (x):

S (¥) = Sascos S (¥ + Ax)= Spsun, AS (¥) = Spcuw»
AS (x)=S (x + Ax) — S (x).

IMosb3ysick PHCYHKOM, 3aMeTHM, 4TO:

Socen < Spemn < Spemws
f(x)Ax < AS (x) <[ (x4 Ax) Ax,

f(x)<A—i§cﬁ< f(x 4+ Ax).

B cusny HenpepblBHOCTH GYHKUHH f(X) uMeeM: Alimof (x + Ax) =T (x).

DyHKUHA %’-‘1 3aK/JlOueHa MexAy ABYMs GYHKuusAMH f(x) H
f(x + Ax), umelomuMu oauH u TOT xe mpemen f(x) mpu Ax—-0.

A*ZJ(C") npu Ax—0 rakxe paBeH f(x) (cm.

§ 16, rteopema 5). ITonyuuan,

TTostomy mnpenen

’ J—
yto § (x) =f (%). y=-0,5x2+4 2
Ynpaxcnenusn 2
1. Chopmynupyiite onpene-
JieHHe KPUBOJIHHEHHOH TpamneuHH. 01 3 o
2. Kakue uH3 3alUTPHXOBaH- X
HbIX Ha pHCyHKax 251—257
duryp sBAAIOTCH KPHBOJIHHEH-
HbIMH TpameLHsIMH, a KakKHe He
SABJIAIOTCS ? Puc. 251
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YN y=—05x+ 2x Y

:

0 1 X
Puc. 252 Puc. 253
g
y=vx
0 3 X
Puc. 254
g\
y=x3
-2 -] uh Y=Vx+] ) yj Y=x+1
Yy
0’\\ R
8 y=-VE-1
Puc. 256 Puc. 257

Puc. 258

qeni;)f/’;uﬂﬂ ¢urypnl, samrtpuxoBaHHOR Ha pucynke 258 (orpaHu-
e To{x{innﬂwfuoy=x + 1, y=0, x=0 u npsmoii, npoxoxseH

| y (x; 0) mapannensHo ocH OpAMHAT), LOKaMKHTE crnpasen-
JIHBOCTb paBeHcTBa S’ (x)= f(x).
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§ 96. BbIYMCIEHUE MNOLLAAU
KPUBOJIMHEMHOW TPAMELMU

Ucnonbsys pasenctso S’ (x)=f(x), rae Y\
f(x)=0 na npomexyrke [a; b], BbiBeneM y=1f(x)
dopMyJly AJIsi BBHIUHCJIEHHS MJIOLLALH KPHBO-
nuneiinoii Tpameuuu (puc. 259). W3 sroro
paBeHcTBAa BHAHO, uTO S(X) ecTb Mepso- (X
o6pasnas ajs f(x) Ha MpOMEXyTKe [a; b].
Mycrs F(x)— apyras nepsoobpasHas mas | a X b X
f(x) Ha 3TOM XKe MNPOMEXYTKe. B cuay
OCHOBHOT'O CBOHCTBA [epBOOOPa3HbIX HMEEM:
S (x)= F (x) 4 C. 910 paBeHCTBO BEPHO NpH
Beex x € [a; b], Tak kak Qpynxumuu S (x)u F (x)
onpenesensl B Toukax a u b. IloacraBum
BMecTo X wuucao a, mnonyunm: S(a)=
=F(a)+ C. Ho S(a)=0, [03TOMY
0= F(a)+ C, orkyna C= —F(a). Takum
o6pazom, S(x)=F (x)— F(a). Hcxomyio
maowaab IMOJAYyYHM INyTeM MOACTaHOBKH
B MOC/e/Hee PaBEHCTBO X =b:

S=F (b) — F (a).

Mpumep 1. INocrpoiire KPHUBOJIHHEH -
HYIO Tpamneluuio, OTpaHHYEHHYIO JHHHAMH Puc. 260

f(x)=_:c-, x=1, x=2, y=0 u BhiuucJHUTE €e NJIOolalb.

Pemenwue Kpusonuneiinas Tpameuusi H3o6paxena’ Ha pu-
cynke 260. OpHa M3 nepBOOGPasHBIX /s byukuuu f(x)= —)lc— ecTb
F(x)=Inx.

S=F(2)— F(1), S=In2—Inl=In2=0,7.

[Ipumep 2. Bouncaure miowianb KPHBOJIMHEHHON Tpaneuuy,
orpaHuuenHoll JuHusAMHA [(X)= '—12‘ ,y=0, x=0, x= —f:—.

cos“ X
Pewenue Ha nmpomexyrke [O; -7'4‘—] sHaueHus [ (x) MOJOKH-

tenpubl. OfHA U3 MepBOOGPA3HBIX s PYHKIUU f(x)= eCcTb

cos™ X
F (x)=tgx. CuegoatenbHo, S= F(—f:—) — F(0)=tg % —tg0=1.
Mpumep 3. INocrpoiire KPHBOJIMHEHHYIO Tpamneuuio, OrpaHu-

YeHHYIO JIHHUSIMH y=cos X, y=0, i<x<§£, { BBIUHCJIHTE €€
2 =9

‘TIouLlaab.

Pemenue Kpuponuueiinas Tpameuusi HsoGpaxkena Ha pH-
cyuke 261. BpiuncauMm nJjomanb KPHBOJIHHEHHOH TpaneluH, OrpaHu-
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Y YEHHOH JINHHUSIMH Y == — cos X, y==0,
T 3 ‘
y=cosx - < x<5. Onua u3 nepsooG-
7777 :

- 4//{/;//,/3'//2;’3‘@/ Pa3HbIX PYHKIUHH Yy == —COS X eCTh

/4 x .
/ ' ?W%” * F(=-—siny, S=F(%)-
——F(i)=—-(sin—3’-‘- i .i)—
Puc. 261 0 2 2 %)=

Orser: S—=2 (ks. exn.).
Ynpaxcrenus TeeT (ke ea.)

B ynpaxuenusix 1—5 Bb
— IYHCJHTE IJIOWAAH (HUTYp, Or -
HBIX JIHHHSIMH: BUrYP. orpames

la) y=4x% y=0,x=2; 6) y=x% y=0, x=2.
perst
3‘ a) y= l/;, y=05 x=l)x=4; 6) y= 1/7, y=0, X=1,x=9.

2
4. a) y=-—y=0,x=1,x=3;6) f(x)=;di—2, y=0, x=1, x=A1.

2. a) y=sinx, y=0, 0<x<m; 6) y=cosx, y=0, —

5.2) y=2% y=0,x=0, x=2; 6) [(x)=3" y=0, x—=—1, x=1.

§ 97. NOHATUE UHTErPANA

v BepHemcsi k 3anaue Bbiuncie-
/ HHSL  [JIoUlaAd KPHBOJIHHEHHOM
¢ Tpaneuuu. PaccmoTpum apyroit

Crnoco6 BLIYHCIEHHS ee MJIOILALH.

Brauase pewnm npumepsr.
Z [Tpumep 1. Bouucsure

y=2x MJIOWA/b TpPaNeUHtH, OrpaHHYeH-
HOH JIMHUSMH Yy=2x, y=0,
=1, x=2.
ol 5 Pewewnune. IMiowans sroii

Tpaneuus (puc. 262) MOXKHO Bbl-
YHCJAHTb 10 H3BECTHOH U3
Kypca  reomeTrpuH  opmy.e:

|AB|+|CD|
S= 5 -1AD]|,
244
4 0 — = 1=3

0 xp=1 X, X,X32=x, X

OnHako /11 BBIUHCIIEHHS TLTO-
UlaaH 3TOH TpameuUHH NPHMEHHM
Puc. 262 Apyron cmnoco6, KOTOpHIH Ham
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[103BOINT HAXOAMTb IJIOIWLAAH JIOOLIX KPHBOJNHHEHHBIX Tpamneuu.
Pasnenum otpesok [1; 2] Ha n orpe3koB paBHOH AuHbL 0603-

HayuM abCUHCCH TOYEK JeJeHHS uyepe3 X,, Xy, X3, ..., Xn—1, @ COOT-
BETCTBYIOLIME OPAMHATHL Yepe3 Y, Yy, Yz, ..., Yn—1. Ha KaxaoMm us
3THX OTPE3KOB MOCTPOHM NPSAMOYTOJIbHHK, KaK 3TO NOKa3aHO Ha pH-
CyHKe 262.

BbicoTa npsIMOYro/ibHHKA, MOCTPOEHHOro Ha oTpeske [xo; X],
paBHa y, = [ (x,), BBICOTa NPAMOYTO/JbHHKA, TOCTPOCHHOI'0 Ha OTPe3ke
[x,; x,], paBHa y, = (x;) 1 T. A., BLICOTA NPSIMOYTO/IbHHKA, MOCTPOEH-
HOTO HA OTPe3Ke [Xn—1; Xn], PaBHA Yn—1 = [ (Xn—1). [lNMHA OCHOBAHUS

KaXJloro MpsiMOyrolbHHKa paBHA — .

O6beauHeHHe BCeX A MPSIMOYrOJbHHKOB €CTh HEKOTOpasi CTYNEH-
yatasi ¢urypa (puc. 262). Ilromanb 310l CTynmeHyaTod QHryphl
o6osnauum uepe3 S,. Torna

Se= [l F) () o = |

= 'rlT 2xo + 22, + 2%, + ... + 2x01) = -—Z—-(Jc(,—l—x1 +%5+ ... + Xn—1).
B cKo6Kax MOy4uJH CyMMY Y/1€HOB apH(pMeTHUECKOH NPpOrpeccHu

o 1
(as), y xotopoit @y =1, d = —, n — UMCJIO WIEHOB.
HaiizeM 3Ty cymmy no ¢opMmyJje CyMMbl U/IeHOB apH(pMeTHue-

. 1
. 2, +d(n—1) 2-14+—(@—1 .
CKOfi IpOrpeccu: § =——5———"1; S= 5 - n =
= +2n_1=3"2—1. [MoncraBum 3Hauenwe S B pasenctso (1),
NOJYUUM:

2 3n—1 3n—1
S"__n—. 2  n

Tpx HeorpaHHW4YEHHOM YBeJHYEHHH YMC/Ia [ieJeHHH OTpe3Ka [1; 2]

M CTPEMJIEHHH MNpH 3TOM K HYJIO [JIMHbl KaXXJO0ro H3 HHUX MJO-

lagb CTyMeH4aroil ¢urypbl CKO/b yrogHo G.u3ko npuO/IHKaeTcs

K mJollag paHHo# Tpameuuu. EcTecTBEeHHO NpeANOJOXHTb, YTO

niomwane S paccMaTpHBaeMmMoill TpaneluH Bhipaxcaercs (opMyJoi
S = lim S,,

n— oo

S= lim¥=1— 1im(3—-‘—)=3— lim L =3 —0=3.
n

n—>oo N n— oo n—> oo

Kak Buaum, pes3yJsabTaTthl NMOACUETA maomanu Tpamneuudd pasJjHd-
HbIMH crioco6aMH COBMNAJIH.

[Tpumep 2. Bouucaute mioulajb KPHBOJIHHEHHOH TpameuHH,
orpanuuenHoi aunusamu f(x)=x, y=0, x=1.
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Pewenune IlpumenuM crnoco6, npuBeneHHbi B pelICHHH
nepsoro mpumepa. Otpesok [0; 1] pa3neqnuM Ha n OTPe3KOB paBHOM
AJIMHBL H HA KaXJIOM H3 HHX NOCTPOHM MPSAMOYrOJIbHHK, KaK 3TO
NI0OKa3aHO Ha pHCYHKe 263. [lJiHHA OCHOBAaHHSA KaxKIOro np;moyro.nb-

1
HHKa paBHa T BricoTh NpsAMOYrO/JIbHHKOB COOTBETCTBEHHO pPaBHBLI:
Fr)=axt, f) =23, f(r) =2 u T &, [(xaor) = xior.
Halinem niomanp crynenuartoit ¢urypui:
1 1 1
Sumt = F0) F o1 () o F () oo+ - [ (amr) =
1
=—+ B +5+ ..+ )

Hs pHCyHKa BHAHO, UTO

__l_ - 1 _ 2 1 3 —
X = P JC2——2"71——--,-1-, JC3=3 '71—=-n—, cee Xn..|=nn—l,

Toraa
Suy— L(1 2 & e P 42 -

n3

CyuwectByer crenylomas ¢opMmysaa A5 BbIYHCJACHHS CYMMBI
KBaJpaToB n MepBbIX HaTypasbHbIX uucet: 12422 4+ 32 4 . 4 n?2=
_n(r+ 1@t '

———5—— . Tlpumenum sty opmyny A5 BHIUHCAEHHS CYMMBbI

KBaapartoB nepsuiX (7 — 1) HaTypanbHbix uuces. Jis 3TOro 3ameHUM
B yKasaHHOH ¢opmyne n Ha n — 1, nosyuum: ,

Sﬂ_l=(n——l)gg2n—l)=_l_.g;_l.2n—l=_(ls_(l_%)(2_%).

n 6 n

EcrecTBenHo mnpeanosioxuTtbh, YTO maomanb S KPHBOJHHEHHON
Tpaneuxy ecTb Mmpefes MIOLIAAH CTYNEeH4YaTOH (UIYpBl NPH n —> co:
. 1 4. -
S = lim S,_; = - lim (1 —L) lim (z—L)=
n n

n— oo 6 n— oo n-—»oo

=1_(1 — lim '_).(2— lim =) =11 2=

6 n— oo n n— oo n

3aMeTHM, YTO 3Ty 3aJauy MOXKHO pelll .
= F(b)— F (a): y pemuTh U Mo Qopmyne S =

f) =2 F(x)=—-x" S=F(1)— F(0), S=+.

PaCSMOIpeHHbIﬁ B NpHMepax Cnoco6 BLIYHCAEHHS IJIOLIAJH KpHU-
BOJIMHEHHOM TDANELHH MOXKHO NMPHMEHHTb K BBIYMC/IEHHIO MJOILIALH
JI060# KPHUBOJHHEHHOH Tpameuuy.

'paCCMOTpHM TMOJIOXKHTE/NBHYIO M  HEeNpephIBHYIO Ha OTpPE3Ke
[a; b] dynkumo f(x). PasgenuM orpesok [a; b] Ha n paBHBIX uyac-
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yh . y| ___
y=f(x)
y=x? /
7 5
7=Xn
Xo=0| X X, X3 Xoq X O xFQ X X, X3 Xpg 0=Xn X
Puc. 263 Puc. 264

Tefi W 06G03HAuuM abCIHCChl TOUeK JeJIeHHs uepe3 X, X, X3, .-
..y Xn—1, @ COOTBETCTBYIOILHE OPAHHATHI Yepe3 Yy, Ys, Y3s -+ » Yn—1. Ha
KaXK/(OM H3 5THX OTPEe3KOB NOCTPOMM MPSIMOYTrOJIbHHK, KaK 3TO MOKa-
3aHO Ha pHCyHKe 264. Bbicora npsiMOyro/bHHKa, MOCTPOGHHOTO Ha
otpeske [Xxo; x,], paBHa yo = f(x,); BbICOTA pSIMOYTOJIbHHKA, MOCT-
poeHHOro Ha oTpeske [X;; X,], paBHa Y, = [ (x,); BBICOTA NPSIMOYTOJb-
HHKa, OCTPOEHHOTO Ha oTpe3ke [x,; x3], paBHa f(x;) u T. A.; BBICOTA
NpAMOYroJNbHHKA, IOCTPOEHHOTO HA OTPe3Ke [Xn—1; Xx], paBHa f (Xp—1).

b —
JIMHA OCHOBaHMS KaX[Oro MpsAMOYroJlbHMKA paBHA — 2. 0603-

= Ax. 3aMeTHUM, HTO X; — Xg=Xp— X| =Xz — X9=

HauuM
= ...== Xy — Xn—1 = Ax. O6beuHEeHHe BCeX N NPAMOYroJbHHKOB €CTh
HeKoTOpas cTyneHuaras ¢urypa. OGO3HauWM ee MJowWanb 4epes
S, Toraa

Su=1(x0) Ax + [ (£,) Ax + F (%) Ax + ... + F(xam1) Ax. (2)

n—1

DTo BHIpaXKEHHE MOXKHO 3amucaTb Kopoue: Sp= 2 f(x)Ax.
k=0

b—a
n

3uak ¥ (rpeueckast GyKBa «CHrMa») O3HAuaeT, UTO BBIYHC/IAETCA
CyMMa OJHOTHNHO 0Gpa3oBaHHHIX uieHOB. JlaBas 6ykBe k 3HaueHHs
0, 1, 2, 3, ..., n— 1, noayunm mneppuiii, BTOPOH, TPETHH H T. A.
(n — 1)-ii ujeHBl paccMaTpHBaeMOH CYMMBL. CymMy (2) HasblBawoT
HHTErpajbHOi CYMMON. ,

Onupasicb Ha HarisifHOe MpejcTaBieHHe (CM. PHC. 264), npen-
nosiaraeM, YTO NpU HEOrPaHHYEHHOM YBeJHUEHHH 4HC/A [eJIeHH i
orpeska [a; b] u cTpemseHMH K HYJIO JUIMHBl Ka)JO0ro M3 HHX
MoWAAb CTYNEeHYaToll (QUrypbl CKOJIb YTOXHO GJIH3KO npubanxaercs
K MJIolafN faHHO# Tpaneuuyu. TeMm caMmbiM NpuHuMaeM Ge3 CTpororo
06ocHOBaHHsl cyllecTBoBaHue mpesena tim Sp.

n-» oo
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Onpeneunenue Hurerpanom dynkuun f(x) or a no b na-
3bIBACTCS MpeAes HHTerpaabHoi cymmbl: lim S,.

n-— oo

b
Hurerpan o6o3nauaercs Tak: Sf (¥)dx — n uutaercs: «HHTerpan
a

OT @ 00 b 3} OT HKC 15 HKC».

B oGosnauenuu HHTerpasna Bce yKasbiBaeT Ha crnoco6 ero 06-
PasoBaHHA. 3HAK HHTErpana HaNOMHHAeT yNNMHEHHYIO JATHHCKYIO
6ykBy S — mepByio GYKBY cJ0Ba summa (cymma). JlaTHHCKOE c/I0BO
integer osHauaer «Bech, ueabifi». [TopbiHTerpasbHoe BbIpa’keHHe
f(x)dx nanomuHaeT BHA KaXIOro OTAEIBHOTO CJaraeMoro f(xe) Ax
HHTerpa/ibHO# CcymMMbl. MHOXHTeNb dx B MaTeMaTHKE Ha3biBAIOT
andpdeperunanom. Hucno a HasblBaeTCsl HUKHUM TIpefe/IoM HHTErpH-
poBaHus, a uHcJ0 b BepxHuMm mpenesioM. Takum o6pasowm,

b
lim S, = {f(x) dx.

Ynpaxcnenus

1. BeludcnuTe miowanb GpUrypbl, orpaHHuYeHHOH JHHHSIMH y=x,
y=0, x=1, npu nomowHu cocraBjeHHs HHTErpajbHOH CyMMBI,
paszesuB otpe3ok [0; 1] Ha n paBHBIX uacTeil.

2. BbluncauTe nuiomanb KpHBOMMHEHHON TpameLHH, OrpaHHYeHHOH
JuHuAMH f(x)=0,5%% y=0, x=1, npH NOMOWH COCTABJEHHS
MHTErpa/bHOH CyMMbl, pasnenuB orpe3ok [0; 1] Ha n paBHBIX yacreil.

§ 98. ®OPMYNA HbFOTOHA — NIEMBHULIA

Hs usnoxenHoro sbime (cm. §97) clelyeT, yto npenesa HHTe-
b

rpajbHBIX CYMM, T. €. Sf(x) dx, LIl HEOTPHILATEbHON H HEenpephIBHOM

a
Ha mpomexyTke [a; b] pynkunun f (x) paBed niowann S cooTBeTCTBY-

b
olled KPUBOJIHHEHHOH Tpaneuun S = Sf(x) dx.

C Apyroit CTOpOHEI, M/IOWlaAb KPHBOJHHEHHOH TPaNeLHd MOXHO
BBIYUCJIHTD MO dopmyse S = F(b) — F (a), rae F(x) — ogna u3 nep-

BOOGpasHbIX A/l f(x) (cM. § 96). CpaBuuBas 3tu nBe (GopMyJibl, M-

Jydaem:
b
§f(x) dx=F (b) —F (a).

OTo paBeHcTBO HasniBaercsi dopmynoit Heiorona—Jleii6uuna. [las
yno6erBa Bhiuuc/ieHHi ¢opmyay Hblotona—Jleli6HuLa 3anHCHIBAIOT
TaK:
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b
( (x) dx=F (x) |.=F (b) — F (a).

2

y
IMMpumep 1. Buuucaure Sx“’dx. al
1
: 2 x3 2 28 18 ~
PemeHnue. gx dx=—§-|1=-§-—_3-_ 3’
_8_ 17 _ol
— 3 3 3
T
T
I[Tpuwmep 2. Boiuucaure S cos x dx.
0
Pewenue. Scosxdx=smx|0 = ,
0 +
=sin—o —sin0=1—0=1. |
’ 5T o7 %
IT p u M e p 3. Boluncaure nJowasnn durypsl,
orpaHuMueHHOH JuHHSMH y=1x°, y=0, x=1,
x=2 (puc. 265). \
4 2
= 3dx=—x— ==
Pemenue. S S]x T Puc. 265

Ynpascrnenus

1. M3o6pasure cxemaTtHueckd (GUIyphl, MIoWanl KOTOPLIX BhIpa-
1

1 2

. 2 4.

JKAIOTCA CJAEAYIOIHMH HHTeTpajaMu: a) Sxdx; 6) S2x dx; B) 0S2x dx;
» 0 1

T

3 T
r) Sx2 dx; n) S sin x dx. Hajigute miomaas KaxXaoH H3 3THX (HTryp.
2 0

2. Ucnonb3ysi rpadpux QYHKUHMH Y= l/l — x?, o6DbsicHHTE, IO-
uemy §V/mdx=-’2‘—.

B ;Illpa}KHeHHHX 3—7 BHHHCJ;HTe HHTerpaJinl:

3. a) ‘Sx“dx; 6) §x3dx.

3

5

cos 2x dx; 6) S sin 2x dx.
0

[ TN WYY

-4, a)
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4 8
5.a) §xVxdx 6) §
1.1 3
6. a) § &; 6) §
=3

xaﬁ dx.

d
X

1
x T

7. a) S («* + 2sinx)dx; 6) S (x® — 3 cos x)dx.
0 0

B ympaxuenusix 8—I1 BbiuncauTe niowanu ¢uryp, OorpaHu-
YEHHBIX JHHHSMH:

8. a) y=—x*4+4, y=0;
6) y=x*—3x, y=0.

9. a) y=e*, x=—1, x=1, y=0;
6) y=2*, x=—1, x=2, y=0.

— M —— _n _2n'
10. a) y=sinx, y=0, X =, x==
T k11
6) y=cosx, y=0, X=—F, x=—.
—_1 — — —0-
11. a) y=_—5* 0, x=2, y=0;

6) y=x—i—l, x=2 x=3, y=0.

§ 99. NPUMEHEHUE MHTEFPANIA K PELLEHUIO
SALAY

Ham usBectHo, uTo npu BBIUHCIEHHH TMJIOWIAAM KPHBOMHHEHHOM
‘ b

Tpaneuuy HeOGXOAMMO BBIYHC/IATH HHTErpaJibl Sf(x)dx. Ho pns
a

BBITHC/IGHHA STOrO MHTerpasna Heo6XoauMmMo 3HaTh (yHKuuO f(x)
H TNpenesibl MHTErPHPOBAHHS @ U b.

Ecnu TpeGyercst BbiuMcauTh mnuowans (burypbl, OrpaHu4eHHOH
HECKOJIbKHMH JIHHMSIMH, TO HaXOAAT KPHBOJIHHEiHble TpaNeLHH,
nepecedyeHne HJIH OGbeHHEHHE KOTOPHIX ecTb [aHHAas (Qurypa,
BLIYHCJSIOT NJIOLAAb KaXXAOH M3 HHUX M HAaXO4AT pPasHOCTb MJH
CyMMY mjowiaged 3THX KPHBOJHHEHHBIX TpalenHi.

3anaua 1. Buuncante maowans GpUrypbl, OrpaHHUYEHHOM JHHHU-
AMH y=x> 1 y= —x + 2.

Peuwenue Hso6pasum cxemaTuuecku rpadukn AaHHBIX PyHKk-
uui (puc. 266). 3ameuaem, uTo HMCKOMasi IJIOWALb €CTb pasHOCTb
nolwaned ABYX KPHUBOMHHEHHbIX Tpaneuuit: S=Sizcp — Sarocn.

W3 pucyHka BHAHO, YTO mpenesbl HHTErPHPOBAHUSI AN OGeHX
Tpamneuuii OfHH U Te Xke, 3TO aGCLHCChl OGLLIMX ToUeK rPadHKOB JaHHBIX
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7 y

2 B y=T+sinx

N / . ; A

\ D
‘% °

Puc. 266 Puc. 267

Nl

¢yukuuit. i HaxoXAeHUS MpPefesJOB HHTErPHPOBAHHS pPelUHM
ypaBHeHHe:
P=—x+2 2+x—2=0, x=—2 n x=1.
Hailinem uckomyio naowanb:

1 1 p | o
S=S (-—x—|—2)dx—S xde=(—7—|—2x)|_2—-§-|_2=
o hal’

=(__;__+2)_(_%-—4)—-—}3————3—=l,5+6——3=4,5.

Orser: 4,5 (KB. en.). i

3apaua 2. Beiydcaure njoiianb (GuUrypbl, orpaHHueHHOH JiH-
HusiMu y =1+ sinx, x=0, y=0, x =2mn.

Pewenue W3 pucynka 267 3ameuyaem, 4TO HCKOMYIO IJIO-
wanb Sosascper MOXKHO BBIUHC/IHTb MPH NMOMOLLIM HHTErpaJa:

2n P
S=S (1 —|—sinx)dx=(x-—cosx)|0 =
0

=(2n —cos2n) — (0 —cos0)=2n — 1 + 1 =2n.

OrtBer: 21t (KB. en.).
l'[onyquHblf'i orser oueBuaeH: purypst ABCA u CDEC cumwmer-
PHUHBl OTHOCHTEIbHO TOYKM C, MO3TOMY OHH paBHOBesNHKH. Hcko-
Mas Mol aAb paBHa miouagu npsimoyronbiika OAEF, navunbl cTOPOH
KoToporo | u 2m.

9\

3apgauya 3. Boluucan- _A[Uml

Te MJollaib (QHryphl, orpa- .l
HUYEHHOH JIMHHAMH Y=  ~732

=cos x,y=0, ecaiu — —;‘g
<x<3 (pue. 268). Puc. 268
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z =
2 ) 7
Pemwenue. S,=S cosxdx=sinx| =

_r 2
2

=sin%—sin(—-—’2‘—)=l—(-—l)=2. S,={ (—cosx)dx=2,

[SEL ] “’l‘;‘f

S=SI+S2.

Orser: 4 (kB. en.).

3anaua 4. Bounciure o6beM Gurypbl, 06pasoBaHHol Bpalile-
HHEM (HTypbl, OrPaHHYEHHON JHHUAMH Yy = V x, y=1, x =4, BOKpYT
ocH abecuucc (puc. 269).

Pewenue. Hckombii o6bem V pasen pasnoctu o6bwemoB V| u
V, nByx ¢uryp, o6pasoBaHHBIX BpalleHHeM KPHBOJMHEHHBIX Tpa-
neuuit ABCK w ABDK: V=V, —V,.

Hs kypca reomerpuu Hu3BecTHa ciepyiouiasi ¢popMmyna Aas BbI-
uHc/IeHHs1 o6beMa (Urypel BpalleHHs

V=n{f(x)dx

[lpumenum 31y Qopmyny K Bbiuucienuio obbema V,. Haiizem

npeaenbl uHTerpuposanusi. M3 ypaBHenusi ¥ x =1 uaxogum x==1,
|OA|=1.

4 ’ 4 4
V1=nS(V x)zdxanxdx=-“2—”2| =n(8—-%)=7,5n.
1 1 1

durypa, ofpasoBannasi BpawienueM npsiMoyrosibHuka ABDK,
€CTb UHJAMHAP, HO03TOMY V,=nR?H, rne R=|AB|=1, H=
=|AK|=4—1=3,Vy=n.1%.3=3n, V=V,—V, V=750—
— 3n=4,5m.

Oter: V=4,5n (ky6. ci.).

3amaua 5 Haijjurre uyrn, upoiijienusli Toukoil 3a npomexy-
TOK BpeMeHH OT [==() jio [==D, ¢cliH CKOPOCTb TOYKH MEHSETCS IO
3aKOHY

0 (l)=31% 4 2 + 1.

P e w e nue. ITyTe, npoiiscnnntit TOukoil 3a NpOMEXKYTOK BpeMEHH
or 0 no 5, ectb

s(5) — 5(0) = §v(t)dt== §(3t2 + 2+ 1)dt =

5
=+ 12+1)| =125+ 25+ 5=155.
0

yl - y
¢ I7X ﬁ

y=x2
! pf—~& c
0

/ 0 D X
Puc. 269 Puc. 270

Ynpaxcnenusn

1. Beiuncaure nuowasb GUrypel, orpaHHueHHoli mnapa6oJioi
y=x* u npamoil y = —x.
2. Boruvcaurte muowmianb ¢Urypel, orpaHuYeHHOH OcCbio abcuuce
x+1, ecan x <0,
H rpadpukom (pyHKUHH y={ —x®41, ecou x> 0.
3. Boluncante nmiowanb ¢urypsl, orpaHHueHHoH mapa6osioi
= —x?>42x + 3, npsamoii y=4x u ocblo abcuucc, x = 0.
4. JlokaxuTte, uyTo nuaouianb napa6osnuueckoro cermeira BOCKB
(puc. 270) paBHa AByM TpeTsiM MJowanu npsmoyroabHuka ABCD.
5. Boiyucaute miowmianb  (QUrypbl, OrpaHHYEHHOH JIMHHAMH
y=2x3 y=28, x=0. :
6. Boluncaute nuowaab  (GuUrypel, OrpaHH4eHHOH JIMHUSIMH

y=cos x, y=0,5, rae ——2“—<x<%.

7. Teno gBuxercsi co ckopoctbio v = (6¢f + 2) (B M/c). Haitnure
IJIHHY NYTH, npoiaeHHoro tesiom 3a 10 ¢ oT Hayana ABHXKEHHS.

8. Teso nBHXKeTCS NPSMOJHHEHHO ¢ yckopenueM a == (3f% - 2)
(B M/c?). HaiiauTe 3aKOH IBHXKEHHS Tesa, ecd B MOMeHT f=1 ¢
CKOpoCcTb v =3 —CM— M myTh S =05 M.

9. Boruncnure o6bem ¢urypbl, 06pa3oBaHHOl BpalleHHEM KPHBO-

. o o 4
.JIMHeHHOH TpamnelHH, orpaHHuYeHHOR Ayro# rumnep6oJbl y=—-, nps-

MbIMH ¥ =1, x =14 u ocblo abcuucc, BOKPYr ocu abciuce.

10. Boiuvcaure miomans (GUrypbl, OrpaHHYeHHOH JIHHHSIMH Y ==
=Inx, y=0, x=e.

11. Boiuucaure nuouiaab (GHUrypel, orpaHHYeHHOH runepGooi

2
Yy =—, ocbio abcuuce H MpsMbIMH x =1, x =25.
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§ 100. MOBTOPEHME

1. Hanuiuure MHOXeCTBO BCeX MepBOOGPa3HbIX A (QYHKLHA:
a) f(x)=8x—3; 6) f(x)=%x2+l; B) f(x)=2cos x.

2. Kakne u3 yHKumii F(x)=xcosx, Fy(x)=sin’x, Fy(x)=
=7 —cos’x, F,(x)=>5cos’x, Fs(x)=11— %cos 2x sBJSIOTCHA

nepBoo6pasHbiMu A58 QyHKUMH f(x) == sin 2x?

3. Insi dyukuun f(x)=6x* — 2x + 5 nafizute nmepBOOGpPasHyio
F (x), ecau usBectHo, uto F(—2)= —20. }

4. Boruuciute muomanb S(x) GUrypel, OrpaHHYEHHOH OCbIO aﬁg-
uucc, npsmMoil f(x)=2x -4 3 u OpAMHATAMH TOYEK 3TOH npAMOH,
a6eiucce KoTophix paBHel 0 u x > 0. Haiigure mpoussonnyio S’ (x).

5. Brlukciaute HHTErpaJbl:

5
dx .
a) §3dx, 6) le—V;',
7 ;
B) §3sinxdx; r) {27 ax;
0 1
7 .
1) OS V1 — cos 2xdx; e) §2 sin%cos—;—dx;
3 4. %
32 —T7 . (x dx:
xK) §—————x2 dx; 3) § 7

. .9
sin 2x — 3 sin de;

H) sin x

n
3
K) S (cosz—;—- — sin"’%) dx;
T
%

wlaemv|a

2—§—n

) Sl (sin (x —I——g—) + sin (x — -g-)) dx.
2?1\‘.

6. IToassysicb ¢opmysoit Hplorona—Jled6uuia, noKaxKHTe cie-
LyIOlL{e OCHOBHblE CBOHCTBA MHTerpaja:

a) §f(x)dx=0;

) §1x)dx——§fwax
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B) §kf(x)dx=k§f(x)dx;
r) §¢ )+ @) de=§f(x)dx + §o () dx;

1) ecan a<<c<<b, 10 §f(x)dx+§f(x)dx=§f(x)dx.

7. C noMolIbI0 HHTerpaja BBIYHCJIHTE IJIOIAAb TPEYroJbHHKA,
OrPaHHYEHHOro NpsiMbiMH Yy — 2x — 6 =0, y=0, x=1. [TposepsbTe
OTBET BBIYMC/JEHHEM IUIOILAAH TPEYroJbHHKA MO (hOpMYJe, H3BECTHOM
H3 Kypca reoOMeTpuH.

8. C nomompbio HHTerpajsa BbLIYHCJHTE MJIOWAAb TPANeLHH, Or-
PaHHYeHHOH npsiMbiMH y=x+2, x=1, x=3, y=0. INposepsTe
OTBET BHIYMC/IEHHEM 10 ¢opMmyse, H3BECTHOH M3 Kypca reOMeTpHH.

9. Bbluncaute muomanb GHryphl, OrpaHd4eHHodl mnapa6osoi

y=(x+1)* u npavMbiMu x = —4, y=0.
10. Briuncaure miomanb napaGoJHyYecKOro CermMeHTa, orce-
KaeMoro ot mapa6osisl y = x? — 4x ocblo aGciuce.
11. Boluncaure nuomaznb (QHUCYpbl, OrpaHMYEHHOH JIHHHSMH
y=3", x=0, x=1log,;5, y=0.
12. Hadinure, npu kakux 3HaueHusix k miomwapgb Guryphl, orpa-
HUYeHHOH mapaGonoit f(x)=x>+42kx+4 M npAMBIMH x = —2,
2
x=2, y=0, MOXHO BBIYHCJIHTb 110 (hopmyJe S f (x)dx. Bri6epure
—2
OHO H3 HaHIEHHbIX 3HAYeHHH K M BBHIYHC/IHTE YKa3aHHBIH MHTErpaJ.
13. Boiuncaure maomanb GUrypbl, OrpaHMYeHHOH JIHHHSIMH
Yy=cosx, y=-cosx -+ 2, x=—-%-, x=%.
14. Bplubcaute mniomanb (GHFYpbl, OrpaHHYEHHOH JIMHHSMH
y=Vx uy=xt
15. Beuucante o6beM KOHyca, IOJY4eHHOrO BpallleHHEM Tpe-
yrolbHHKa, OrpaHHYeHHOro NpsMbIMH y=3x, y =0, x =2, BOKpyr
ocH abcuucc ABYMsi cnoco6aMu: a) ¢ NOMOILbIO WHTerpasa; 6) mno
M3BECTHOH M3 Kypca reomerpuHH ¢opmyne o6bema KOHyca.
16. Hajinute, npu KakoM 3HaueHWM mNapamMerpa m MJOLLALb

Gurypol, OrpaHHYEHHOH JIMHHSIMH Y = L, ox= e, x=m (m>e),
y=20, paBHa 2. *
17. Ilpu kakom 3HaueHuH mapamerpa d >0 miomanb GHrypsI,
OrpaHH4YeHHOH JHHUAMH y=3*, x=0, y=0, x=d, paBHa ﬁ ?
18. Ilpu kakom 3nauenun napamerpa k>0 miomwams ¢Uryps,
OrpaHHYEHHOH JINHHSIMH Y = COS 12‘- O<*x<<n), x=0,y=0, x=~¢,
paBHa 1?
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y‘ 19. BolukcauTe miaouiaib q)Hprbl, orpa-
-F00 / HHYEHHOH  rpadukamu  QyHKUME Y=

|1 =@+ DE@—x), y=x+1.
/ 20. Boluucaute naowanb ¢Urypel, orpa-
b HHueHHOH Ha oTpesKe [T’;- %] rpacdHKaMH
QyHkuui y =sin2x, y=1— sin 2x.

/\& / 21*, Haiizute MHOXKeCTBO NepBooGpas-
1

HbIX A5l pyHKuuH f(x)=

(=]
x

Y=p(x) :v(x 1y :
Puc. 271 22*, Haiinute MHOXECTBO BCeX MNeEpBO-
06pasHbIX AJs1 (YHKLUH:
a) f(x)=lxl; 6) f(x)=lx—11.

23. BoluucauTte HHTErpaJbl:

n 2n
a) S sin? x dx; 6) S cos?2x dx;
0

—%
kL

4
B) Ssin 3x — 2 )dx; r) S
5 ( 4) l/3+—

24*. BbluucanTe miomanb GHIYpBI, orpaﬂnqemxoﬁ OCSIMH KOOp-

AMHAT H JUHHEH Yy =2 — -i—-x‘*.
25. JloKaxuTe, 4TO MJOWIAAb (DUIYpbl, OTPAHHYEHHOH JIHHUSMH

y=fx), y=o¢(x), x=a, x=>b, rae [(x)>¢(x), pasna

§(f(x)— ¢ (x))dx (puc. 271).

26*. Bbmuc.nwre njaouianb (GHrypbl, OrpaHHYeHHOH JIMHHSIMH

y=—x*+2, y=x.
27*%. BolyucauTe miomiagb (UTYpHl, OrpaHHYEHHOH JIMHHAMH:

a) y=-sin?3x 43, y=sin?3x, x=1, x=3;
6) y=sin?2x, y= — cos?2x, x=—1, x=2.

28*. Haiignte Ttakue uucia A u B, utoObl ¢yHKuHs BHAA
f(x)=Asinnx + B ypnoBnerBopsia  YCJIOBHAM: F()=2 =

2
S f(x)dx=4.
0
29*, Haiigure, npH Kakux 3HaueHHsXx a >0 BHIOJHsETCA Hepa-
Bencteo §(4* —27)dx >0

0
30*. Ilpn kakoM 3HaueHHH napamerpa a >0 miowanb ¢GHrypH,
OrpaHHYEHHOH JIHHHAMH X =a, y= 2%, y=4", Goabiie J1u60 paBHA
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niowans ¢GHrypbl, OrpaHHYEHHOH JIHHHSMH y=2% y=0, x=0,
x=a?
a
31*. Haiinure Bce uncia a > 0, 1J1s1 KOTOPBIX S(2 — 4x + 3xN)dx<<
0

<a.

32%, I'I.nomanb KPUBOJIMHEHHOH TpamneuuH, OrpaHM4eHHOH JH-
HusIMH y=1x"+4x 4+ C, rne C>0, x=0, x =2, y=0, paBHa 12.
Haiigure snauenne C.

§ 101. SAAAHMUA AN CAMOMPOBEPKU
1. lokaxwure, uto pyHkuus F(x)=2 l/jc——-%+ 3 ecTb mepso-
X

ob6pa3Has Mg (GYHKUHH f(x)—L+-2— Ha mnpomexyrtke ]0; oo[.

2. Juast dyukumu f(x)=2sinx Haunme nepsoobpasHyio, rpaguk
KOTOpO# NPOXOAHT yepe3 TOuKy (m; 0).
3. Haiizute MHOXKeCTBO mepBoo6pa3HbIX (pym(um‘i:

a) f(x)=—3x"4+7, 6) e(x)=3sinZ; B) g(x)=e 2"
4. BblunciuTe miowanu GHUryp, OrpaHHueHHBIX JHHHSAMH:

a) y=cosx, x=—2 x=2_ y=0;
) y , X 3 X=5,y=0;

6) y=¢€*, y=0, x=0, x=2;
B) y= ﬁ, x=4, x=9, y=2.

5. BbluncsuTe HHTErpaJbl:

; 2 1
S sin2xdx; 6) Sxal/—;dx; B) Se""" dx.
0 1 0



Fnasa X.

PELLIEHWE YPABHEHUH,
CUCTEM YPABHEHMA
M HEPABEHCTB

§ 102. MOHATUE O PABHOCWMIJIbHbBIX
YPABHEHMAX

Kak H3BecTHO, ypaBHeHHeM C OJHOH Tepe-
MEHHOH Ha3blBaloT paBeHCTBO f(x¥) = @(x) ABYX (yHKUHUH, MO OTHO-
LIEHHIO K KOTOPOMY CTABHTCSl 3ajadya HaXOXJeHHd 3HauyeHH# nepe-
MEHHOM, o6pallalolliiX ero B BEDHOE YHCJIOBOE PaBEHCTBO.

Yucao xo HasbiBaeTcsi KOpHeM YypaBHeHusi f(x) = ¢(x), ecnw,
BO-TIEPBBIX, 3TO YHMCJO INPHHANJIEXKHT KakK 06JacTH oOnpejeseHHs
dyukuuu f(x), Tak u obiactu ompenenenuss ¢ynkuuu @(x) H, BO-
BTOPBIX, 3HaUEHHs 3THX (QYHKUMA B TOUKE Xo COBIAJAIOT.

Hanpumep, uncio 2 He sABJsETCS  KOPHEM  YPaBHEHHs

x —2)(x+ 3
(———)(—+2= 2x + 1, Tak Kak 3TO YHCJIO He MPHHANJIEKHUT ob6aactu

*-2 (=90 +3)
onpenenenust GpyHkuuu f(x)= —
ypaBHEHHST; UHCJIO 5 He SIBJISIETCS KOPHEM ypaBHeHus X + 1 = 2x — 1,
TaK Kak 3HaueHusi pyHKUHUH, CTOSILIMX B JIEBOH M MPaBOH ero yacrsx,
npu x =95 He paBHbLI:

fG)=5+1=6 ¢(6)=2-5—1=9; f(5)+ ¢(5)
yuc/a0 5 ABJAETCA KOPHEM YpaBHEHHS | X | = x, Tak Kak, BO-NEPBbIX,
5TO YMCJIO MPHHAMJIEKHUT 00JaCTH ONpeneNeHHst KaK PyHKuuH f(x) =
= | x|, Tak u pyHKuHH @ (x)= X, BO-BTOPHIX, f(5) = ¢ ().

Bbl yxe yMmeeTe pelaTh MHOTHE BHJbI ypaBHeHHH — aJjreGpau-
yeckHe, TPHUrOHOMETDHYECKHE, [OKa3aTe/bHble, JOrapu(pMHUECKHe.

PemuTh ypaBHEHHe — 3TO 3HAYHMT HAaHTH BCE €ro KOPHH HJH J0-
KasaTh, YTO HX HE€ CYLIECTBYET.

MHo02KecTBO KODHEH ypaBHEHHS] 3aBHCHT OT TOTO, HA KAKOM YHCJI0-
BOM MHOXeCTBe paccMmaTpuBaercsl JaHHoe ypasHenue. Hanpumep,
ypaBHenue (x — 2)(x* —3)=0 Ha MHOXeCTBe pPalHOHaJbHBIX
yuces MMeeT TOJbKO OJHH KOpeHb X =2; 3TO Xe YypaBHEHHe Ha
MHOXKECTBE HEHCTBHTE/NbHbIX UMCEN HMeeT TPH KOpHA: X1 =2;

, CTOsIlel B JIeBOH 4aCTH

xo= ¥3 ; x3= — V3 . Ilosromy ec.iu mocraBjeHa 3ajaya pelIuTb
ypaBHeHHe, TO JOJKHO GHITh YKa3aHO MHOXECTBO, Ha KOTOPOM OHO
peluaercs. :

B moco6uu, ecau paccmaTtpuBaemMoe 4HCJI0BOE MHOX>KECTBO HE€
yKa3aHo, umMmeercss B BHIY, YTO ypaBHeHHE HeoOX0AUuMO peLUInTb
Ha MHOXECTBe JeHCTBUTE/bHBIX YHCEeJ.
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Ilpu peuwreHuH ypaBHeHHSl HaJ HUM NPOHM3BOAAT Pa3jMUHbIE Tpe-
06pa3oBaHus: PACKPHIBAIOT CKOGKH, IEPEHOCAT YJIeHbl H3 OIXHOH YacTH
B JpPYrylo, NPHBOAAT MOJOOGHBIE UJIEHBI H IP.

B mpouecce 3THX NmpeoOpa3sOBaHHi NaHHOE ypaBHEHHE MOCJENO-
BaTeNbHO 3aMEHsieTCs JPYTHMH YypaBHEHHsIMH [0 TeX IIOp, MOKa
He TMpUAEM K ypaBHEHHIO, pemaTh KoTopoe Mbl ymeeM. IIpu Bhinosue-
HHH Takux npeo6pa3oBaHMH MoJyyaeTcs LeNOYKa YpaBHEHHH, B
KOTOPOH Kax[0e HOBOE ypaBHEHHe MOKeT GbiTb, @ MOXKET U He GBITb
PaBHOCHJIBHO NpeAbIAyIIeMY.

HanomuuM, uto [ABa ypaBHeHHS HA3bIBAIOT PaBHOCHJIbHBIMH,
ec/lM MHOXeCTBa KOpHe#l 3THX ypaBHeHHH cosmnagamoT. Koraa B
npollecce pelleHusi ypaBHEHHs Mbl yBEpPEeHbl, UTO IIPOH3BOAUMbBIE
npeo6pa3oBaHusl He HapylIalOT PABHOCHJIbHOCTH KaXA0ro U3 ypas-
HEHHH LEeNOUKH, MHOXKECTBO peIlleHHH MOCJefHero ypaBHeHHs Oyaer
MHOXKECTBOM pelneHdil naHHoro ypaBHeHus. [losTomy B 3TOM Cilyuae
NpoBepKa KOpHell ypaBHeHHsT He o0s3aTe/bHa.

OfHakKo MOXKET CJIY4YHTbCSI, UTO MNpeoGpa3oBaHHA HapylWaloT
paBHOCHJILHOCTh ypaBHeHHH. B 3ToM ciayuae Hac MOryT moicrepe-
rath JiBe ONaCHOCTH: MBI MOXKEM «IIOTEPSITb» KOPHH HJIH «IPHOGPECTH»
[OCTOPOHHHE KOpHHU. PaccMOTpuM mpuMepsl.

[Tpumep 1. Pewure ypaBHenue x2——x—=2x——7 (1).
PeweHue. IlepeHecem Bce ujeHbl ypaBHEHHSI B €ro JIEBYIO
yacTb. [Tonyuum ypasnenne x* — % — 2x + —ch- = 0 (2). BrinonHen-

HOe TNpeo6pasoBaHHE He HapyllaeT PaBHOCHJIbHOCTH YPaBHEHHH.
Tenepb mnpHBeJeM NOAOGHBIE ujeHbl, noayuum: x° — 2x =0 (3),
x(x — 2)=0(4); x1 =0, xo = 2. B npouecce npusefeHus MOJL0OHbIX
usieHoB (npu nepexofe oT (2) kK (3)) Obuia HapylleHa PaBHOCHIbHOCTh
ypaBHeHuii. B pesysabrate npHoGpeTeH IOCTOPOHHHHA KopeHb x =0,
KOTOpbI#l He SIBJISIETCS] pelleHHeM HMCXOJHOrO ypaBHEHHsl, TaK Kak

B HEro BXOJHUT BbIpazxKeHue -;1‘—, TepsALIee CMBICT NPH X = 0; mo3TOMY

x # 0.

OrBeT: 2.

PaccMOTpeHHBIH MpHMED IOKa3blBaeT, YTO €CJIM B IIPOLECCE pe-
[I€HHsS] ypaBHEHHSI MOTYT ObITb NPHOGPETEHBl NMOCTOPOHHHE KOPHH,
TO HX MOXHO BBISIBHTb IIPOBEPKOH.

Ipumep 2. Peuwnre ypaBHenue x*> = 2x.

Pemenune x> —2x=0, x(x —2)=0.

Orser: 0; 2.

Ecnu 6bl MBI paspenuid ob6e yacTH [AHHOIO YpPaBHEHHsl Ha X,
TO mojsiyuusu Gbl OZMH KOpeHb x = 2. OgHaKoO JejleHHe Ha x 06eHx
yacreil ypaBHEHHS HAPYIIAET €ro paBHOCHJIBHOCTb, Mbl B 3TOM cJyyae
TepsieM KopeHb x = 0. BHIMoJHATbL HaJ, ypaBHeHHeM Npeobpas3oBaHHs,
NpHUBOAALLME K TOTepe KOpHel, Heab3sl.

M3 paccmMoTpeHHBIX NpPHMEPOB MOXHO CAeJaTb BBIBOA: B MpO-
Iecce pelleHHH ypaBHEHHH HajJ HHMH MOXHO BBHINOJHATbL TOJbKO
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TakKHe npeo6pasoBaHHsl, KOTOPHIE He HApYIIAIOT PaBHOCH/IBHOCTH
WJIH HapylaloT ee, NPHBOAS K MPHOGDETEHHIO MOCTOPOHHHUX KOPHEil.
B nocneanem ciyuae nmocTOPOHHHE KODHH JOJIKHBI GbITb BBISIBJIEHDI
(myrem nposepku) u or6poiieHbl. Beimosnenne npeoGpasoBanuil,
NPpHBOASILIMX K IOTEPE KOpHeH, Heaomyctumo. Peiasi, Hanpumep,
ypaBHenue Buaa f(x) - g(x)=q@(x) - g(x) (1), Mol He uMeem npaBa
AeJIHTb 06e ero 4acTv Ha g (X), Tak Kak Takoe Npeo6pa3oBaHHe MOXeT
NpUBECTH K rnoTtepe KopHed. Heob6xonumo mepenectH Bce ujeHbl
ypaBHeHHs B OAHY ero uacth: f(x)g(x) — @(x) - g(x)=0 (2),
pasJoXHTb  JEBYIO yacTb ypaBHeHHs Ha MHOXHTEH
g(x)(f(x) — @(x))=0 (3), npupaBHATb KaXIblii H3 MHOXKHTeJell
g[8 () =0,

Hymo. ITosyduM COBOKYMHOCTb ypaBHEHHH [ FO)—o(x)=0 4).
Pewaem kaxpoe u3 HuX. MHOXeCTBO KOpHell JHaHHOroO ypaBHEHHUS
€cTb 00beIHHEHHE KOPHel KaX/I0ro H3 ypaBHEHHil COBOKYMHOCTH (4).

ITosicium Tenepb Ha mnpuMepe, B KaKOM cJyuyae MOryT GbITh
npHoGpeTeHbl OCTOPOHHHE KOPHH ypaBHeHHs f(x) = g(x). Benaem
HOBOE TOHfITHE: 006J1aCTbI0 [OMYCTHMbIX 3HAUYEHHHl I[epeMeHHOM
(cokpawenno OJI3) ypaBueHus f(x) = g(x) 6ymem Ha3bBaThb Ie-
peceuenne (oOliyl0 4acTb) oGnacTell onpeneseHusi GyHKuuit f(x)
H @ (x).

Mpumep 3. Pemure ypapuenne yx =6 — x. 1

Pewenue. OGosnaunm f(x)= yx , e(x)=6—x. D(f)=
= [0; o[, D(¢) =]—o0; oof, OMI3: [0; eo[N]—c0; oo[ = [0; oof.
Pewnm Temeph npuBeseHHOoe ypaBHeHue. Bossemem o6e ero uacTu
B KBajapar, noayuum: x = 36 — 12x + x* (2). 3ameuaem, uro OJI3
ypaBHenus1 (2) wupe OJI3 ucxoanoro ypaBHeHus. O[13 ypaBHeHus
(2) — mHOXecTBO Bcex JefCTBHTENbHbIX 4YHces. [Ipeo6pasoBaHue,
B pesysabrate Koroporo OJ13 nosyueHHoro ypasHeHusi wupe OJ13
HCXOLHOTO YpaBHEHHMs], MOXKET IPUBECTH K MIPHOGPETEHUIO MOCTOPOHHUX
KopHei. BrinosHeHHe Takoi omepauuH AOMYCTHMO, ONHAKO HEO6XOMH-
MO npoBepuTb KOpHH. IIpomo/KuM pellieHHe NAHHOrO ypaBHEHHSA:

¥ — 13%+36=0, x—13% V69— 144 _ 18+5
T 2 Pt T
x=9 u x =4,
Mposepka: 1) Y9 ==6 — 9; X =9 — MOCTOPOHHHIH KOpEHbD.

2) Y4 =6 — 4.

Orser: 4.

Cdopmyaupyem Temepb Ge3 10Ka3aTeNbCTBA HEKOTOPLIE BakKHbie
npHeMbl pelLleHHs] ypaBHEHHH.

1. TlepeHoc cnaraeMoro M3 OXHOH 4acTH ypaBHEHHUSI B APYTyio
BCerja NpPHUBOAHT K yPaBHEHHIO, PABHOCHU/JBHOMY JaHHOMY.

2. TlpuGaBsienne K oGeuM uyacTsM ypaBHeHusi f(x)= ¢(x) BbI-
paxenus g(x) npuBoauT K ypaBHeHuo f(x) + g(x) = ¢ (x) + g (x),
PaBHOCH/IbHOMY [aHHOMY, ecj¥ 06JacTh ONpeleseHHs] BbIpakeHHS
g (x) conepxut B ce6e OJI3 naHHOro ypaBHeHHS.
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3. IpuBenenne nogoGHBIX UIEHOB MOXET NMPHBECTH JUOO K ypas-
HEHHIO, PABHOCUJIbHOMY [aHHOMY, JHG0 K YypaBHEHHIO, cCojepxka-
1IeMy MOCTOPOHHHE KODHH.

[Ipumep 4. Peuure ypaBHenHe 2% + x2=3x — 1 + x%

Pemenue., 2x+4x*—3x—x=—1, —x=—1, x=1.
lpusenenue nmoaoGHBIX uneHOB x> M —x° NPHBENO K yPaBHEHHIO,
PaBHOCHJILHOMY JlaHHOMY.

Orer: 1.
[Tpumep 5 Pewnre ypaBHenue 2x + yx =3x+ 14 yx.
Pemenue, 2x+ yYx —3x— ¢yx =1, —x=1, x=—1.

TpuBeenHe MOLOGHBIX YieHOB VX H — Y/X NpHBeJO K ypaBHEHHIO,
O13 koroporo wupe OJ13 ucxonHoro ypaBHenus. OJ13 ucxomHoro
ypaBHeHus1 — npomexyTok [0; oo[, a O[I3 ypaBHeHHS, NOJYICHHOrO
nocje MnpuBedeHHs] MOJOGHBIX UJIEHOB,— MHOXECTBO BCeX MHeHCTBH-
TeJbHbIX uHcesa. B 3ToM ciyvyae BO3MOXKHO npHoGpeTeHHe NOCTOPOH-
HUX KopHell. IlpoBepka HCXOZHOTO ypaBHEHHSI SIBJISIETCS OpraHHye-
CKOH 4acThlO peLIeHHs.

IMposepka: 2 - (—1)+ Y —1 — He HMeeT cMBIC1a Ha MHOXe-
CcTBe [EHCTBHTEJNbHbIX uYHcesJ. Uucio —1 — MOCTOPOHHHUH KOpeHb.
JlaHHoe ypaBHeHHe pellleHHH He HMeeT.

4. YMHOXKeHHe oOeuX uacTell ypaBHeHUs Ha BblpaxkKeHue, 06J1acTb
onpeneneHuss Koroporo comep:kur O3 naHHOro ypaBHEHHS, INpH-
BOOHUT JIHOO K ypaBHEHHIO, PaBHOCHIbHOMY HAHHOMY, JHOO K ypaB-
HEHHIO, colepkKalleMy NMOCTOPOHHHE KOPHH.

2 — 2x
——T=*+ 3.

PemeHnue. YMHOXKHM 06e 4acTH ypaBHEHHSI Ha BblpaXeHHe
x — 1. O6aactb onpejesieHHs 3TOrO BblpaxK€HHS1 — MHOXECTBO Jei-
CTBHTEJbHbIX uHcea — cofepXkuT OJ13 naHHoro ypaBHeHus (x == 1).
IToaTomy 3TO mMpeoGpa3oBaHHe HE MOXKET NMPHUBECTH K MOTepe KOpHel,
a MOXeT NpPHUBECTH JIHIIb K NPHOGPETEHHIO MOCTOPOHHHX KOpHed.
IMoayunm:

2—2x=(x+3)(x—1), —2x—D=x+3)(x—1),
x—1Dx+34+2)=0,(x—1)x+5=0,

ITpumep 6. Pewnre ypaBHeHHe

=1 uau x = —5.
ITpoBepka: 1) x =1 — nmocTopoHHUH KOpeHb, TAK KaK NpH x=1
BbIpaK eHHe 2:2;‘ TepsieT CMBbICI.
2) g___—i'__(—?@= —2, -5+ 3= —2, x= —5 — KopeHb JaHHOTO
ypaBHeHHsI.
OrBer: —5.

YMHOXKeHHe 00eHX yacTell ypaBHEHHsI Ha BbipaKeHHe, coaepiKa-
llee IepeMeHHYIO, MOXeT NPHBECTH H K NoTepe KOpHell, eciu 06JacTb
onpejesieHHsT 3TOro BblpaxeHuss He copepxkut OJI3 manHOro ypas-
HeHusl. BelmosiHeHHe Takoro mpeo6pasoBaHus Hejponyctumo. Hampu-
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mep, o6e yactu ypaBHeHH 2(x — 1)=x(x — 1) He/Ib351 YMHOXHTH
Ha BBIPAXEHHE — !

1’ Tak Kak 06J1acTb onpenesieHuss BbIpaXKeHHs

=1 MHO>X€eCTBO JeHCTBHTENbHBIX YHCeJl, OTJHYHBIX OT €JAHHHIHI,

He conepXHT OJ13 naHHOrO ypaBHEHHS — MHOXECTBA BCeX JefCTBH-
Te/bHbIX unces. [Ipumenenne sToro npeo6pasoBaHus B HalueM NpUMe-
pe nmpuBeso Gbl K moTepe KOpHS x=1.

5. Bossenenne o6eux yacTeil ypaBHeHHS B ONHY M Ty Xe HaTy-
panbHYIO CTeleHb MOXET NPHBECTH JHG0 K yPaBHEHHIO, PABHOCHJb-
HOMY [aHHOMY, JHGO K ypaBHEHHIO, COAepXKalleMy I[OCTOPOHHHE
KODHH.

[Tepexon ot ypasuenus f(x)=¢(x) (1) k ypaBHenuwo (f(x))"=
= (9(x))" (2), rae n — HaTypaJbHOE YHCJIO, AOMYCTHMO, HO NIPHMEHe-
HHE TAKOro MNpeo6pa3soBaHHsi MOXET NPHBECTH K IMPHOGPETeHHIO
MOCTOPOHHHX KOpDHeH, MO3TOMY HpoBepka o6si3aTejbHa. Bossenenue
oGeux yacre# ypaBHeHHsl B HaTypaJsibHYIO CTeNeHb 4acTO NPHMeHseTCs
NPH pellieHHH HPPAaLHOHAJNbHBEIX YpaBHEHHH.

6. ITepexon or ypaBHeHus f;(x)-fo(x)- ... fa(x)=0 (1) x

COBOKYMHOCTH YpaBHEeHHI fi(x)=0,
f2(x)=0, (2)
fa(x)=0

ponyctuM: 1) MHOXKeCTBO KOpHeH COBOKymHOCTH (2) coBmnajaer
C MHOXECTBOM KOpHe# ypaBHeHusi (1), ecqu Bce 3TH KOpHM NpHHA-
jgexat OJI3 maHHOro ypaBHeHHS; 2) MHOXECTBO KOPHeH JaHHOro
ypaBHeHHs €CTb IMOJMHOXECTBO KOpDHeH COBOKYMHOCTH (2), eciH
HEKOTOpble U3 KOpPHeH COBOKYNHOCTH He npuHamiexat O3 pauuo-
ro ypaBHeHusi. [TlosromMy nepexox or ypaBHenusi (1) K COBOKyNMHOCTH
(2) ypaBHeHMii He MOXeT NMPHBECTH K NOTepe KOpHeH.
"M pumep 7. Pewnre ypasnenue (x2 —4). yYx —1=0.
Pewenune. OA3 nanHoro ypaBHeuus: x > 1.

¥’ —4=0, x =2,
Vx—1=0; Xp=—2,
x3 = 1.
3aMeTHM, YTO KOpeHb X, = —2 He npuHaanexut OJI3 naHHOro
ypaBHEHHS.
Ortser: 1; 2.

ITpumep 8 Pewnre ypaBHeHue

2 (x—1) Y(2—x)(x+4)(x—5) - log,(x —3)=0.
Pemenne. Ilepeiinem OT LaHHOTO ypaBHEHHS K COBOKYNHOCTH
ypaBHeHHH:

2¥ =,

x—1=0,

V(2 —x)(x+4)(x —5)=0,
]0g2 (x - 3)=0'.
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Kak 6bl10 CKa3aHO BhIIe, TAKOH NMepexoj JIOMyCTHM, OH He NMPHBOJHUT
K notepe KopHeii. Temepp pellaeM Ka)kJ0oe ypaBHEHHE NAHHOH CO-
BOKYMHOCTH OT[eJNbHO, HaxoAHM OGDbeAMHEHHE 3THX pelleHHd H C
MOMOIbI0O TNPOBEpPKH OTGpachiBaeM MOCTOPOHHHE KOPHH, KOTOpble
MOrYT GBITb NPHOGPETeHbl B MPOLECCE PeleHHs] YPaBHEHHH.

YpaBuenne 2°=0 KopHeli He umeeT, Tak Kak 2*>0 npu x€R.
x—1=0, x,=1;

V@—0(x+4)x—5)=0 2—x)(x+4)(x—5)=0,

x2=2, X3=-—-4, x4=5;

loge(x —3)=0, x—3=1, x;=4.

Mposepka: 1) xi=1; 2' - (1 —=1)- Y@ — D1 +4) (1 —5) X
X loga (1 — 3) He HMeeT cMbIcja MO OJHOH H3 ABYX NMPHYHH: BO-Mep-
BbIX, JIOrapu(GM OTPHLATEJIbHOTO YHCJA He CYIIEeCTBYET, BO-BTOPBIX,
KBaJipaTHBIH KOPEHb H3 OTPHLATENbHOrO UuHMC/Ia TakKxke He Cy-
1LeCTBYET, CJeJ0BaTebHO, X = | — KOpeHb IOCTOPOHHHH.

2) x=2; 222 —1DV(2—-2)(2+4)(2—5)-log2(2—3) ne
MMeeT cMbicia, Tak Kak logs(—1) He cyuecTByer.

3) x=—4;27" (—4—1)- Y@= (=D (—4 + H(—1 -5 X
X logs (—4 — 3) He umeer cMbicaIa, TaK Kak loga(—7) He eyiiecTByerT.

4) x4=5; 2.6 —1)V(2—56+4)(5—5)log2(56 —2)=
=0, x=>5 — KOopeHb JNAaHHOTO YpaBHEHHS.

5) xs=4; 2*-(4—1)- V@ —4) (@A +4)(4—5)-loga(4—3)=
=0, x =4 — KOpeHb JaHHOIO ypaBHEHHS.

OrTBerT: 4; 5.

Mbu1 paccmorpenu 6Ge3 [0Ka3aTeqbCTB HEKOTOpHIE NpaBHJa Ipe-
o6pa3oBaHisl YpaBHEHHH M NPOMJVIIOCTPHPOBAJIH HMX Ha INpHMepax.
Eule pas mnomuepkHeM, YTO HeJIONYCTHMBI TakKHe NpeoOpa3oBaHHS
ypaBHEHHi, KOTOpble NPHBOAAT K NoTepe ero KopHeid. HauGosee
pacnpocTpaHeHHOH OWHGKOH, MPHBOAsILIEH K MoTepe KOpHEH, siBJjsi-
eTca JeseHHe obeux uacTedl ypaBHEHHS] Ha BblpaXieHHe, COAepKalllee
nepeMeHHYIO.

Ynpascrenun

1. Chopmyaupyiite ompeiesnenne ypaBHeHus. UTo 3HAUuT pe-
LIUTh ypaBHEHHe?

2. Kakue ypaBHeHHS] HA3bIBAIOT PaBHOCH/IbHBIMH?

3. Pacckaxure o mnpasuiax npeoOpasoBanuil ypabHeHui. Ka-
KHe M3 HHUX JOMYCTHMBI?

4., B Kakux caydasix TIpH pelUIeHHH YPaBHEHHH BO3MOXHO
nosBJEHHE IOCTOPOHHHX KOpHeH? IIpuBennte mpuUMepHl.

5. B Kkakux cayyasix 0OpH peLIeHHH YPaBHEHMH BO3MOXHA
norepsi Kopueit? IlpuBeaute npumepsl.

6. Bcerna su mpu pelieHHd ypaBHeHHH ofs3aTesbHa NpOBepKa
€ro KOpHe#?
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7. PaBHOCH/IbHBI JIH ypaBHEHHS:

a) lgx+lgx—D=lg2unlgx(x—1)=I1g2;

6) x+1lgx—5=2x—Ilgxux—5=2x—21gx?
8. Peunte ypaBHeHHuA:

a) (x—2)(x + 1) (x*4+2)=0;

R
0) (x—52 x—5

=16 __ A,
B) x4 4 =0

=243 | x—3 __ .
x—1 +x——l =—4

X) x—2)V(x+ 1B —x)Ig(x—5)=0.

9. Iloka)kuTe Ha NpHMepe, YTO NpHBeLeHHe MNOAOOHBIX UYJICEHOB
He BCerja MNPHBOAHT K YpaBHEHHIO, PaBHOCHJIbHOMY AaHHOMY.

10*. [lokaxurte, uyro ypaBHeHus [(x)=¢(x)+ g(x) u f(x)—
— g(x) = (x) paBHOCHJ/IbHBI.

11*. Jokaxure, uTo ecau Kaxnaas H3 ¢yHkuui f(x) u ¢@(x)
ompenesieHa Ha 06/7acTM  [LONYCTHMBIX 3HAaueHHH ypaBHeHHS
f(x)-9(x)=0, TO 3TO YypaBHeHHe DaBHOCHJBHO COBOKYNHOCTH

ypaBHeHHH [fp((xx))z% Ha pacCcMaTpHBaEeMOM MHOXECTBe.

r) (x4+4)°=3(x+4)
e) lgx*=2;

n)

12*. Haiigure ycsaoBue, npu KoTOpoM ypaBHeHus f(x)= ¢ (x)
u f%(x) = @*(x) paBHOCHJIbHbI.

§ 103. MPUMEPbLI PELLEHUA UPPALIMOHAJIbHBIX
YPABHEHWA

YpaBHenue, copepikalliee MepeMCHHYIO I10J 3HaKOM pajHKa/a,
Ha3bIBAIOT MppauHoHaibHbIM. Hanpumep, ypaBHenus y2x—3 =1,
1 1

Vx+4=x x*—2x>4+8=0 sBas0TCA HpPPAUHOHANbHBIMH.

Mpl Gymem paccmMaTpHBaThb HppalHOHAJbHble YpPaBHEHHs Ha
MHOKECTBE [JEHCTBHTEJNbHBIX uHceJ. PelueHHe HppalHOHAJbHOrO
ypaBHEHHS1 OCHOBaHO Ha CBeJEHHH €ro ¢ MNOMOLIbIO HEKOTOPBIX
npeo6pasoBaHHii K palHOHA/IbHOMY ypaBHeHHI0. OOLIYHO 3TO
JIOCTHraeTcs BO3BeleHHeM 0GeHX yacTedl HppalHOHAJbHOrO ypaBHeE-
HHSI B OJHYy M Ty 2Ke crTemeHb. Takoe npeo6pasoBaHHe HHOTAA
NPUXOJUTCS NPHMEHSTh HECKOJIbKO pas.

HspecTHo, yTo mnpu BO3BeleHHH OGCHX YacTed YpaBHEHHS B
ONHY H Ty e CTerneHb MOTYT [OSIBUTLCA IOCTODOHHHE KODHH,
M03TOMY MNpOBepKa MNOJy4YeHHBIX KopHed o6sA3aTejqbHa, OHA sIBJs-
€TCSl OpraHH4YecKOH YacTbio pellCHHMS,

[Ipu peweHHH HPpPaALHOHANBHOTO YpPaBHEHHS HEOOGXOAMMO Tak-
JKe HMeTb B BHAY, UYTO pajHKaJbl C YeTHbIMH MOKasaTeJsMH H
HX TIOLKOpEHHble BbIPAXXEHH HEOTPHLATE/bHbl; IOJAKOPEHHOE
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BBIpaXKEHHE pajHKaja C HEYeTHbIM II0Ka3aTeJeM MOXKeT GBITb
JIO6BIM  JeHCTBHTEJbHBIM UYHCJIOM, 3HAK pajaukana IMpH 3TOM
COBMAajaeT CO 3HAKOM MOJKODEHHOrO BBIPaXKEHHS.

IIpumep 1. Pewnre ypaBHenue ¥ 5x= —2.
PeweHnue YpaBHeHHE 1/5x = —2 He HMeeT pelleHHus, Tak
KaK pajuKaj C YeTHBIM I0Ka3aTe/leM He OTpHUATeJeH.

[Tpumep 2. Pemnre ypaBHenue 1 -4 Vx+5=0.
Pemenue. YpaBuenue 14 Yx+5=0 He uMeeT pelleHHS,
Tak Kak VYx+ 5% — 1.
[Ipumep 3. Pemure ypaBHeHHE Ve+14 V2x —4=—4.
Pemenue. Hu omun u3 paaukajoB, BXOASUIHX B JaHHOE
ypaBHeHHe, He MOXKeT ObiTb OTPHULATEJbHBIM UYHCJIOM, MO3TOMY
HM TpH KaKuxX [eHCTBHTEJbHBIX 3HAUGHHsX MEPEMEHHOH X cyMMa
STHX pajAHMKajJoB He MOxeT paBHATbca —4. CsenoBaresbHO, JaH-
HOe ypaBHEHHE pellleHHH He HMeEeT.
ITpumep 4. Pemure ypaBHeHuE V3—x4+ Vx—10=2.
Pemenue. JlonycTHMble 3HAuUeHHs ITI€PEMEHHOH JOJIKHBI
yIOBJIETBOPATL CHCTEME HEPABEHCTB:
3—x>=0, x<<3,
{x —10>0, O°TKyAa { x> 10.
IlocienHsis CHcTeMa HECOBMECTHA, II03TOMY JaHHOE YpaBHEHHe
pelleHuil He HMeeT.
Mpumep 5. Peumnre ypaBHeHne yx—2=2—x.
x—22>=0, x>=2,
Pemenue. { 2—x/>0; {x/<2; ¥ —9.
Oreer: 2. .
IMMpuwmep 6. Pemnte ypaBHeHHe V2x —1=3.
Pemenue. V2x—1=3, (V2x—1)=3 2x—1=27,
x=14.
TTpoBepka: V3 2.14—1=3.
Orget: 14.
Mpumep 7. Pemmnte ypasuenue y2x—+3+ Y3x+3=1.
Pemenune. 1/2x+3=1 — 1/3x+3,
(V2x 37 =(1 — V/3x + 3),
2x+3=1—2y3x+3+3x+3,
2yY3x+3=x+1,
@2 V3x+3=(x+ 1)
4Bx+3)=x>+2x+1,

22— 10x —11=0, x; =11, xo=—1.

TMposepka: 1) V2-11+3+ V3-114+3=125 + ¥V 36 =
=5+4+6=11~1.
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Yl }Z 2) V2.(—=1)+3+ V3-(=1)+3 =
=V1+V0=1
y=V3x5, Orger: —1.

[Ipumep 8. Peuinte  ypaBHeHHe
V2x —6=5— yx+ 4.

Pewenue OGe yacTH AaHHOroO ypas-
HeHus1 Bo3BedeM B kBaapar. [lonyuum:
3 x 26—6=25—10Vx+4+x+4,  mm

nocse yenuHeHus paaukana: —10 yx 4+ 4 =
Puc. 272 = x — 35. BHOBb BO3BeseM B KBajgpart oGe
YacTH MOJYYEHHOTO YpaBHEHHS:

100 (x + 4) = (x — 35)%, 100x + 400 = x> — 70x 4 1225,
x2 — 170x + 825 =0,
oTKyna x =95 uau x = 165.
ITposepka: 1) 1/2- 5—6= ﬁ=2, 5 — Vm=5-—-3=2.

2) ¥2-1656—6=5— 165+ 4.
Orsert: 5.

[Mpumep 9. Peunte rpaduueckd ypaBHenHe x — 1=y 3x—35.
Pemenue B omHoit M TOH XKe cHCTeMe KOOPAHHAT CTPOUM
rpadukn  QyHkuuii y=x—1 u y=y3x—5 (puc. 272) u
onpenensieM aGCLUCChl TOYEK HX MepeceueHusi: X1~ 2 H X2 =~ 3.

3aMeTHM, UTO 3TH pELIeHHS SIBJSIOTCA TOYHBIMH.
OTsert: 2; 3.

77
o1 122

Ynpasxcrenun

1. Kakoe ypaBHeHHe Ha3sbiBaeTcsl HppauxoHanbHHIM? IlpuBe-
JUTe NMpHMepbl HPPalLHOHAJNbHBIX ypaBHEHHH.

2. Haifigute o6GaacTe [OONYCTHMBIX 3HaueHHH IepeMeHHOH
HppaLHOHAJ/IbHBIX YpaBHEHHH:

a) ¥2x+5=3;
B) f’/x+5—V§x—5=0;
1) Vx—1+Vx+5+1=0.

3. PacckaxkuTe IIaH pelIeHHS HPPaALHOHAJNBLHOIO YPaBHEHHS.
4. OGbsicCHATE YCTHO, NouyeMy MpHBeJleHHble HHXKE YPaBHEHHs

He UMeIOT pelleHHH:
a) Vi =-3; 6) Vx+1=—2
B) V3x+64+2=1; 1) Vbxr—2+4 Vx+3=0;
n) Vi+V5x+3=2 e) yx—1+ /yT—x=T;
X) Yx—9— Y6 —x=2.
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6) V/x— 14 V5x—3=4;
r) V7 —5x+ Vx4 3=4;

5. Pemute ypaBHeHHS:

a) Y6 —x=ux; 6) Vx*— =1/—5—;

B) Vx+3=x—23; . r) 3+ vax+1=1,;

1) V45x+411—-3 f/?=10; e) 1/_; VI —x=x;
X)) (x —3)° =(2x — )3; 3) V¥ —2x—3=x—1;

n) Vx—1-V2x+6=x+3; k) V4x—3==3x—"l—'

Vix—5
Ja) V3-—x+ =V9—5x;

4(x43)
M) 5;/7+3—y'|8x—5_‘/§;+_
6. Pewnte ypaBHeHus:
a) Vi4+xVer —8—1=0; 6) x=1—VI—xV252— 17;
o Vit —V1i—L Vet — L nvafi+ Vats=6
1) Vx—3—vVx—6=1,; e) Vx+7+ V3xr—2—9=0
%) V4—x+ V54 x=3; 3) V25 —x+ V9+x=2;
n) Vit+2+ Vx—a=2vVx+1;
K) Vox+7— V3xr+1=Vx+3.

7. PemnTte YpaBHEeHHE METOAOM BBElleHPlﬂ HOBOI1 nepemeHHon

;/—— 1/_— — _ —
‘/__ = 6) VYx—34+6= 5Vx 3;

B) x¥*—x+9+ Vx2—x+9=l2' r) 2Vx—1—5=

n 10 y¥—x—14+——-=13;
) Val—x—1

e) x*4+2Vx*—3x+1 l=3x+4; %) V84 Vx°+8=6
D YEE+ YVEE =5 wr /P14 VP =,

8. Pemnre rpaqmqecxn ypaBHEHHSI:

a) Vix=x; 6) Vx=x+1;

B) ¥V x=2—1; r)* Y3x—5=x—17.

;/x_:x

§ 104. YPABHEHUA C ABYMA
YU TPEMA NEPEMEHHbIMH

YpaBHeHHeM ¢ [ByMs M€pPEeMEHHBIMH Ha3bIBAlOT YpaBHEHHE
Bunga f(x, y) =o¢(x, y), rnefu ¢ — HeKoTOpble (pyHKIHH mepeMeH-
HbIX ¥ W y. Hanpumep, x — 1l =2x+y, ¥+’ =4, 2xy —x=y —

yPaBHEHHSI C ABYMSl TepeMeHHbIMH.
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Puc. 273 Puc. 274 Puc. 275

Ynopsinouennyio napy uncen (xo; Yo) HasblBAaIOT pellleHHeM ypaB-
HeHus f(x; y)=o@(x; y), ecnu Npu NMOACTAHOBKE HX COOTBETCTBEHHO

BMECTO MEpPeMeHHbIX X H Y ypaBHeHHe 06GpallaeTcsl B BepHOE YHCJO-
BOe paBeHCTBO f(Xo; Yo) = @ (Xo; Yo). Hanpumep, napa (2; 1) — pe-
UIeHHe ypaBHeHHS 2x —3=y, Tak Kak 2.2—3=1 — BepHoe
uncoBOe paBeHCTBO; mapa (0; —1) — peienne ypaBHeHHs 2% Y =
=x—2y, tak Kak 2°"CP=0—2.(—1)—BepHoe umcroBOE
PaBeHCTBO.

YpaBuenne ¢ AByMsl nepeMeHHHIMH B O6lieM ciyuyae HMeeT Gec-
KOHEYHOe MHOXKECTBO pPelIeHHH, TaK KaK, AaBas OfHOH H3 MepeMeHHbIX
NPOH3BOJIbHOE (ZOMYCTHMOE) 3HAUYEeHHe, U3 YPABHEHHS] MOXHO HalTH
COOTBETCTBYIOLl€E €My 3HayeHHe BTOPOH HePEMEHHOH.

Peunts ypaBHeHHe ¢ ABYMS NnepeMeHHBIMH — 3HAUHT HaHTH Bce
€ro pelleHHs HJH J0Kas3aTh, YTO MX HET.

- I'eoMeTpHuecKH pelleHHs] ypaBHEHHSI C [BYMSl NepeMeHHBLIMH
H306pakaloTcsl TOYKAMH IVIOCKOCTH, KOODAHHATHI KOTOPHIX YHOBJIE-
TBOPSIOT 3TOMY YPaBHEHHIO; MHOXKECTBO BCEX 3THX TOYEK Ha3bIBalOT
rpa¢HKOM ypaBHEHHS.

Ha pucynkax 273—275 H306pakeHB COOTBETCTBEHHO rpadHKH
ypaBHenuit x + 2y =4, £* + > =4, y + 1 = 4.

YpaBHeHuem ¢ TpeMsl NMepeMEHHbLIMH Ha3biBAalOT PAaBEHCTBO BHAA
[ (% y; 2) = @ (x; y; 2), rae f ¥ @ — HeKOTOpbIe PYHKIHH MepeMEHHbIX

X, Yy "z

Hanpumep, 2x—3y—+2=5, x*+y’+22=
=4 — ypaBHeHHS C TpeMs NEPEMEHHLIMH.

YnopsanoueHnas Tpo#ika yuces (xo; Yo; 2o)
Ha3biBAETCA peIlleHHeM ypaBHEHUsI C TpPeMsl
nepeMeHHbIMH, €CJIH HPH IMOACTAHOBKE HX
COOTBCTCTBEHHO BMECTO MEPEMEHHbIX X, Y, 2
ypaBHeHHe ofpalaeTcs B BepHOE YHCJIOBOE
pPaBeHCTBO.

YpaBHeHHe ¢ TpeMs NepeMeHHbIMH B 06-
eM cayyae uMeeT GeCKOHEUHOe MHOXECTBO
peuleHH#, TaK KakK, faBasi IepEMEHHBIM X H Y

zp Y
j y=kx+l
p
A}
o 1 X
Puc. 277 Puc. 278 Puc. 279

NPOU3BOJIbHbIE (IONMYCTHMblE) 3HAUEHHS, H3 YPABHEHHS MOXHO HalTH
COOTBETCTBYIOIIHE UM 3HAYEHHsl TpeTbeil nepeMeHHOH.

TeoMeTPHUECKH pelIeHHs YDPaBHEHHs C TpeMs NepPeMEHHbIMH
M306pakaloTcsi TOYKAMH TPEXMEPHOTO MPOCTPAHCTBA, KOOPAMHATHI
KOTODHIX YIOBJIETBOPSIOT 3TOMYy ypaBHenH!0. Ha pHcyHKkax 276 n 277
H306pa)KeHH COOTBETCTBEHHO DEIUeHHsi YpaBHeHHH X + y + 2= 3,
raex = 0,y = 0,z > 0 (tpeyroabuuk),  x* 4+ y* + 22 =4 (cepa).

HanomuuM, uTo rpaduk QyHKUHH y = kx + | ecTb npAmMas JHHUSA.
Sra npamas npoxoxut uepes Touky (0; !) (puc. 278). Uucio k
HA3bIBAIOT YIJIOBLIM KO3((HIHEHTOM 3TO# mpsMol: k = tga. droT
K03 (GHUIHEHT OnpejensieT YroN ¢ MEeXAy NPSMOH H IMONOXHUTEIbHbIM
HampaBJieHHeM ocu a6cuucce. Yucno [ onpesensieT TOUKY NepeceyeHHs
npsiMoii ¢ OCbIO OpAMHAT; HA30BEM YHMCAO ! OPAMHATOH B Hauaise.

3 anaua. Haiigure paccrosiune ot toukn M (5; 3) A0 npsiMor
AB, 3ananHo#i ypaBHeHueM 2x — y + 8 = 0.

Pewenue. [Tycts Touka N (x; y) NIpMHAANEKHT AaHHOH npsiMoi
(puc. 279). Tak kak N € (AB), To opaunata y Touki N Bhipaxaercs
yepe3 ee abcuuccy cjefyiolUM 06pasoM: y == 2x + 8.

Haiinem xBagpar paccrosiust |MN| mo ussecTHod QopmyJe
pacCTOsHUs MEXAY ABYMs TOYKaMH, 3aJaHHBIMM CBOMMH KOOpPZH-

HATaMH:
IMN|?=(x—5P +(y—3P=(—5"+(@2x+8—3) =
= %% — 10x + 25 + 4x% + 20x 4+ 25 = 5x* + 10x + 50.

O603nauuM 5x% + 10x 4 50 = f (x). KBanpar paccrostHusi OT TOYKH
M po npsimoii AB ecTb MHHHMYM KBaJApaTHUHOH QyHKUHH f (x). Haii-
JeM 3KCTpeMyM 3TOH (DyHKUHMH:

f/(x) = 10x + 10, 10x 4+ 10 =0, x = —1.

Touka x= —] — Touka MHHHMYMa, TaK Kak rpaduk O¢YHKUHH
f (x) — napa6osia, BeTBH KOTOpPOH HampaBjieHbl BBEpX.

min | MN |>=5 . (—1)? 4+ 10(—1) + 50 = 45,
IMN|= V45 =3 V5 .
Orser: 3 V5 .
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Ynpaxcuenun

1. Haiﬂznme N0 TPH PelleHHsl KaXKAOro H3 CJAeAYIOWHX ypaBHEHHH
H NOCTpOHTe HX rpaguku: a) x 4 2y=0; 6) 2x — 3y — 6 = 0.

2. I;Iaﬁnme YroJl Hak/ioHa COOTBETCTBYIOWEH NMPSAMOH K MOJOXKHU-
TeNBHOH mosyocH abcuuce: a) x —y=>5; 6) 2x 4 2y=3;
B) y= 1/3_ x — 1. ’

3. CocraBbTe ypaBHeHHe NpPSIMOH, €CJM NaH YroJ HakK/JOHA ee K
TCJIOKHTENBHOH MOJYOCH aGCLHCC ¥ KOOpPAMHATA B HayaJe:

a) a=145° =1, 6) oa=30°, [= —2; B) a=135°
= —3. ’

4. Tlpu Kakom 3HaueHHH Ko3pdulHeHTa a rpadHK ypaBHEHHS
ax + y =10 o6pasyeT ¢ NoJIOKHTeJIbHOI MOJYOCHIO aGcuuce yroga 60°?

5. Ilpn Kakux sHaueHHAX KOI(P(PULHEHTOB a U b rpaduk ypaBHe-
HUA ax + by = 0 cayXur o6benriHEHHEM GHCCEKTPHUCC: a) NEepBOro
H TPETbero KOOPAHHATHBHIX YIJOB; 6) BTOPOro H YETBEPTOrO0 KOOPIH-
HaTHBIX YIJIOB?

6. CocraBbTe ypaBHEHHE MHOXECTBA TOYEK, Kax[as M3 KOTOPHIX
HaxXOOHTCA OT OCH abcCclycc Ha pacCTOSIHHM 3.

7. TlocTpofiTe MHOXECTBO TOYEK MJIOCKOCTH, KOOPAHHATH KOTOPBIX
YAOBJIETBOPSIOT yCa0BHsAM: a) 2x + y =0, x<<0; 6) 3x — 4y =0,
3<<y< 10.

8. Haiigute kakoe-HuGynb ypaBHeHHe C [BYMsl [epPEMEHHbIMH,
HMeollee elHHCTBeHHOe pemieHne (0; 0).

9. M3o6pasute rpaduueckd MHOXKECTBA pELIEHHH YypaBHEHHH:

a) y—x*=2; 6) sinx — 2y = 0;

B) £+ y2 = 16; r) xy=2

n) £+ g +2° =125 ) (x+ 4)° 4 (y — 3)° = 25.

- 10. [Oanw nBe Touku A M B, paccTosiHHe MeX 1y KOTOPbIMH pPaBHO 8.
CocraBbTe ypaBHEHHE MHOXKECTBA TOYEK MJOCKOCTH, AJA KaXJOH
H3 KOTOPBIX PAacCTOSIHHE OT TOYKH A OTHOCHTCSI K PAaCCTOSIHHIO OT
Touku B kak 3 : 1. [locTpoiiTe 3T0 MHOKECTBO TO4YeK.

11. Hajigute paccrosiHye oT Hayana KOOPAHHAT A0 NPSIMOI
3x—y+6=0. ‘

§ 105. PELUEHUE CHUCTEMbI ABYX JIMHEMHBIX
YPABHEHWA C ABYMS MNEPEMEHHbBIMU

C cucreMaMHu ypaBHeHHI Bl yxe BcTpedasaucb. Hampumep, cucre-
Ma JIBYX YpPaBHEHHUH C ABYMsSI NepPEeMEHHLIMH UMeeT BH/I:

{ F(x; 9)=o(x y),
Y(x; y) =g (x; y).
Pewenuem cucreMbl HaseiBaloT napy uucen (xo; Yo), NpH MOA-

CTaHOBKE KOTOPbIX COOTBETCTBEHHO BMECTO NMEPEMEHHBIX X H Y B Kax-
J0€ ypaBHEHHE CHCTEMBbI MOJYYalOTCSl BEpPHBIE YHCJIOBHIE paBeHCTBA:

f (x0; yo) = @ (x0; yo); Y (x0; Yo) = g (xo0; Yo).
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Pewmnth cucTeMy ypaBHEHHH — 3TO 3HAUHT HAWTH BCe ee PellleHHsd
WJIM J0Ka3aTb, yTo uX HerT. O6GpallaeM BHHMaHHe HA TOT ¢axr, 410
¢urypHas ckoGKa, o6LeMHAIIAsl YPABHEHHS B CHCTEMY, O3HAUaeT,
YTO pellleHHeM CHCTeMbI siBJsieTCs Mepeceuenye (ofuiast yacTh) pelie-
HH#l Ka)Kfloro H3 COCTAaBJAIOILHX e€e ypaBHeHu#. JIpyruMu cioBaMH,
peuiasi CHCTEMY YDaBHEHHH, Mbl HLIEM TaKHe Napbl YHces (x0; 4o),
KOTOpble NPH MOJACTAHOBKE HX COOTBETCTBEHHO BMECTO I€PEMEHHBIX
X M y o6palwanT B BePHOE UHMCJIOBOE PaBEHCTBO KaxKjoe M3 YpaB-
Henn# cucrembl. CucTeMy, He HMEIOLLYIO pelleHHH, Ha3bIBAlOT He-
COBMECTHOM.

JlBe cucTeMbl ypaBHEHHH Ha3biBAlOT PaBHOCH/IbHBIMH, €CJIH MHO-
JKeCTBa MX pelieHHH (MHOXKeCTBA NMap) COBNAAAIOT.

MHOXeCTBO pelleHHH CHCTeMbl YPaBHEHHH, KaK M OIHOro ypas-
HEeHHsI, 3aBHCHT OT TOrO, Ha KaKOM HYHCJIOBOM MHOXeCTBe OHa pac-
cMaTpuBaeTcs.

Pemenue cucTeM ypaBHeHHH OCHOBAHO Ha TOM, UTO €CJIH B CHCTEME
Ji060e M3 ypaBHEHHH 3aMEeHHTb PaBHOCHJbHEIM €My YpaBHEHHEM,
TO NOJIy4aeTcsi CHCTeMa, PaBHOCHJIbHAS JaHHOM.

B nanHoM naparpade Mbl pacCMOTPHUM peLIeHHe CHCTeMhl ABYX
JIMHEHHKX YpaBHEHHH C ABYMSl NepeMeHHbIMH.

CucremMa JByX JiMHeHHBIX YPaBHEHHH C [BYMsl NepeMeHHbIMH

HMeeT BUI: { aix + by =ci, (I)
asx —|- b2y = C9,
rie x, y — nepemeHHble, ai, b, €1, az, bz, €2 — HEKOTOpHIE 4YHCJIA.

Ecnu onHo ypaBHeHHe cucTeMbl uMeeT BHA 0 - x + 0-y=c,
To mpu ¢ =0 J06asi napa uucea (x; y) CAYKUT pellleHHEM 3TOrO
ypaBHeHHsI; B 3TOM CJy4ae 3TO ypaBHEHHE He HaKJaJbiBaeT HHKAKHX
OrpaHHYEHHH HA DELIEHHe CHCTEMH H MOXET GhiTb OTGPOIIEHO. Ecan
)e ¢ =0, To ypaBuenue 0 - x 4+ 0 - y = He HMeeT DeuleHHA H
B 3TOM CJy4yae CHCTeMa HECOBMECTHa.

Taxum 06pasoM, HHTepeC MPeACTaB/IsieT H3yUeHHe CHCTeME], B KaX-
IOM YpaBHEHHH KOTOPOH XOTsl OBl OfHH M3 KO3((HUHEHTOB NpH
nepeMeHHBIX OTJHYEH OT HYJs, T. €. KOria KaXKJoe ypaBHeHHe Iep-
BOH CTeIEeHH.

HanomuuM, uTO rpaduKOM OHOTO YpaBHeHHs ax - by=c
C IBYMs NepeMeHHbIMH siBJsieTcsl NpsMas, ec/H MO KpaiiHeli Mepe
OIMH M3 KO3(()HUHEHTOB @ WJIH b OT/IMYEH OT HyJs.

3anaunue 1. Kak pacnosoxes rpapuk npsamoit ax + by =c,
ecad a =0, b = 0? IlpuBenure npumepsl. -

3anganue 2. Kak pacnonoxen rpapuk npsmoii ax 4 by =c,
ecan a %= 0, b = 0? IlpuBenuTe npuMepsl.

3anaunue 3. Kak pacnosoxen rpadpuk npsimoit ax 4 by = ¢,
ecin a %= 0 u b 5= 0? IlpuBeaure npuMephl.

Mul foroBopHJHCh paccMaTpuBath Takylo cucremy (I), B kaxaoMm
ypaBHEHVH KOTOPOH XOTsi GHl ONMH H3 KO3((HUHEHTOB NpPH mepe-
MEHHBIX OTJHYeH OT HyJsl. [To3TOMy BO3MOXKHLI JIMIIb TPH CYIIECT-
BEHHO pasJjiHYHHIX Ciydas:

325



7 : I. O6a koad¢puuuenta npH nmepeMeHHOH
y He Hyau: by = 0, by 5= 0.

(1 II. TonBko omuH U3 KO3 (PHUHEHTOB NPH

~— nepeMeHHOH Yy paBeH HYJIO, HampuMep

by =0, Torpa ap = 0.

Y, 2
o @ III. O6a ko3 HuHeHTa IPH epeMeHHOH
Y — HyJH, TOraa o6a koadduuHeHTa npH
0 x X TepeMEHHOH X He HYJIH.
PaccmoTpuM KaXAbli H3 clydyaeB OT-
ZleJIbHO.
Puc. 280 I. O6a koa¢p¢duuueHTa NPH NepeMeHHOH

. y He Hyau: by 5= 0, ba 5= 0. B atoM cayuae
Kaxpaoe ypaBHeHHe cHcreMbl (I) MOXHO paspelIHTb OTHOCHTEJIbHO
Y, MOJYUYHM CHCTEMY, PaBHOCHJ/IbHYIO JaHHOH:

y=—5x+5 (1),
—mpn o
2 2
rae _:_; Y ——g—i— — yraoBble KO3 QHUHEHTH COOTBETCTBYIOILLHX
NpsAMbIX, a %’l— u ;—“;-—— HX COOTBETCTBYIOIHE ODAMHATH B HAyase.

B 3aBMCHMOCTH OT 3HAYeHUH YIrJIOBHIX K03¢ (PHIMEHTOB H OpAHHAT
B Hauaje BO3MOXKHBI CJeNYIOUlHe CJAy4YaH pachoJOXKeHHs NPAMBIX:

a) Ilpsimpie (1) u (2) nepecekaroTcsi, YTO MMEET MeECTO, €CJH
HX yrJoBble KO3((HUHCHTE PA3/IHUHBIL:

_a a

b, —=, HIH ajbs — agxby == 0.

B atomM ciayuyae cuctema HMeeT €AMHCTBEHHOE pelleHHE, KOTOPLIM
CJIYKaT KOOPAHHATHL Xo H Yo TOUKH Nepeceuenus npaMmbix (1) # (2)
(puc. 280). Hafizem sto peiueHHe.

Pemnm cucreMy (I) metromom anre6panuyeckoro C/IOXKEHHS: BHa-
yajie YMHOXKHM MEepBOe ypaBHEHHE CHCTEMBl Ha by, BTOpoe Ha — b
H CJHOXHM IOWIEHHO 3TH YpPaBHEHHS, HCKJIOYHB, TakKHM 006pa3om
nepeMeHHYIO y: ,

{a1x+bly=cl, b _|_{ a|b2x—|—b1b2y=clb2,
ax + by =rcy 1 —b,, — aobix — biboy = —bica
x(albz——agbl):clbz—-b102°

Taxk kak ajb; — agb, 5% 0,
. cihy — bies

arby — azby

Temepb HckilOYHM nepeMeHnylo x. J1si 3TOro yMHOXHM mNepBoe
ypaBHenne cuctembl (I) Ha ag, BTOpoe Ha —a; M 06a ypaBHEHHS
CJIOKHM TNOYJIEHHO:
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+ a1a9x + asby = az0,
—a1a2x — arboy = —ail2

y(azby — aibs) = azc1 — aiCa.

Tak kak ash) — aib2 # 0,
___azcl — ayC2 . a;cy — aqC
y= azb, — aibe T aiby — asby
lna ynoGcTBa peLIeHHsl CHCTEMBI (I) BBemem o0GO3HAuEHHsI: Bbl-
paxenue ajby — asb; 00603HAUHM CUMBOJIOM A; ero Has3bBaIOT
rJaBHLIM ONpefeHTEeNIeEM CHCTEMBbL. [naBHBIH onpeaeauTe/lb CHCTEMB
MOHO YCJOBHO 3amucaTh B BUJe TaGJHLUbL:
A= | @b
azbs |’

D1y Tabauuy PacKpbTb JOBOJbHO TNPOCTO: HAAO oT mnpoH3Bseje-
HHA BEDXHET0 4YMCJIa B MNepBOH KOJOHKE H HHXKHErO yhcsaa BO
BTOPOM KOJIOHKE OTHSTb MPOH3BEIEHHE HHKHEr0 ypcja B NEepPBOH
KOJIOHKE M BEPXHEro BO BTOPOH. OTO CXEMATHUECKH MOMKHO H30-

6pas3HTh TakK:
P ar. b

X

az b2

A= =a by — azb:.

3ananune 4. BouncauTe 3HAUYeHHE ONPEAJIHTENSA ‘i :6 ‘

BripaxeHusi, CToslllHE B YHCJAHTENAX HaHAeHHBIX 3HAYEHHH
X H Yy, Ha3bIBAlOT BCMOMOraTeNbHBIMH onpeneNuTeNIsIMH  CHCTEMBI,
HX YCJOBHO 00603HAYaloT TaK:

¢ b
A, =cibs — bica=|"" "' |5
C2 bz
. _la &
Ay__alcg AsC1= as Ca |

Kak MOXHO 3aMeTHTb, MPaBHJIO pacCKpbITHA Tabaul TakKoe
s)e. HeTpyamo 3anoOMHMTb MNPaBHJIO COCTABJIEHH: onpenenuTene.
InaBHBIH OMpeje/]nTe]b CHCTeMBl OPEACTaBJAET co6oit Tabauuy,
COCTABNEHHYI0 H3 KO3(QOHIHEHTOB NpH TNeEPEeMEHHBIX x H Y.
BenoMoraTeNbHbe JKe ONMpEeJEJHTeNH MOTYT GOblTh MOJYYEHb H3
[AaBHOFO 3aMEHOH COOTBETCTBYIOILEH KONOHKH K03(pdULHEHTOB
KOJIOHKOH CBOGOMHBIX WIEHOB Cj H Ca.

. Tenepb pelieHHe CHCTEMb (I) MoxHO 3amHcaTb C MOMOLIBIO

onpejenHTeNen:

€ by a; ¢
_A,__lczbzl _Ay__|azcz|
=3 =% YT AT Tab
‘02b2| azbzl

[Mpusenenusie GOPMYJIb HA3HBAIOT dopmysamu Kpamepa.
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(1) )
(2) )

AN
AN
S

x\

//0 /o

Puc. 281 Puc. 282

Takum o6pasom, cuctema (I) uMeerT exMHCTBeHHOe pellleHHe,
ecan A=£0.

3ananue 5 Pemnte ¢ nmomMowbio onpeenuTeNell CHCTeMy
{ 5x —y=328,

2x+ 3y=—17.

6) Ilpsimeie (1) u (2) mapajsienbHB H He COBIIAAAIOT, UYTO HMEET
MECTO, €CJiM yIjoBble KO3 dHUHEeHTH pPaBHBI MeXAy cob6oi, a opau-

a
HaThl B Hauaje PAasJHYHB — — == — —> oTkyna a,b, —a,b, =0,

um A=0; -:l;&-gf-, oTkyaa ¢,b, — cyb, %0, nnan A, 5= 0. B atom
1 2 .
cayyae cucrema (I) pewenuii He umeer (puc. 281). _
Takum oGpasom, cucrema (I) ne umeer pewenuit, ecii A=0,
Ay==0. Tlpn srom A, Moxer GbITb OTJIMYEH OT HYyJAs JuHGO paBeH
HYJIIO.
B) Ilpsmble (1) u (2) coBnajgalT, 4TO MMEET MECTO, €CJAH HX
yrJyioBele Ko3(p@HLUHEHTH paBHBH MeX1y cOGOH W OpJHHATH B HauyaJje

a
paBHBl MexXAy co6oii: ——%=—-51, oTkyna a;b, — asb, =0, uan
. 1 2
c C.
A=0; - ==, otkyaa ¢;b, — b, =0, uan A, =0. B stom cay-
1 2

yae cucrema (I) wumeer GeckoHeuyHOe MHOXKECTBO peIllEHHI;
KOOpJAHHATHl JI06OH TOYKHM, NpPHHaAJeXKallell COBMABIIHM IPSIMBIM
(1) u (2), 6ynyr peweHussMH paHHOH cucteMbl (puc. 282). 3a-
MeTHM, 4YTO B 3TOM cayyae H A,=0. B camom nene, u3 ycjoBus
(41 Ca Ca
5 =, HaxomuM: ¢, = b2
Cby  Cy(aby—azh) ¢ -0
=a|C2—a2'—= = =O.
R be be b2
Takum o6pasom, cucrema (I) uMeer GeckoHeuHOe MHOXKECTBO pe-
wenudd, ecin A=0, A,=0, A,=0. 3apaHee oTMeTHM, 4TO pac-
cmorpenne caydyaes Il u IIl He maer HMKakux HOBBIX pe3y/bTaToOB.

1
, CJeloBaTesqbHO, A, = a,c, — a,¢; =
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PeSyﬂbTaTbI HalUUX MCCJEeNOBAHUH MOXKHO CBECTH B TaﬁJIP[U.yC

A=0,Ax 0 A=0,
A %0 unu Ax =0,
A=0, Ay =0 Ay—0

Cucrema (I) umeer enun- | Cucrema (I) He umeer Cucrema (I) umeer Gec-

CTBEHHOE peLleHHEe: peuenHi KOHEUHOe MHOXKECTBO pe-
Ay A weHu#

Xo=53 p="%

IIpumep l. Pewmnre cucremy ypaBHEHHI:
{ 2x — 3y = —5,
3x+y=9.

PemeHnue.
A = 2 =3| _9_3.(—3)=11=0.
|3 ll (=3)=11

CucreMa HMeeT €IUHCTBEHHOE pCILICHHE:

—5—3
___Ax__| 9 il_—5+27=2=2,
*=32T o u 1
I2—-—5
_Ay_ 13 ol _18+4+15_ 33 __
Yy=1 =71 1 Tk
OtBet: (2; 3). .
Mpuwmep 2. Pemure cuctemy ypaBHEHUH:
2x + ay = —6,
{ax—|—8y=12.

Pemenue. JlanHasi cucTeMa CONEPXKHT NapaMerp a, NO3TOMy
ee pemenne GyieT 3aBHCETb OT 3HAUEHHH 3TOro mapamerpa. Haiigem

A, Ay, Ay
a=|28 =16, A=|Tp5 | =—48— 120,
a=|2% 75| =24+6a.

1. Ecnu A==0, 1. e. 16 — a2 %0, a = 4 nau a %= —4, T0 AaHHaA
cHCTEMA HMeeT eJMHCTBEHHOE peLICHHE:
A, —48—12a __ 12

x=_A—= 16—a® a—4"
y—lu_2t46a_ 6
A 16—a® 4—a

2. Eémx a=4,10 A=0, A, = —48 — 48 5 0, u, ci1ef0BaTEJbHO,
JaHHas CHCTEMa pelleHHH He MMeer.
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3. Ecin a=—4, To A=0, A, =0, u, clegoBaTe/bHO, AauHas
CHCTEMa HMeeT GeCKOHEYHOe MHOXECTBO pPelIeHHH, YIOBAeTBOPSIO-
WHX ypaBHeHHIO 2x —4y= —6. H3 sT1oro ypamHenus y=3c-';'—3 ,

rae x — jo6oe yucIo.
p [lponomxum uccnenosanue cucremn (I).

IL. Ilyerb b, =0, a, =0, b, % 0. Toraa cucrema (I) npunuHmaer
BH:

— =_4a L
e e =T
. a,

Ipaduk nepsoro ypaBHeHHsi ecThb mpsIMasi, He napajJeJbHas OCH
OpAMHAT, a rpaguK BTOPOro ypaBHeHHS] — NpsMasi, NapaJjJesbHas
ocu opauHat. [TosTomy npsiMble mepecekaloTcsi, H JaHHAsl CHCTeMa
HMEET eJMHCTBeHHOe pelueHHe. 3aMeTHM, YTO B 3TOM cayyae A s« 0.
HeiictBurenso, A=ga, + 0 — a,b, = —a,b, 5 0.

III. TIycte b, =0, b, =0, a, %0, a, # 0. Cucrema (I) B 5TOM
clyyae NPHHHMAaeT BHA:

ax=cC = =L
1 — s OTKyza X 2, ,
QoX == Cy, x=_CL
a,

o

ITonyunm ypasHerHs 1BYX napajulesbHbIX NpAMBIX. [1pH 5TOM, ecan:
¢, cy
a) o7 o> T € 0,0 — ay¢; 5= 0 uu A, 5= 0, TO npsiMble pasnuy-
t 2
Hbl M 1aHHAsl CHCTEMa pelleHHi He HMeeT. 3aMeTHM, UTO B 3TOM CJyyae
A=0;
c C
6) — =;2- » T. € 01y — ay¢, =0 uan A,=0, TOo npsIMEe COB-
1 2
MajfaioT H CHCTeMa HMeeT 6eCKOHEUHOe MHOXKECTBO pelleHHH. 3aMeTHM,
4TO B 3TOM cayyae A=0u A, =0.

Ynpaxrenus

1. CocraBbTe KOHCMEKT HMCC/ELOBAHHSI CHCTEMbI NBYX JHHEHHBIX
YPaBHEHHUHl ¢ AByMsl MepeMeHHBIMH.
2. Peuute cHCTEMBI ypaBHeHHil:
a) { 3x+5y+9=0, 6) { 9x 4 8y — 21 =0,
2y —y—7=0; 6x + 4y — 13=0;
B) { 3x +4y —29=0,
9x — 2y — 17=0.

3. Pewnte cucTeMbl ypaBHeHHH M reoMeTpPHYECKH NPOHJIOCTPH-
pyHTe pelleHHs:
a){3x—y=7, 6){3x—y=7, B){Bx—y-———?,
x4+ 2y =0; 6x — 2y =125; 4,5x— 1,54==10,5.
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4. YcTraHOBHTe, MMeeT JIH CHCTEMA ypaBHEHHH!

a x4+ 2y=-—2, 6) { 9% —y =3,

){ —0,5x —y=+4; —4x + 2y = —6;

B) [ 5Bx —y=0,5, r) { x — by =18,
—10x 42y = —1; x+y=0;

il x—3y=2, e) { x+y=1,

){Gx—-l2y=3; 2x — 3y =2

€JUHCTBEHHOE pelIeHHe; MmycToe MHOXKECTBO pELICHHH,; 6ecKOHEUHOoe

MHOXXECTBO peIIeHHH.
5. Tlouemy nw06asi nmpsmasi W3 MHOXKECTBA MNpSIMbIX, 3aJaHHbIX

ypaBHenueM 2x -+ 3y=c, rae ¢ € R, mapamienbua npamoit 2x 4
+ 3y=20?

6. YcrauoBure, 6yAyT JM MpsMbIE, 3ajaHHble YPaBHEHHSIMH CHC-
TEeMBI:

=56 x—2y=3, B) { 2x — 3y =25,
a){fc——l_-gy=2; ) { 8x 4+ 16y = 15; 4x 4 6y =10,
nepecekaTbCsi; NapaJjJie/ibHbl U He COBNanaTh; COBNAAATh.

. [ 3x—y=2, o
7. TlouemMy cucTeMa ypaBHEHHH { X+ 23 — g mpH JIOGLIX et

?
CTBHTE/IbHBIX 3HAUEHHAX IapaMeTpa @ MMeeT eAUHCTBEHHOE PELICHHE:
8. Ipn xakux 3HAUEHHsAX MapaMeTpa @ HECOBMECTHA CHCTEMA
g f 3x— 6y =2,
ypaBHEHH 9% + ay — 3?

9. Ilpu kakux 3HAuYeHHAX NapaMerpa a CHCTEMA YpaBHEHHH
5x —y=3,
ax 4+ 2y= —6
uMeeT GeCKOHeUHOe MHOXKECTBO pellieHHH?

10. BMmecTo 3Haka [ mMOCTaBbTe TAKOE UHCJIO, YTOOBI CHCTEMA He
HMesa pelleHHs:

a) (( Ox+3y=1, 6){x+2y=|:1,
{2x—y=2; Ox—y=1.

11. BMecTo 3HaKa [ NOCTaBbTE€ TaKOe YHCJO, 4YTOObl CHCTEMA
nMesa GeckoHeuHoe MHOXKEeCTBO pelleHHH:

a 2% +y=3, 6) { 3—oy=m,
){x+|:|y=l,5; 3x — 2y =0.

12. PemmnTe CHCTEMBl ypaBHEHHH:
a) {ax+4y=8, 6) {kx+5y=2,

x+ ay = —4; x—2y=23;
B) [ x+y=2 r) {x+cy=5,
{b2x+4y=l; cx4y=1.
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§ 106. TIPUMEPbI PELIEHUS CUCTEM JIMHEMHBIX
YPABHEHUA METOZOM MNOCNEAOBATENLHOrO
MCKIIOYEHUS NMEPEMEHHbBIX

B ocHoBe peurenusi cucTeMbl JHHEHHBIX YPaBHEHHH JIeXKHT MeTOf,
anre6panyeckoro CjaoxeHus. B Kauectse npuMepa pacCMOTPHM pe-
lIeHHE CHCTEMbl TPeX JIMHEHHBIX ypaBHEHHH C TpeMsi NMepeMeHHBIMH.

Peuenne cucrembl Tpex snHelHBIX ypaBHeHuil ¢ TpeMs nmepeMeH-
HBIMH BBIMOJHSAIOT [0 TAKOMY IJIaHy:

1. 3anncbiBalOT CHCTEMY B «CTaHAApPTHOM» BHJE: packKphiBaloT
BCe CKOGKH; WJIEHbl, CO€PXKalllHe NepeMeHHbie, NePeHOCST B JIEBYIO
YacCTb YpaBHEHMsl, a CBOGOLHble YJieHbl — B €ro MNpaByi0 4YacTb;
NPUBOJAT MOAOGHbIE YJ/IEHbl; B KaXKJOM YPaBHEHHH CHCTEMBI COGJIO-
AAIOT OLHMH H TOT XK€ MOPSAOK CJeJOBAHHS NepeMeHHbIX.

2. W3 xakux-HuGyab ABYX ypaBHEHHH CHCTEMBI HCKJIOYAIOT ONHY
H3 MepeMeHHbIX. :

3. I3 moJyueHHBIX IBYX YpaBHEHHH C NBYMS MepeMeHHbIMH
HCKJIIOYAIOT JAPYTYIO NMepeMEHHYIO.

4. BBIUHCASIOT 3HAaYeHHe TPeTbel MepeMeHHON H METOI0M MOACTa-
HOBKH HaXOJSIT 3HaUeHHEe ABYX APYrHX NePEeMEeHHBIX.

IIpumep 1. Pemnre cucremy ypaBHeHHi

2% — 4y + 22 = —12,
y+3Ix=1+4 22,
3y —9=1x+4 22

Pemenune. |. 3annwem ypaBHeHHS cHCTeMBl B CTaHJapTHOM
BHIE:
2x — 4y + 22 = —12,
x+y—2z=1,
—x 43y — 2z=09.

Pazpenum nouseHHo nepsoe ypaBHenHe cHcTeMbl Ha 2, NOJIYYHM
CHCTEMY:

x—2y+ z=—6,
x+y—2z==1,
—x 4 3y — 22=09.

2. YMHOXHM NOWICHNO UCPBOE YPaBHEHHE CHCTEMBl HA —3 M npu-
6GaBHM €ro Ko BTOPOMY, HOJyuHM: 7y — 5z = 19. :

IlepBoe ypaBHeHHe ClOXKMM C TPeTbHM, TeM caMbiM HCKJIOUHM X
H3 TpeTbero ypaBHeHHs. Ilosyuum cucreMy, paBHOCHJbHYIO ZaHHOM:

X — 2y + 2= —6,
7y — bz =19,
Yy—z=3.
3. YMHOXHM NOY/JEHHO TPeTbC YpPABHCHHE HA —7 H CJOXKHM CO

BTOPbIM YpaBHEHHEM; B pe3yJbTaTe NOJYYHM TPETbe ypaBHEHHe
CHCTeMbl Ge3 mepeMeHHbIX X H y:
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Ty — 5z =19,
22 = —2.

o ] — 19 + 52 — 2
4, Hs nocjeaHed CHCTEMbl HMEEM: 2 = —1, y—-—7—-— N

x=—6+4+2% —2=—6+2.2—(—1)=—1.

Otser: (—1; 2; —1). }
IMpuwmep 2. Pemnre cucreMy ypaBHEHHH
X +2x2'—x3=3,.
2%, — X+ X3 =2,
%, — 3%, + 2x3=05.
Pewmenue.
xl +2x2 ‘-‘x3=3,
———5)62 + 3x3 == "'"4,
-—5)62 + 3x3 = 2;
IMocsiennee ypaBHEHHe CHCTeMbl NPOTHBOPEYHBO, HCXOAHAs CHC-
TeMa He MMeeT pelleHHH.
IMMpumep 3* Ilpu Kakom 3HAYEHHH NMapamerpa a CHCTEMA
x, —2x2+x3=3,
—xl + 5x2 -_ 2)63 = —'5,
2%, + 3x, —ax; =2

xl +2x2_x3=31
—5x2 + 3X3 == —4’
0 . x3=6.

HE MMeeT PeLIeHHH? ) .
Pewenue. Hcxoguyio cucreMy ypaBHeHHH CBOJHM K BHAY:
X, — 2%, + x3=3, x,—2x2+x3=g,
3x2—x3=—2, 1 2
. x2 - '—'x3 - 3 ?
Tx, — (2 + a)x; = —4; 3
’ (1 —3a)xs=2.
- CHCTEeMbl He
Ecin 1 —3a=0,T.e. a =, TO TpeTbe ypaBHEHHE

umeeT cMmbplcsia. MicxonHas cucreMa He MMeeT pEUICHHH.

1
OrBeT: a= 5
ITpumep 4* Ilpu KaKoM 3HauYeHHH MapameTpa a cucrema
Xy 4 3x, — X3 =15,
2%, — X, + 5x3 =3,
—xl - aX2 - 6X3 == 2
P
uMeeT GeCKOHEUHOe MHOMKECTBO PelleHHH? i
PeweHue HcxomHyio cucTeMy JHHEHHBIX YpaBHEHHH CBOAHM
K BUAY:
Xy 4 3x, — x3 =75,
x2 - x3 = l,

—(a+x3=a0a+4.

Xy + 3x2—x3=5’

—'7x2 + 7x3 = _7’

(3 — a)x2 —_ 7x3 == 7;
333



Ecmn a4+4=0, 1. e. a=—4, TO mocjieiHee ypaBHEHHe CHCTEMbI
BBINIOJIHAETCA NPH JI060M [AeHCTBHTENbHOM 3HAYEHHH nepeMeHHOH.
Otset: a = —4.

3ananue. Pemnre cucreMy ypasHeHHi

x, - 5x2 + 3x3 == ““4,
3x| -_— 2x2 +‘5x3 = l,
‘—2xl + 3x2 —x3= l.

HenporusopeunBoe Juneiinoe ypaBHenue c TPeMsl nepeMeHHbLIMH
ax + by + cz =d B KoopnHHATHOM IIPOCTPAHCTBE ONpelesisieT eLUH-
CTBEHHYIO IUIOCKOCTb, €C/IH XOTs Gl OAMH H3 KO3(hdHUHEHTOB a, b,
¢ He paBed Hymo. CHCTeMa TpeX TaKHX JIHHEHHbIX ypaBHeHHH c
TpeMs NEPEeMEHHBIMH 3a/laeT B MPOCTPAHCTBE TPH MJIOCKOCTH:

ax+by+cz=d,
axx + byy + c,2 =d,, (I
azx + by + c32 =d,.

Pewnts cucremy (I) — 3HauuT HaliTH MHOXECTBO Touek npocr-
PaHCTBA, fBJAIOWIHXCA NMEPECEUEHHEM 3THX TPeX IJIOCKOCTell.

Bo3MOXHEI creayiomue ciyyan B3aUMHOTO pacrnosioxeHHst Tpex
IJIOCKOCTEH B NPOCTPAHCTBE.

1. Bce TpH MJIOCKOCTH pas3/HYHBL:

a) IJIOCKOCTH MNepecekaloTcs] B OAHOH TOUKe (puc. 283) —
cucrema (I) coBmecTHa, MMeeT emHHCTBEHHOe pelieHue;

6) MJIOCKOCTH NOMAapHO NEpeceKaloTcs, NPHYEM npsiMele nepece-
YeHHS1 IUIOCKOCTEH pas/HYHBl M He nepecekaioTcsi (puc. 284) —
cucrema (I) necoBmecrna, pemwenuii Her;

B) JBe IVIOCKOCTH NapaJJjeibHbl, a TPeTbsi HX nepecekaer
(puc. 285) — cucrema (I) HecoBMecTHa, pewIeHHH HeT;

I) IVIOCKOCTH NepeceKkaloTcst MO MPAMOH, MpHHAainexaumed Kax-
noit u3 HUX (puc. 286),— cucrema (I) HMeeT GeCKOHEUHOE MHOKECTBO
pelrenuii (MHOXKECTBO TOUEK MpPAMOi);

A) TUIOCKOCTH MapaJiiebHbl MeX1y coGoil (puc. 287) — cucrema
HECOBMECTHA, pPEIIeHHH HerT. " '

2. JIBe MJIOCKOCTH COBNAjaloOT:

a) coBNaBIUHE IVIOCKOCTH NEPeceKaloTcs TpeTbell (puc. 288) —
cucrema (I) coBmecTHa, uMeeT GeCKOHEYHOE MHOXKECTBO peuieHuii

(MHOXEeCTBO TOUYEK NpsMOii); ,
/__—--_ A’ \ 2 < o]
iYoiZo)
~| V

Puc. 283

Puc. 284 Puc. 285 Puc. 286
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=D

Puc. 289

Puc. 290

Puc. 287 Puc. 288

6) coBmasmMe MJIOCKOCTH MapaJJieNbHbl TpeTbeil (pHC. 289) —
cucrema (I) HecoBMecTHa, pelIEHHH HeT.

3. Bce Tpu miockocTH coBmajaior (puc. 290). B astom cayuae
cucrema (I) coBMecTHa H HMeeT GECKOHEYHOE MHOXKECTBO PeEIUECHHH

(MHOXECTBO TOUEK IJIOCKOCTH).

Ynpaxcrenun

1. PacckaxuTe MJaH pelIeHHs] CHCTEMbl NBYX JIMHEHHBIX ypaBHe-
" €MEeHHBIMH.
mm2? gl%egfa?mnlggrpnpyme reoOMeTpUYECKH pelleHHE CHCTEeMBI T;:gf
JIMHEHHBIX ypaBHEHHH C TpeMsi nepeMeHHBIMH. PacCMPTpme BCe Baﬂ-
MOXHbBlEe CJy4aH pacloJIOXKeHHsl TpeX IJIOCKOCTeH B MNpOCTp -
CTBe, BHINOJHHTE COOTBETCTBYIOLIHE DHCYHKH. PeaysibTaThl 3amHLIA
Te B BHAE TaGaHIbL

N Baanmuoe pacnosnoxente maoc- | Iepeceuenne naockocred (¢u- |y, 0 pelmenuit cHcTeM
n/n | kocreit rypa)

3. Pewute cucTeMbl YpaBHEHHH:

a) x+4+2y— z= 8, 6)
3x+5y+22= 7,
x—3y+4 z2=-8

x+2y=21'—42, r)
y+3z=13—2x,
3x + 5y =3z;

Xy + 2xy — x3 =05, e)
2% — 3x, + 4x3 =1,

Xy — 5%y + 5x3 =17,

x(){ X, — 3%y + x3=—2, 3)

x — 3y +5z2=14,
2x—5y+ ‘2=9,
—3x+y+22=0

X — 2%, + 2x3 =1,
X +3x2—"x3=4)

5)61 —_ 2x2 — 3X3= l8;
X, — 3x2+4x3= 1’
3xl + 2x2 _x3=4’
8x, — 13x, + 19x3=19;
Xy — 3x, + 4x3 =26,
3x| + 5XQ "—X3=87
2xl + 8x2 -_ 5x3 - 3;

B)

3xy + x, — 3x3 =10,
4xl - QX2 - 5x3= ll;
xl +4x2_X3=5:
—QXI -_ 3x2 -+ X3=4s
5x2 -_— x3= 14-

e TN e, TN

H)
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4. CuctemMa Tpex JHHeHHbIX ypaBHEHHH C TpeMsl NepeMeHHbIMH
HMeeT eIMHCTBeHHOe pelueHue. Kak B mpocTpaHcTBe B3aMMHO paclo-
JIOXKEHBI MJIOCKOCTH, OMpejessieMble YPABHEHHSIMH CHCTEMbI?

5. CucreMa Tpex JIMHEHHBIX ypaBHEHUH C TpeMs NepeMeHHbIMH
HMeeT GeCKOHEHHOe MHOXKecTBO pewreHHH. Kak mMoryt GbiThb B3aMMHO
pacnoJio>keHsl B NPOCTPAHCTBE IMJIOCKOCTH, OIpeje/sieMble ypaBHe-
HHSIMH 3TOH CHCTEMBbI?

6*. Ilpu Kakom 3HAueHHH TNapamMeTpa a CHCTeMa ypaBHCHHMH He
uMeeT peLleHHH:

X+ %, — 2x; =20,
2%, — Xy + ax; =2,
X, — 2x, 4+ Sax; =2?

7*%. Pemurte cHucTeMbl ypaBHEHHUH METOAOM MOCJE€A0BATEIbHOrO

HCKJ/IIOUEHHUS TepeMeHHbIX:

a) X1+ 2x— 4x34+ x,= 2,
- 2%, + 3xy + x5+ 2x, =05,
5x; + 9xy — 11x3 + x, =11,
3%, 4 5%y — 3x3 — x, =17,
6) x,—|—2x2—3x3——x4=—8
2x, — Xy — 2x3 + x, = —5,
—2x, — 3x2 + x3 — 2x,=2,
Xy -+ 5xy — 3x; —4x, = —11.

§ 107. HEKOTOPbIE CNOCOBb! PELLIEHMA HEJMHEAHbBIX
CHUCTEM YPABHEHUA

C npumepaMn pelLI€HHS HEKOTOPbIX HEJHHEHHBIX YpaBHEHHH Mbl
yKe BcTpeuasuch. Hampumep, Mbl peliajyu nokasareJbHble, JorapHg-
MHUECKHe, TPUrOHOMETpPHUecKHe, HppalHOHAJbHbe, aJjrebpaHyecKde
ypaBHEHHUs] BTOPO# (B 4aCTHBIX CAydyasix U Gojiee BLICOKOH) CTeNeHH.
B naunoM mnaparpade paccMOTpPHM OTHAeJbHble MNpHEMbl pelIeHHUs
HeJHHeAHbIX cHcTeM YypaBHenuil. CucTeMy YypaBHEHH HasbIBalOT
HeJMHel HOH, ecii XOTsl Gbl OJHO U3 ee ypaBHeHHH HenuHeiiHo. [Ipume-
paMH HesJIMHeHHBIX CHCTEM YPaBHEHHH MOTYT CJIy:KHTb CHCTEMbI:

— IR
a) x—!/-—], 6) x+y—2:
X =P =7 x—y=0;
B) logex + log,y =1+ log,9 r) sinx 4 cosx =0, .
x+y=3; sin2x+coszy=?.

CrnocoGbl pellieHusi HeJMHEHHBIX CHCTCM ypaBHEHHH BechbMa pas-
HoOGpa3ubl. OG6LIMM [/151 BCeX HUX SABJSCTCA 3aMeHa HMCXOJLHOH
cHCTeMbl paBHOCH/IbHOH eifl GoJiee MPOCTOH CHCTEMOH HJH COBOKYI-
HOCTbIO GoJiee NpOCTHIX cHcTeM. JlomycTHMO TakxKe MNpPH peLIeHHH
CHCTEM BBIMOJIHATHL HaJ YPaBHEHHSIMH TakKHe mpeob6pasoBaHHsi, KOTO-
pble MPUBOAAT K pacIlHPeHHIO 06/1aCTH JOMYCTHMBIX 3HAuUeHH# mepe-

336

MEHHLIX, T. €. MEPEXOJHTb K HEPABHOCHJBHBIM cHcTeMaM. IIpu Takom
nepexoje, Kak H3BECTHO, BO3MOXKHO MOsIBJIeHHe MOCTOPOHHUX KOpPHeH.
Takue KOpHM HEOGXOQHMO BBHIIBHTb H OTODOCHTb, HampuMep NyTeM
IPOBEPKH HCXOJHOH CHCTeMHl. B 3TOM ciyuae mpoBepKa CTaHOBHTCS
06s13aTe/IbHBIM 3JIEMEHTOM pELIEHHS CHCTEMB.

BbImosiHATh Hajg cucTeMOH (WM OTAENbHBIMH €€ ypaBHEHHUSIMH)
npeoGpa3oBaHHsl, NPHBOASAILNE K NOTepe KOpHel, HeJOMyCTHMO.

PaccMoTpuM croco6bl pellieHHs] CHCTEM HEJIHHEHHBIX ypaBHEHHI.

Cnoco6 nodcranosku. TlopsiioK pelleHHsT CHCTEMBl JIHHEHHBIX
ypaBHEHHI C IBYMSI NepeMEeHHBIMH CIOCOG0OM MOACTAHOBKH COCTOUT
B CJeAYIoLIeM:

1. VI3 onHoro ypaBHeHHSI cHCTeMbl BbIpakaeM OJHY NepPEMEHHYIO
Kak (pYyHKUHIO APYroil nepemMeHHOH.

2. Hckaioyaem 3Ty NmepeMeHHYIO M3 BTOPOTO ypaBHEHHS.

3. Pewaem noJsiyueHHoe ypaBHEHHE OTHOCHTEJNbHO BTOPOH mepe-
MEHHOH.

4. Tlo HafineHHbIM 3HA4YeHHSIM BTOPOH NepeMEHHOH H3 INepBOro
ypaBHEHHMS HAXOJHUM COOTBETCTBYIOLIHE HM 3HAaUeHHsI MepBOH me-
peMeHHOH.

5. B HeoO6XONMMBIX CJydasix BBINOJIHSIEM TIPOBEPKY HCXOJHOH
CHCTEMBl H 3aMHCbiBaeM OTBeT.

ITpumep 1. Pemure cucremy ypaBHeHUH {y + 1= 5

¥+t
Pewm eHHeE.
Y, + x2 =35, =5 — y= 5 — x2,
{ + xt=17; {(5—x2)2+x = 17; { — 5x2 +4—~0
Bropoe ypaBHeHHE MOJYUeHHOH CHCTEMbl MNpeACTaBjsieT coGoH Ou-
KBaJpaTHoe ypaBHeHHe. PeliuM ero oTmesbHO:

t _5x2+4=0,
0603HauuM x° uepes , MONYUHM:
u —5u—|—4—0 u=+4 um u=1.
=4, x=2, xo= —2;
x2=vl,x3=1,x4=-—l.

M3 nepBoro ypaBHeHHSI CHCTEMbl HAXOJHM COOTBETCTBYIOLIHE 3HA-
YeHHS MepeMeHHOH y: Yy = 1; yo=1; ys=4; ys = 4.

Tak kak npuMeHeHHble HaMH MNpeo6pa3oBaHUsl He Hapyliaju
PaBHOCHJBHOCTH CHCTeM YpPaBHEHHS, TO NpOBEpPKa NOJYUYEHHBIX pe-
leHHi He o6Gsi3aTe/ibHA.

Otset: (2; 1); (—2; 1); (15 4); (—1; 4).

ITpumep 2. Peunre cucreMy ypaBHeHHI:

2x — y — xy = 14,
x4 2y + xy = —7.
Pewenue 3ameuaeMm, uTO MOUJIEHHOE CJOXKEHHe YpaBHEHHH

CHCTEeMBI IO3BOJISIET HCK/IIOUHTb BbipaxKeHHe Xxy. BBIMONHHB 3TO mpe-
o6pasoBaHue, MoJyuuM ypaBHeHHe 3x + y = 7.
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Ilpucoeaunus k mosyueHHo y ypasHemuio ‘ogHo H3 ypaBHEHHH
AQHHOH CHCTEMBI, MONYYHM CHCTEMY, PABHOCUJbHYIO NaHHOM:

2 — Yy — xy = 14,
{3x—|—-y=7.

Hanee cucremy pewmaem cnoco6oM MoACTaAHOBKH:

2% — y — xy =14, 2% — (7T — 3x) — x(7 — 3x) = 14,
{y=7—-3x; {y= — 3x; ,
{3x2~—2x—21=0,

y=17— 3x.

IlepBoe ypaBnenne cucrembr ecth kBazpaTHOe ypaBHeHHe. Pemaem
€ro OTHAEJbHO:
3x? —2x — 21 =0,

y =2 V4 + 252 x =216
6 r T

= =
6 ,x;—-3,x2-— 3"

U3 ypaBHeHuss y =7 — 3x naxomum COOTBETCTBYIOIIHE 3Haye-
HHUs1 IePeMeHHOH y: y) = —2; y, = 14.
IlpoBepka mosnyueHHEIX peweHuii He 06si3aTesbHa, TaK KakK NpH-

MEHEHHbIe HaMH Hp606p830BaHHﬂ He HapyumaJH paBHOCHJAbHOCTH
CHCTEM.

Orger: (3; —2); (—%; 14).
IIpumep 3. Pemnte cucremy ypasuenuii:
3% .37¢—81=0,
{lgx—}- lgy=1+4 1g3.

Pewewnue. Jlesyo u npasyio yactu Broporo YPaBHEHHSI MOX-
HO mnoteHUHpoBaTh. [IpH 3TOM HapyWIHTCH PaBHOCHABHOCTL 3TOrO
YPaBHEHHA H BCeH cHcTeMbl: GyAeT paciuiupeHa o6.1acTb JOINYCTHMBIX
3HAUEHWH MEePEMEHHbIX, UTO MOXET MPHBECTH K NPHOGPETEHHIO MO-
CTOPOHHHX KOpHe#. [IpoBepka mosmyueHHbIX peurenuii, Takum o6pasom,
CTaHOBHUTCA 00513aTeJbHOIL. .

g xy = 1g 10 + 1g 3; xy = 30.
Tenepnr npuMeHsieM cnoco6 NMoACTaHOBKH:

y=2x — 4, y=2x — 4, y=2x — 4,
{xy=30; {x(2x-—-4)=30; {2x2—4x—-30=0.

Pemaém kBagpaTHOe ypaBHeHHe:
% —2x —15=0, x; = —3, x, =5.

{32"‘y=3“, {2x—y=4,

¥ = —3 — NOCTOPOHHHH KOpEeHb, TaAK KAaK NPH 3TOM 3HAYEHHH Ie-
peMeHHOR 1g x, BXonAmMi B CHCTEMY, TepsieT CMbICI.
Haxonum snavenne y npu x =5: y=2.5— 4 =6,
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IIpoBepka:
P 32-5.3—6_81=3'°.3"6—81=34—81=0,

g5+ 1gb6=1g30=1g(10 - 3)=1 + 1g3.

Orser: (5; 6). )

3agaunune 1. Pemnre cucreMbl ypaBHe}éuu:
—y=2, x4+ xy=328,

a) {fez +y3xy=70; 6) { 3xy + 2y =24;

1, 1 __ 3
ty=7 {7+7_ >
B) {ﬁg."’_ﬁ_z;lé; D\ x+y=12

Cnoco6 pasaoscenuss 00HO20 U3 YpasHerul Ha nuueuubtee gzg};
scureau. Crnoco6 ocHoBaH Ha Npeo6pasoBaHHH CHCTEMbl HEJHH
ypaBHeHHH K BHLY

{ (ax + by) (cx + dy) =0,
[(x y)=0.
Ecau Takoe mpeoGpa3’oBaHHe YNAeTCsi BHIMOJHHTb, TO CHCTeMa CBO-
JIHTCSi K COBOKYIHOCTH CHCTEM:
{ ax + by =0,

fly)=0,

cx+dy=0,

f(x9)=0,
KaX{Iyl0 H3 KOTOPBIX 3aTeM pellaiT cnoco6oM MOACTAHOBKH.

PaccMOTpUM NpHMEPHL .
[Mpumep 4. Pewure cucreMy ypaBHEHHH:

xy + 4x — 5y =20,
{x + 3xy + 2% = 42. '
PeueHue PaccMOTPUM OTAE]bHO NepBOe ypaBHEHHE CHCTEMBL:
xy + 4x — 5y = 20,
xy + 4x — by — 20=0.
Tenepb JIeBYI0 €ro 4YacTb MOXHO pas/JOXHTb Ha MHOXHTETH
cnoeo6oM FpYNIHPOBKH:
x(+4)—50@+4)=0,
Y+ Dx—25)=0.
Takum 0o6pa3oM, LAHHYIO CHCTeMY YAaJoCh npeo6pa3oBaTh B paBHO-
CHJIbHYIO eii CHCTeMY:

4)(x —5)=0,
{Sc% i 33c§/x+ 2y)2 =42.

[MoayueHHYIO CHCTEMY HETPYLHO CBECTH K PaBHOCHJBHOA COBOKYI-
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HOCTH CHCTEM, KaxKAylo H3 KOTOpBlX MO2KHO PELIHTh crnoco6oM NOA-
CTAHOBKH:

{y2+4=0, {y=——4',_ {y=—4,
22 4-3xy+2y°=42; § \ x24-3xy-++2y°=42; 22— 12x 4 32=42;
{x—5=0, x=S5, {x=5,

22 4-3xy+2y*=42; L\ 24 3xy+24°=42; 25+ léy+ 2y?=42.

Bropble ypaBHeHHS B KaXKJO# cucTeMe npeiacraB/isioT co6od KBan-
paTHble YpaBHEHHS], KOTOpHIE pelliaeM OTAEJbHO:

a) 2 —12x+32=42, x> —12x — 10=0, x=6+ V36+10=
—6+ V26, x1=6+ V16, xo—6— V16 ;
6) 25-+15y+24°=42, 2+ 15y—17=0, y=" "=+ ®

—15 4+ 19
=I2F2 yi=1, y2=—85.

[MosiyueHHasi BEILIE COBOKYHNHOCTb JABYX CHCTEM CBOJHTCS, TaKHM
06pa3oM, K paBHOCHJIbHOH €H COBOKYMHOCTH YeThIPpeX CHCTEM:

x=6+4 1/716, {x=6—1/15, x=2>5, x=25,

{y=—4, HIM y— 4, "‘""{y=1,"‘”"{y=—8,5.
[Mposepka no/iyueHEBIX pelleHHH He o6sidaTesbHa, TaK KaK NpPHMe-
HEeHHble Npeo6pa3oBaHHSl He HapyllaJd pPaBHOCHIbHOCTH CHCTEM.

Ortser: (6+ V/46; —4);, (6 — V46; —4); (5; 1); (5; —8,5).

ITpumep 5. Pemnre cucTemMy ypaBHEHHH:

{x2—2xy—3y2=0,
x?— xy — 2x — 3y =6.

Pemenue. JleByio yacTb NepBOro ypaBHEHHSI CHCTEMbl MOXKHO

Pa3/IoKHUTh Ha JIHHEHHBIE MHOXHTEJNH CIOCOGOM TIPYNNHPOBKH:
¥ —2xy —3y*=0, x>+ xy—3xy— 37 =0,
xx+y)—3x+y)=0 (x+y)(x—3y)=0.

Iaunyio cucTeMy MOXKHO mnpeoGpa3oBaTb cJeAyloliHM 006pa3oM:

{(Jg-3y)(x+y)=0,

x — xy — 2x — 3y = 6;

{x‘—‘3y=0, x=3y’
12— xy — 2x — 3y ==6; 2y* — 3y —2=0;
{x+y=0$ ="“y,
x?— xy— 2x — 3y==6; 2y —y—6=0;
{x=—l,5‘, xm—-—2,
HJTH
—
{x=5 R
y=2 L{9»&=—=
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Orser: (——?é—; —-;—), 6; 2), (—2; 2), (_i.; ___g_

3apganue 2. Pewnre CHCTEMBI ypaBHEHHUI:

a){ﬁ+ﬂw+af=m 6){2ﬁ—5w+af=a

3xy +7y=1, 2 —=3xy+y'=1
B) 3§/2 — 2xy = 160, r) {x2 —2xy — y* =2,
y° — 3xy — 2x* =8; xy+yi =4

Cnocob ceedenus cucremvt K keadparnomy ypasnenuro. CHUCTEMbI

BHIA { F)+0W)=0, ; 1akxe CHCTEMbI, IPHBOASIILHECH K TAKOMY
f(x)- 9@@)=0»,

BHAY, MOXHO CBECTH K KBaApaTHOMY ypaBHEHHIO. JleiCTBHTEJBHO,

ecin ¢ynkuud f(x) 1 @ (y) paccmarpuBaTh KaK KOPHH KBaApaTHOro

ypaBHEHHs] HEKOTOPOH NepeMeHHOH 2, TO MO Teopeme BHeTa MOXHO

3anucath 22 — az + b =0. Y ecin 21 ¥ 22 — KODHH 3TOr0 ypaBHEHHHA,

TO NAHHYIO CHCTEMY MOXHO NPHBECTH K COBOKYIHOCTH CHCTEM:

(1@ =20 o ([ I=2

p(Y)=2 )=z
[Tpumep 6. Peunte cucreMy ypaBHEHHi:
x+y=3,
xy=T".

Pew enue CocraBuM KBagpaTHoe ypaBHenue z° — 8z + 7=0.
Haiigem ero kopuu: 2y =1, 2o=7. Jlannas cucreMa cBeJach K COBO-

KYIHOCTH CHCTEM:
x=1, { x=1,
{ y—=7 B,
Orser: (1; 7); (7; 1).
TIpumep 6 HeTpyAHO OBLIO PEUIMTb M CNOCOGOM MOACTAHOBKH.

Mpumep 7. Pemnte cucremy ypaBHeHHH

{#+y=10
xy = —3.

Peiweuue Bo3pegem o6e yacTH BTOPOTO ypaBHEHHs CHCTEMBI B
KBaapaT. D10 npeobpa3oBaHMe MOXKeT MNPHBECTH K npuoGpeTeH IO
mocTopoHHux KopHed. IlpoBepka KOpHe#, TaKHM o6pa3oMm, CTaHo-
BHTCSI HEOGXOAMMBIM 3JeMeHTOM pewieHHs. TlosyunM cHcTemy

22+ y? =10,
{xzyj_= 9.

Jlanee pemaeM CHCTeMy croco6OM CBeleHHsl ee K- KBaJApaTHOMY
ypaBHEeHHIO:

22— lOZ—l—g-——-‘O, 21=l, 2:=09.
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Hauuas CHCTeMa MIPDHBOOHTCA K COBOKYNHOCTH CHCTEM

{x2=l,
P =09;

{(#=h
y¥=1,

KOTOpasi B CBOIO ouepenb NPHBOAHTCA K COBOKYNHOCTH BOCbMH CHCTEM:

x=1, x=1, x=—1, x=—1,
{y=3 mm{y=__3’ HJH {y==3, HJIH {y=—3, HJIH

x =3, x =3, X = -3, x= -3,
{ =1, HJIH {y=—-l, HJH {y=l, HJIH {y=—l.

IlpoBepka mosyuennbix kopHe#i mosBodsier OTGPOCHTb NMOCTOPOHHMHE:
(15 3);, (—=1; =3); (3; 1); (=3; —1).

Orser: (1; —8); (—1; 3); (—3;1); (3; —1).

IIpumep 8. Pemure CHCTEMY ypaBHEHHI:

y+lgx=1,
x!=0,01.

Pemenne. IIponorapugmupyem no ocnosanmio 10 o6e 4acTu
BTOPOro ypaBHEHHA CHCTEMH. DTO0 npeo6pasoBaHue He npuBeneT K
H3MEHEHHIO 00/1acTH JONYCTHMBIX 3HAYEHHH nepeMeHHOH, Tak Kak
¥>0;001>0ux>0 (cm. nepsoe ypapHeHue). [Tonyynm cucremy,
PaBHOCHJIBHYIO JaHHOH:

{y+lgx=l, y+lgx=1,
y-lgx=1g0,01; ylgx= -2,

Tenepnr nmosyuennyio CHCTEMY CBeJeM K KBaJpaTHOMY ypaBHEHHIO:
2—2—-2=0, OTKyla 2y = —1, 2 =2. JlaHHasA cHCTeMa CBeJiach
K COBOKYMHOCTH CHCTEM:

{ng=—l, {x=0,l,

y=2; y=2;
lgx=2, {x=100,
{y=_—l; y=—-l.

Orser: (0,1; 2); (100; —1).
Banaunue 3. Pemnre CHCTEMY ypaBHEHMH:

X+ y=-—3, X —y=2,
2) {xy=2; 6) {xy:—-ls;

B) {x2+y2=10, r) {lgx+lgy=l,
xy =4; lgx - lgy=—2.

Cnoco6 samenst nepemennoix. Croco6 samenn HIepEMEeHHBIX M03BO-
JISIET HeJIHHEHHYI0 CHCTEMY YpaBHEHHH CBECTH K TaKOH CHCTeMe
(1 coBoKymHOCTH cHcTeMm), pemartb KOTOPLIE MBI yMeeM.
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Mpumep 9. Pemnre cucremy ypaBHeHH#:

—1 —1 =92
X~ —y R
{x—2—y—2=16.
-1 __ —1 = p.
Peuwenue BpeneM HOBhE MepeMeHHble: X =1, 7] v
Cucrema npHMeT BHA: _ | )
u—ov=2, u—v=2, {u—v—;_,m‘
{u“’—- ?=16; (u+0v)(u—0v)=16; \2(u+0)=106;

{u—v=%, {u—v=-72, {Z:g'

BoaBpaTHMCS TeNepb K HCXOJHLIM MEPEMEHHBIM:

{x—l=5$ 5
g M — 1
Y y=-7-

X =,

1, 1
OTBeT: (—5—. 3 )

MMpumep 10. Pewnre cucremy ypaBHeHHH:
Vity—Vi—y=2
{1/7+y——‘/x—y=8-
Pewenue BpeieM HOBbE MEPEMEHHDBIE: Vx+y=u,
i‘/x———y-= v. JlaHHasi cucTeMa NPHHHAMAaeT BHI:
{u—v=2, {u-—v=2, {u—-v==2,

W—02=8 \(u—0v)(e+v)=38 2(u+v)=28

Uu—uv=2, u—v=2, {“=3’
{u+v=4; 2u=6, =1

Bo3BpaTHMCs K HCXOJQHbIM MepeMEeHHbIM!
{ Vity=3,
Yi—y=1

neHb.
O6e uacCTH KaXJAOro ypaBHEHHS BO3BEIAEM B qegsepn:{:glocrsocm-
1o npeo6pasoBaHHe MOXET TMPHBECTH K MNPHO pe:{oﬁ Jocto-
ponnnx KopHeil. IlpoBepka CTaHOBHTCA o6s3ared

peleHHst. B ol
=81, x4+ y=281, {x ,
(rro=tt L% =
Mposepka: /41 + 40 — /41 —40=3—1=2.
V4l + 40 — Y41 —40=9—1=38.
Orser: (41; 40).
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3ananue 4. Pemnre cucreMbl ypaBHeHHIi:

a) y x
x +y = 31; x4+ y=41;
){;/7+21/3=9, r) {5?7-2/7_—_200,
X —4y=9; 25V% 4 22/7—689.
I'paguueckuii cnoco6. I'padpuuecknii crnoco6 pelleHHsT CHCTEMBI
JBYX yPaBHEHHH C JByMsl epeMeHHBIMU { f E’; Zg_ ( COCTOHT B OThi-

CKaHMH TOYeK nepeceuenns JuHuil f(x, yY)=0 u ¢ (x, y)=0.
I[Tpumep 11. Pemnre rpaduueckn cucremy ypaBHEHHIi:

{y—x2=4x—|—4,
2x 4+ y=—4

Pemenu e Crpoum B ofHOH H TOH XKe CHCTeME KOODAMHAT
napa6ony y = x>+ 4x + 4 u npamyo y = —2x — 4 (puc. 291). Ha-
XOJAHM 3HaYeHHUs Koopzmna'r TOYEK NepeceyeHust napaéom.x H NpSAMOii:
A(—4; 4) n1 B(—2; 0). Ionyuynau pemieHHss JAHHOA CHCTEMBI:
(—4; 4), (—2; 0). ‘

1 pumep 12. Pemnre rpaduuecku cHCTEMY ypaBHEHHI:

{x +y +2x — 6y — 6=0,
24y +8x+2y—32—0

Pewmenwue. Ilepsoe ypaBHeHHe CHCTEMBI MOXHO Npeo6paso-
BaTh, BHIJE/HB MOJIHbIE KBaJpaThl:

4241 -1+ —6y4+9—9—6=0,
(x+ 17+ @y — 3P =16.

HJIH

Y

AE35:6)
3
o B(2,6;12)
S~ %
0
So—
X
Puc. 291 Puc. 292
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[Moayuunu ypaBHEHHE OKDYXKHOCTH ¢ leHTpoM B Touke O (—1; 3)
panuyca 4 exuHuusl. ITocTpouM 3Ty OKpyxHOCTb (pHc. 292).
AHaJOrHuHO MOXKHO mpeoGpa3oBaTh BTOPOE YPABHEHHE CHCTEMBI:

P+8+16—16+y*+2y+1—1—32=0,
(x+ 47+ (y+ 1)1 =19.

[Monyunau OKPYXKHOCTb ¢ LeHTpoM B Touke Oz (—4; —1) paauyca 7
enunun. IToctpoum 31y oOKpyx)HOcTh (pHC. 292). IlocTpoennue
OKDYKHOCTH mepecekaloTcss B JABYX Toukax A W B, KoopaHHaTH
KOTOPBIX CJyXaT peuieHHeM cHcTeMbl. ITo pHCYHKY Haxoaum npHGIH-
JKEHHble 3HAUeHHS KOOpAMHAT.

Oreer: (—3,5; 6); (2,6; 1,2).

3apgaunue 5. Pemnre rpacuuecku cucreMbl ypaBHEHHH:

HJIH

a) {y—2x=0 6){x2——4x——6y=20,
y+2x=x§+4; xy = —8.
Ynpascnenusn

1. CocraBbre KOHcnekT maparpada. IIpuBenute 110 OJHOMY NpH-
Mepy CHCTeM YpaBHEHHH, pellaeMBIX KaX[bhlM H3 DPacCMOTPEHHBIX
Crnoco6oB.

2. B KakKux cjayyasix NpPOBepKa MOJYYEHHBIX PeLIeHHH CHCTeME!
o6sizaTenbHa, a B KakKux He o6Gsi3aTesbHa?

3. Peuinre cucreMbl ypaBHEHHH:

a) {x—y 3, 6) {x’+3xy+2y2=42,
xy=10; (x—5)(y + 4)=0;
{xJ:—y —719, {(x+y)(x —y%)=63,
x4+y=—
I) {]og3x+log3y-—l e) {x + y? —lO
X+y"4 ’3_=—f/_
x) [ x° -3) + 9,
{x +2x—y—12, {V_y—ﬁ
H) {x2-—xy+2y =0,
2x% — 5y + xy = —1.

4. Peuwnte rpatuyecky CHCTEMbl YPaBHEHHH:

a {4y =3 0 {x—y + 5y,
x% 4 6y=36; = x% 4 5x.

5% Pemnte cucreMbl ypaBHEHHH:

a) {x —3xy+5y =3, 6) {lgx+lgy=5,
2x% + xy — 3y’ =T; lIgx-1gy==6;

I‘) {2cosx+2secy=5
2008)‘ . 2secy —_ 4.

I
c>|--
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§ 108. MPUMEPbI PELUEHMA HEPABEHCTB
M CUCTEM HEPABEHCTB C ABYMS MNMEPEMEHHbIMU

Pewntb HepaBeHCTBO f(x; y) > 0 — 3T0 3HAUHT HANTH MHOXKeECTBO
BCEX 3HAYEHHH MNepeMeHHbIX, NMPH MOJACTAHOBKE KOTOPHIX B NaHHOE
HEPaBEHCTBO MOJ/y4aeTcsl BEPHOE YHCJIOBOE HepaBeHCTEO.

Ecnu HepaBeHCTBO COfepPIKHT TONBKO [BE NepeMeHHbIe, T. €. HMeeT
BHA f(x; y) > 0, TO MHOKECTBO €ro PelIeHHi — MHOXKECTBO YIOPSILO-
YeHHBIX map unces. Kaxnas takas mapa reoMeTpuueckd H306paka-
ercsl TOYKOH MJIOCKOCTH. MHOXeCTBO pelleHHH HEPaBEHCTBA C JBYMs
nepeMeHHbIMH rpadHyeckH H306pakaercss MHOXKECTBOM TOYEK ILIOC-
KOCTH, T. e. ¢urypoil Ha miockoctu. Ha pucyskax 293 — 298 npu-
BeJleHbl COOTBETCTBEHHO pelleHHs] HepaBeHCTB:

Y<Hy=Z =426+ 2 <4 y>=> 2% y> 0 4 4+ 3 y>a .

s H306paKeHHsT MHOXKECTBA pelleHuil HepaBeHCTBa f(x; y) >0
Ha KOODJHHATHOH MJIOCKOCTH MOCTYMAIOT CJEAYIOLIHM 06pa3oM:

1. Crposir rpaduk ‘ypaBuenusi f(x; y)=~0; .quHua pasGuBaer
IJIOCKOCTh Ha HECKOJIbKO ofJacTeil.

2. Hp?BepﬂIOT BLINIOJTHHMOCTb HepaBeHcTBa f(x; y) >0 aas npo-
H3BOJIbHOH TOUKH (X; y) Kaxka0H 06J1aCTH.

oo s | grates
Dmmﬂm ~ | _ MW U Uﬂﬂnz .
VN QY
Puc. 293 Puc. 294 Puc. 295
Y J 9l
55/7(32_— US X%5x%3 e pl=

e — - c o ] ~—=
? 0 X =3 g‘l 0 x e —u X
Puc. 296 Puc. 297 Puc. 298

w
-~

6

3. Ecau HepaBeHCTBO BLINOJIHAETCA B 9TOH TOYKE, TO OHO BHINOJI-
HSIeTCSl M BO BCeil paccMaTpHBaeMOH 06/1acTH.

EciM HepaBEHCTBO HECTPOroe, TO MHOXKECTBO TOUYEK JIHHHM
f(x; y)=0 (rpanuny o6JacTH) BK/IOYAIOT B MHOXECTBO pelueHu#

- JaHHOrO HepaBeHCTBA. B 3stoM cayuyae rpanuuy ¢uryps uso6pa-

KaloT crnaouHofi sauHMel. Eciu HepaBeHCTBO CTpOroe, TO TOYKH
aunnH f(x; y)=0 He BKAIOYAIOT B MHOXKECTBO PelICHHH H IpaHuLy
¢urypsl u306paxaioT WITPHXOBOH JIHHHEH.

IT1pume pb. M3o6pasure Ha KOOPAHHATHOMH MJIOCKOCTH MHOXe-
CTBa pelUeHHH HePaBeHCTB:

1) 3y —2x>6; 2) y=x*+ 2x; 3) %% —4x + y? 4+ 6y — 12<0.

Pemenue. 1. a) lrpuxoBoit nuunelr cTpouM rpaduk ypasHe-
Husa 3y — 2x=6.

6) Iycts A (0; 3) — KOHTpPOJIbHASA TOUKA, TOTAA 3 + 3 — 2.0>6.

B) Jlas Kaxjoit TOukH (x; y) BepXHeH MOJYMIOCKOCTH (PHC. 299)
BBINOJIHSIETCA HEPaBeHCTBO 3y — 2x > 6.

2. a) Crpoum mapabomy y = x° + 2x.

6) Ilycts A(0; 3) — KOHTpOJBHAs TOUKa, TOrAa 3= 0242-0.

B) Jlna Kaxao#l TOYKHM 3aIUTPUXOBAHHOH HA PHCYHKe 300
o6s1acTH, BKJIOUYas TOYKH €e TPaHMllbl, BBIMOJHSETCA HEPaBeHCTBO
y>= x4 2x.

3. a) CrponM OKpyxuoctb x> — 4x+ y* + 6y — 12=0,
(x— 2P + (y + 3 =25.

6) Iycrs A(0; 5) — KoHTpoOJbHAs TOYKA, TOrAA 0—4-0+4
+ 25430 —12>0.

B) Jlisi KaxAOM TOUKHM 3alITPHXOBAHHOTO Kpyra, BKJIOUYas
tToukn ero rpaudusl (puc. 301), BbIIOJHSETCA HEPaBEHCTBO
x*—4x+y* 4+ 6y — 12<0.

3agaunue 1. [No pucynkam 302—307 3anuiuuTe HepaBeHCT-
Ba, cuhTasl MX pellieHHeM 3aIUTPUXOBaHHbe 06/12aCTH KOODAHHATHOH
MJIOCKOCTH.

3ananue 2. M3o6pasure MHOXKECTBAa pPeIIEHHH HEPaBEHCTB
Ha KOOPAHHATHOMH MJIOCKOCTH:

a) y=x+3; 6) y<x—4
Y y}
A(0;3 ﬁ-ﬂ:ﬁ
%" 236 X2-4x4+y2+-6y-12=0
== Yex= A
Eod 0 X 0F=2 X
—=-3
Puc. 299 Puc. 300 Puc. 301
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\
y=x2+2x+3 y=vx
| m
AT > ]
L1 - "
Puc. 302 Puc. 303 Puc. 304
y ) y Xx2-2x+y2+2y+1=0
T
| ‘ _
y=sinx ! “ y} tox 1
0 ! Il ! I
= __7_Ti x | 2 iﬂ_")—( 5 ﬁ*n,._’ Aﬂ 7
d /|
. |
i [
Puc. 305 Puc. 306 Puc. 307

B) (x—6)’4(y—57<4; 1) y+ x> —3x>0;

7} 9| YN [xey+120

X242 25

‘ﬁi x#yzly0
~

-1}-% X 0 5ox

Puc. 310

Ony
N |

Puc. 309 Puc. 311

Pemenne. 1. 19 KakA0H TOUKH MOJYMJIOCKOCTH, MOKPHITO#
WITPUXOBKOH, ¢ rpanuuei x +y -+ 1=0 (puc. 309) BuimonHsercs
HepaBeHCTBO X + y + 1 >0. [lnsA kaxaoi TOYKH Kpyra C rpaHHued
x> 4 y*=25 (puc. 310) Bunonnsiercsi nepaBenctso x° 4 y° << 25.
MHOXKecCTBO peleHHii JaHHOH CHCTEMBI €CTh NepeceyeHHe NoNTyYEeHHbIX
MHOXECTB TOUeK — Kpyrosoil cermeHt (puc. 311).

2. MHOKECTBO peIleHHil Ka)X10r0 H3 HePaBeHCTB IaHHOMH CHCTEMb
u306paxaercss TOUKAMH IOJNYMJIOCKOCTH  (CM. COOTBETCTBEHHO
puc. 312—315). MHoXecTBO pelueHHiH JAHHOH CHCTEMbl HEpaBEHCTB
ecTh nepecedeHHe YeTbipeX NOJYMJIOCKOCTEH, T. €. MHOXECTBO TO4EK
napaJsienorpamma (puc. 316).

n* y+-—-<0

e)* y>(x—1)""

Pewennem cucremsl HepaseHCTB ¢ ABYMS nepeMeHHbLIMH Ha3blBa-
€TCs1 yNopsIo4eHHAasA napa 4uceJl, yAOBIETBOPSIOLIAs KaXA0MY Hepa-
BEHCTBY CHCTeMBl. MHOXKeCTBO pelIeHuil CHCTeMbl HEPABEHCTB — 3TO
lépeceueHHe MHOXECTB peLICHHH BCeX HEePaBEHCTB, BXOASILLHX B 3Ty

CHCTEMY,

Ha pucynke 308 nokas
a@HO pelIeHHe CHCTeMbl JABYX HepaBeHCT
C JBYMSl NepeMeHHbIMH: Y P °

) { y=f(x),
yp y=9(x).
I1pumepsl. Hso6pasute MHOXeCTBO pe-
HICHHH CHCTCMbBIL HEpaBeHCTB Ha KOOpllHHaTHOi'l
U IVIOCKOCTH:
% 1){x+y+1>0, 2)( 2x+y>0
0 X g 2/5; 2x + g 2 4,
x+4y=>—1,
3) {y+4x+ 18>2y+2x +9,
Puc. 308 Yy+6x>=2x44x—7.
348

e

7 g
\ 2X+Fy=0= 2
0 T =0 X
2x+ysh
Puc. 312 Puc. 313
y Y
X+4y=>-1 X+4y<L3
E3 0 X
Puc. 314 Puc. 315 Puc. 316
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I

|
iy | e
ly=>2x4-2x-7 gF“{ygzx.,g

CU<Zx+9-
it > 2x2-2x-7

T
|

= ¥ A *
Puc. 317 Puc. 318 Puc. 319
B (Y+4x+18>2y+2x+9, [y<2x+09,
{y+6x>2x2/—|—4x—7; {y§2x‘2—2x-—7.

Pewenue nepaBenctBa y<<2x + 9 H306pakeHO TOYKAMH MOJY-
IUIOCKOCTH, 3alUTPHXOBAaHHOH Ha pucynke 317. Peuwenne Hepa-
BEHCTBa y>n2x2—-2x—7 H3o0pakeHo Ha pucyHke 318. Muoxe-
CTBO DEILUCHHH CHCTEMbl — MepeceuyeHHe ABYX MHOXKecTB (puc. 319).

3ananue . 3. M3o6pasute Ha KOOpAMHATHOH MJIOCKOCTH MHO-
KECTBA PELIEHHH CHCTEM HEepaBEeHCTB:

a) {x+y—2>0, 6) {le>3, B) [ Ix] <1,
y<l+x x+y<O0; y+x>0;

r) {x2+y2<9, 1) [Y+x*<0, e) [2x*+y—1<0,
x—2y>0; {x2+y2\<l; {x+y>~—l-\

3anaunue 4* Hsobpasute Ha KOODPAHHATHON IIOCKOCTH 06-
JIaCTH ONpeAeNeHH (QYyHKUHH:

Y =

1
B) 2 et Vet

Ynpaxnenusn

1. Uro NOHHMAIOT MOX MHOXECTBOM pelIeHHH HEepaBeHCTBA C
NBYMS MepeMEeHHbIMH?

2. JlaHo HepaBeHCTBO 2x — y? > 5. YcraHoBHTe, KaKHe U3 cienyio-
LUHX nap 4HCeN SBJAIOTCA PELIEHHSIMH 3TOro HepaseHcTBa: (0; 1);

(5; —2) (3; —1); (1; 3); (2,5; O); (—1; -1).
3. HM3o6pasuTe HAa KOOPAHHATHON MJIOCKOCTH MHOMKECTBO pelueHH i
HepaBeHCTBa:
a) y<x; 6) y=x  B) y<a% r) y=> x4
B y+x>1 e) y—x<2 %) y+22<1; 3) y+a2>—1;
H) P +2°<4; k) (G— 1P +@x—172>1.
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4. UTo NMOHHMAIOT MO MHOXECTBOM peLIeHHH « CHCTEMbl Hepa-

BEHCTB C JByMsl NepeMeHHbIMH?

5. W306pa3nTe Ha KOOPAMHATHOI IVIOCKOCTH MHOXECTBO PelIeHHH
CHCTEM HepaBeHCTB:

a){y<x, 6){y<1—x, B){y>1—-x,
Yy=x y+x>2 y+x<2;
r) (y<l—zx &) [y=x+1, e {x"’+y<0,
) {y+x<2; {y:—x2<2; 2’ +y—1<0.

6. M3o6pa3nTe Ha KOOPAMHATHO! INIOCKOCTH MHOXECTBO PeLICHHHA
CHCTEM HEPaBEHCTB:

a) {2x—y>1, 6) {y>x2+1, B) {y>x2,

2y = 4x+5; y+2<2x L+

r) [ 2x—y>=1, &) {y<—x2+l. e) | *+4<09,

2y <4x+5; x+y=2 x+y=0,

9 x—y<0;

M){Iyl<2, 3){y>x + 1, :
y+2x<3; P44 .

) [ y+2x>2+1, x)*{lyl+|xl<l,

{x2+y2f—2x—-2y+1>0; x+y=0;

x)* { y>x, wm)* { y=>1x42xl,
¥ <x 24y —2x— 6y +9<0.

§ 109. NOBTOPEHME

1. ChopmynupyiiTe OCHOBHblE TNPeOGPa3oBaHHsA, NPHUMEHSEMbIE
npu pelueHHH ypaBHeHHMH. Kakue H3 HHX MOIYT NMPHBECTH K npuoGpe-
TEHHIO NMOCTOPOHHHX KOpHeH?

2. SlBasieTcs I UHCJIO 2 pelIeHHMEM YDPaBHEHHA:

) -t

a) 3x+1=5x—3;
B) (———————x—Q)(x+3)=2x; r) lg(@x—4)—1=0;
x—2

1) lg(d—7x)—1=0; e) Vx*—20=4?

3. Haiigure Takoe 3HaueHHe napameTrpa p, MpH KOTOpDOM ypas-
nenne x> — 2x -+ p=0 wumeer kopenb: a) x=-—I; 6) x=0;
B) x=2.

4. Tpu xakoM 3HayeHHH MapaMeTpa @ HHCJO 2 sIBJSeTCH pe-
ueHHeM ypapHenusi x° + 3x% + ax =0? .

5. Hafinute o67acTb [JONYCTHMBIX 3Hau€HHd MepPeMEHHBIX B

ypaBHEHHSIX:

1
a) Yx—3=Ig(5—x); 6) H‘_3—7=0;
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1

B) 2m=siny; r) yx—3=x—5.
6. Pewnte ypaBnenus:

a) 22@Bx—1) V(2 —x)(x +5)- log, (5 — x)=0;
6) lg(x+3)=Ilgx —Ig(x —3),

B) log,(3x— 4) — log, (5 — x?) = 0,5;

r) 14 log,(3x + 1)=log, (+* — 5).

7. Kakne H3 Ha3BaHHBIX HHXKe npeo6pasoBaHHil MOTYT NMPHBECTH
K YPaBHEHHIO, HE DABHOCHJIBHOMY JlAaHHOMY: @) NMPHBELEHHe MOKOGHbIX
4JIeHOB; 6) mepeHeceHHe uJIeHOB YPaBHEHHS M3 OAHOH YacTu B
Apyryi; B) nejeHHe o6eHX yacTeil YPaBHEHHsI Ha BbIpaxeHHe,
conepxaulee nepemMeHHylo; I') yMHOXeHHe 0Geux uacrel ypaBHeHHsI
Ha Bhlpakenue, colepiailee NepeMeHHYIO; 1) BO3BeleHHe OGEHX
yacTedl ypaBHEHMS] B CTeNeHb; €) u3BJeYeHHe KOpHA M3 o6eux
yacreil ypaBHeHHS; X) NOTEHUHUPOBaHHe; 3) Jorapu(pMHpOBaHHe?
IMouemy 3to npoucxogur?

8. Haiigure Heckosnbko peulenuii  Kaxgoro Hs cuaepylOLHX
ypaBHEeHHIi:

a) x—2y=0; 6) 3x—2y+5=0.
9. Pacckaxkute niaH pewieHHst cHCTeMbl ABYX JIHHEHHBIX ypaBHe-
HHH ¢ napamerpom.

10. Pemure chcreMbl ypaBHeHuil:
a) {x+y=l, 6) {x—2y=0, B) {3x+2by=4,

ax+y=2; ax +y=2; —4bx + 5y =2;
r) {ax+y=3, ) {ax+y=3,
3x + 2y =6; 2x — y=>5.

11. Tna xaxja0ro us cieaymoLux ypaBHeHHH Haiinure yros
HaKJ/IOHa COOTBCTCTBYIOUIEH NPSAMOH K MNOJIOKHTEJNbHO noJyocu
abcuucc:

a) x—y=05 6) 242 =3;8) y=yY3x—1.

12. Haiignre, npn KaKOM suaueHuu napamerpa a rpaguk
YPaBHeHHs: ax + 2y 4 5::= 0 06pasyer ¢ MOJOKHUTENbHOI N0/1yOChIO
abcuucc yroa 60°.

13. Pewmnre cucremnl ypannenunii:

14. Pewnrte cucrembl ypaBHeHUI:
a) { 242y —4y? —5x+4=0, 6) {4x2—|—7y2= 148,

x—y=2; 3 — =11,
B) [ x* 4 xy =15, r) [ x4 xy + 44> =6,
{ 2= 2; 32+ 8y =11,
Xy — x* =2,
1) {xy—{—x—{-y:ll, e) {xy(x2+y2);—-300,
2’y 4 xy® = 30; xy + x* 4 y* =37;
®) (L4 L—s, 3) [ 3 —xy+4y =14,
1 2% — xy -+ 2y = 8;
§+j=m
) [ x+y=2, K){xz—Qxy——fsy?:O.
{x2=2y——1; 42y + P =1,
2 2=7
a) [ B4 y*=16, M){x +xy4y ,
{xy=4; 5x2 —4xy 42y =5;
H*) L1 =%, 0)*l 4sinx — siny =2,
3 3
'a/z Vo sinx—siny=—;—.
Vxy=6;
15. Pewnte cucTeMbl ypaBHEHHH:
3430 =4, 6) { lg(2 4 ) =2 —lg 2, |
" { 3‘;*”-=3; lg(x+y)+lg(x —y)=1g 48;

B) { x* 4 y* =80,
logyx + log,y = 5;

n) { logs (y —x)=0,
x4 y? =25;

X) { logos (¥* — y*) =1,
logyx —log,y =2;

16. Pewnre ypaBHeHHs:

a) Vx?—5x+6=x—1;

B) x — Vx4 2=4;

ry [ 3*—3Y=6,
. 3.\‘+y + 3y—| = 28;

e) | x—9y=46,
log,x + log,y =3;
3) [ 257 — logyr =1,

{ ylog,x=2.

6) l/l+x Vil —24=x—1;
r) 24 y2x41=x-—5;

2 —y+2=0,

20—y —22=2,

a){ x+y—z=3, 6){ x+y+4+2=2,

X =2y —22=1;

B){ X+y—z=6, P){
2x+3y+z=09,

x4+ 2y+4z=—1;
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3% — 2y + 42 = —5;

X—l —2=—=2,
X+ 2y 4 z2=3,
2+ y—32=7.

12 3akas 252

) V2x+14 yYx—3=4

17. MU3o6pa3nte Ha KOOpAHHATHON MJOCKOCTH MHOXECTBa pelue-
HHIl HepaBeHCTB:

a) y—2x>2;, 6) y+2x>x>—1.
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18. M3o06pa3nTe Ha KOOPAMHATHON NJOCKOCTH MHOMECTBa pe-

IEeHHH cHCTeM HEpaBeHCTB:

a) [ y—x+1=0, 6) [ y++2—2xK
{ y+x—1<0, {3y+x+3>3-a
x=—1; ,

B) [ ¥+ 4°<4 r)

’ y-x<l:
y+x=>0, { ?42;
{ s Yy+2x>x" 42

1) { y=>x,
by —8x—6y<ll.
§ 110. 3AAAHUNA AN CAMOIMPOBEPKU

1. Pewnre ypasuenue

32 V(x —3)(5 + x) Ig (+* — 8) = 0.

2ax2:|-IgaPEP11TE—’3Haqu"e napaMeTpa a, npH KOTOPOM npsimas
Y =0 o6pasyer ¢ NoJOXHTENbHOH MOAYOCHIO aGCLHCC

yroa 45°.

3. Hafiante 3HaueHHst @, NpH KOTOPBIX CHCTEMAa HMeeT efuH-

CTBEHHOE pelleHue:

{ 2x —ay =3,
—ax + 8y = —6.

4. Pewnte cucteMy ypaBHEHHIi:

x4+ y+22=3,
$ 2x—2y+2=2,
Sx+y+7z=11.

5. Pewnre cHcteMsl ypaBHeHuii:
a){x2+y2=l3, 6) {3"-2”=324,
xy ==6; logy(x —y)=1.

a) 2y —x<2; 6) y+1*<2x+1.

7. U3o6pasure Ha i ‘
7 KOOPAHHATHOH IJOCKOCTH MH
HHH CHCTEMbl HEPaBEHCTB: oreeTsa peme:

a) (y—x—1<0, 6) (22+y’<9, B) {2 24

) : , y — x° + 4x >0,

{y+x+l>0, Yy—x<0, ‘ {3y—x—3<0
x—2<0; x>0, ‘ o
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Fnasa Xl.

L OMOJIHHUTEJIbHBIE
YMPAXHEHUA

1. TMpeacraBbTe B BHAe AECATHYHOR APOGH paUHOHANbHBIC HHCJA:

1. _o6 .3
2’ 775"

2. lpeacrasbre B BHIE 06bIKHOBEHHOH RpoOH pauHoHaJ/bHble
yucaa: 2,375; 0,(32); 0,45333 ...; —1,03(25).

3. Jlokaxxure, uTO Y12 He paunOHaAABHOE HHCJO.
4, PelunTte HepaBeHCTBA:

a) |2x—1]<3; 6) i4x+1[1>=5.

5. Pewnte HepaBeHCTBa:

a) [x2=3xl<2 6) lx—=1l+1x—21<3.
6. Haitnure o6aactu onpeeneHus GyHKUMit:

i

1
a) y=—0; 6) ¥=Care
) ¥=+—7 ) Y= e

1
B) y= yx—1; r) y= Vm
7. Haiigure ob6aacTd onpejeneHusi ¢ yHKIHIL:

a) y= y2x—1; 6) y= V34 10x —5;

B) y=log,(2x —3)—logix; T) y==logosx + log,(3x — 2);
4

n) y= Viéx — 2+ 1g(®—1); e) y=1g',—’;'—§;

3) y=yx—1+4+2 /3-——x.

8. Ha pucynkax 320, 321 uzoGpaxetsl rpaduku QysKuHii, 3a-
AAHHBIX COOTBETCTBEHHO HAa MNPOMEXYTKaX [0; 6], ]—eo; oof.
HaiiauTe aHaAHTHUECKHE 3adaHHS 3THX (QYHKUHH.

9. 3ajafiTe aHa/UTHYECKM (YHKUHIO, O6pATHYIO naHHoH QyHK-
wau: a) y=2x; 6) y=”':3

10. Ucxons W3 OnmpefeseHusi, YCTahoBHTe, KaKHe M3 CJACLYIOUIMX
QYHKHU SBAAIOTCA BOZPACTAIUIMMH, a KARHE — yOLIBAIOILKMH!
a) f(x)=1x; 6) g{x)=2 B) @(x)==5—2xT) h(x)=—x* 4+ 4x.
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x) y=—xlnx;

; B) y=x° 1) y=2%




sin 3x sin 5x,

yA B) Li_rf’o x r) l,gi_n.'losin 2% °
®—1
— tgdx | . ;
" z) ,,_rﬂ, sin 8x’ €) ll_r,nl 2+ 5x—6
— . _ .ot —4 . 5x?—2x—3
" 0 x x) limots s ) M= AE
’ : - 24. Haiiaute npoH3BOAHble (YHKIHH:
e Puc. 21 a) y=2VF + 55 Vi 451 0) y=( + 34— DY
Ve ’ ) 1 4 sin (3x z )
= 1) vx°; r) y= ——=).
11. Kakas us crenyiowunx ¢pynkunii: a) y = 5; 6) y=1x;B) y=x% B) y=(x+1) 6

—_ . — ) o o . o o 2
r) y—[:v], 1) y==sin2x — sBasieTcs nepuoauyeckoii? Haiigure ee 95. Hafizute ypasHeHue KacaTedbHoli K KpHBOH y= 1,5%% —
OCHOBHOH NepHoj. :

. — e ¢ a6cuuccoit x = 2.
12. Hcenenyiite dynkuuio n nocrpoiite ee r paduxk: 32):;+Hla;ﬂ;$:Knpome>KyTKu BO3pacTaHUsi H yObIBAHMA U 3KCTPEMY-
a) f()=—x*+6x; 6) p(x)=2—1; &) £ (x)=2sin 0,5x. Mbl (YHKLHIL: "
13. YKaxute HOMepa UJIEHOB NOC/IELOBATENbHOCTH X, = 31 + 2, 1 2 . = —5xt + 2 4 1
AJll KOTODLIX BBINOJIHAETCS yCJOBHe: a) x, << 29; 6) x, > 100. a) f(x)=———-2—x +75 6) g()=x 3
14. Mso6pasute rpaduueckn noc/esoBaTesbHOCTH:

4 ' 9,2 __ 44
n =X ——; r) h(x)——?x X,

6) ai=4, a4, =a, — 2.

n+1’ o ' 27. Caenyioune QyHKUHH HCCaeayidTe HA IKCTPeMyM:
15. Kakoe HanMeHbluee YHCJIO uY/eHOB nporpeccun 2; 5; 8; ..., %2 2, p2r.
a) f(x)=—; 6) f(x)=x"-e™;
HauHHas ¢ NepBoro, Haflo B3sATb, 4TOGH HX CymMa Gblia Gosbuie 100? =
16. Haiigure ¢opmyay, Bhlpaxaiollyio MpOH3BeAEHHE YJEHOB | 5 2.
FEOMETPHUECKOMH NMPOrPECCHH U + Ug » Uy » ... » gy 4 | yepe3 ee nep- B) f(x)= > r) f(x)=(x—3)(x—2);
BbIH Y/leH U 3HaAMeHaTeJb. 8
17. Jlokaxmure, 4To 4HcTas nepuopuyecKas npo6b 0,(m) ¢ onnoit 1) f(x) =.u’f_+_2; e) f(x) =
. . : 24 3x + 2 ST
uu¢poit B nepuone paBHa OGbIKHOBEHHO Apo6u % . | ixx.:_f_ o= 2 4 3)
18. Cymma Tpex uneHOB apudMeTHuecKoil nporpeccud pasHa 15, x) f(x¥)= l—xt 2 3 C (x—5)
a NeBATbIA e€ uneH paBeH 26. CKO/JbKO HAa0 B3fATh 4IEHOB 3TOil . HauMeHbliMe 3HaueHHA GyHKuuA
NpOrpeccHH, HayuHasi ¢ mepBoro, yto6bl MX cyMMa 6blaa paBHa 155? 28. Haitnure Hii(ﬁoTﬂK:l;]?e .
19. CKo/IBKO 4/I€HOB reoMeTPHuecKOil NPOrpeccHH HaLO COXKHTS, Ha 3a]aHHbIX TpOM y2 :
HauHHas C NepBOro, 4TOGH MoNyyuTh cymmy 3069, ecan uy + ug = 51, a) f(x)=2x*—9x* + 12x, [0; 3];
Uz + ug = 102? , - 6) f(x)=x"— 62>+ 9§, [0; 3];
20. Haiinnte Takue 3HAYCHHsI u, NPH KOTOPHIX MOCJENOBATE/b- B) f(x)=9x + 3+ — £°, [—2; 2];
HocTb Vu, V5u + 4, V12u + 13 o6pawaercs B apHdMeTHUeCKYIO ) F(x)=2cosx + 3sin %, [0; _".];
NPOrpeccHio. ' r 2
21. CymMma nepBbIX Tpex 4JCHOB GeckoHeuHoOH yGpiBaiolleli reo- 1) f(x)=2cosx -+ sin2x, [——g—; Qn];
METPHUYECKo# mporpeccud Ha 1 Goablue ee cymmbl. Hafimure Ty \ . _
NPOrpeccHio, eciM ee cymMMa papua 27. : e) f(x)=.3i‘__+_2'_3__+ 3x, [—2; 1].
22. Touka pnBHXKeTcs Mo 3akony s(f)= 202+ 3t + 1, rne t— In3 :
BpeMsl B CeKyHnax, s(f) — nyte B Merpax. Halinute cpeaHioio cko- 29. Uccaenyiite GyHKUHIO W MOCTPONiTe ee rpadHK:
POCTb NBHXKEHH5 TOYKH B TeYEHHE MEPBHIX NSTH CEKYH. : s 219 6 (1) =8 + 24 — x*;
23. Boluncaute npenenbl (pyHKUHH: - a) f(x)=x Y 3+ 2 6) ¢l T ae—1 ’
. Yx —2 . . Vit3—2, B) g(¥) =———; r) h(x)==—"—-
a) lim———=; 6) lim+———-—*<. 1+
x—»&yx+5_3 x—1 x—1
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30. Ina ¢yukuun f(x) = 3x® mafigure ne 6
xorggoﬁnnpoxo,um yepe3 Touky (1; 2). prooGpasiylo. rpadux
. Ilpumensisa npaBuia Haxoxnae i A
nepossipamen aynpaet IeHHs nepBooGpa3Hoil, Hafgure

a) f(x)=x—1x% 6) f(x)=3sinx;
B) f(x)= sin3x; r) f(x)=7:i_—+x;
N I@W=—=; o [()=e*"".

. 11

a) f(x)=—x*43x4+10; 6) f(x)=—;—x3—4x;
B) f(X) =14 3x — &% r) f(x)=x*—2x2+3;

R) f(x)=4x® — 3x% e) f(x)=x+?;
®) [O)=—=; 3) f(x)=4x—_’;_3;

n) f()==<;

a) [ =252

33. Haiinure nepBooGpasubie aas dyHkumii:
a) f(x)=4x*—1; 6) f(x)=—:3+2sin3x;
B) f(x)=1I1n(3 — 5x);

R fE)=xVx —=3—;

sin?x ’
34. Bolunciure uHTErpanbi:

K) fx)=x+—;

) f)=x——;

e) f(x)=2cos(3x—-:—).

—x . % 1
a) —ia sin xdx; 6) S cos xdx; B) Sx5dx;
-2 —
ed_. . 8 3 8
r)sx, 11)§;/J7dx; e)S;;.

35. Haiinure niowans ¢
. HTYphl, OTpPaHHYEHHO (BHI-
MIOJIHUTE PHCYHKH): » P i awan (o

a) y=x*42; y=1x+ 4;
6) y=—2"+4, y==2—x;

B) y= Vx; y==5+15 x=1
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36. Peiunte ypaBHEHHA:

ox—1  5x+2 __x—3 . 4 7. .
a) 3 12 4 +1 0 x+2+x+3 2+ 50+6 "

B) Ix+11—2=0; r) 12x+3l4+1=0.
37. Peinte ypaBHEHHA:

a) Y3—x. yY5—x=0; 6) x+1=2—yx—1;

B) l—yYx—2=x—1; 1) Vx+74+ yV3x—2=0;

n) x=8+2yx; e) x—8 Y x=9
x) V(@2x+ 1)(9x +5)—2x=1;
Vxt2— Vx—2

X
Y VA v 2
38. Kakue H3 CJelyOLHX CHCTEM YPaBHEeHHi:
a) { 0,5x — 1,2y =29, 6) { 24x —y=2, B) { 6x 4+ 3y =29,
x4+ 3y=—5; 12x — by=1; 2x+y=3
HMEIOT eNHHCTBEHHOE pelleHHe; GeCKOHeUHOe MHOXECTBO pelueHHH;

He MMEIOT pelueHHH?
39. Peiunte CHCTEMbl ypaBHEHHil:

a) 2x+3y—52=13, 6)( x—y+2z2=4,
{x——y+2z=—3, {2x+3y—-z=3,
3x 4 2y + 72=0; 5x 4 by =10;
B) ( 3x—y+2z2=3,
{ x — 5y -+ 2z2=—2,
4x — 6y + 3z="1.
40. PewnTte CHCTEMbl ypaBHEHHM:
a) (Z4+£ =18 o) {x+3y=4,
b * 3xy =3.
x4+ y =12

41. PewnTe HepaBeHCTBA:

' 2 ) A _ 1 o
a) 12x —4x*—92>0; 6) 2+ x x—2<0’
x2+4 . x2—2x+l
B s a0 =% Dt <O

42, PeiuuTte CHCTEMY HepaBeHCTB:
—_ _ —_ —_ 19—
a){x 9__x<x I‘._‘x32. 6){ 2x4ll+ 9,22x<2x'

4 2
2 —x>2x —8; 26 Lo )4
x>2x 5 >—(x—1)+-3

43. Ha xoopauHaTHO! IJIOCKOCTH M300pasuTe MHOXECTBO peuie-
HUil HepaBeHCTBA:

a) y=>2—1;6) y+2°<3; 8) ¥ +4°>9.




yj
=x2
AR
/-3 0 X 0 2 "x
X—y=3 "
l X2+y2=4
Puc. 322 Puc. 323 Puc. 324

3aw4T4."§§numme CHCTEMY HEPaBEHCTB, PEeLIEHHEM KOTOPOH CyXKHT
PHXOBaHHAas 06J1aCTb KOOPAHHATHON MJOCKOCTH, H306paXeHHas

Ha pucyHkax 322—324.
45. Broinosnute peiicTBus:

23 s 1 EEPRN
2O ) =@ P+ ((7) () )69 T +wEh
3 5 !

6) VaZo—'.a8.0%. Vg7

3

46. Hailante npoussoanble dyuxuuii: a) Yy=x756) f(x)=x2;

B) h(x)=x"%r) g(x)=x"% 1) @(x)=sin Y2 x+ 5.

47.l Haiinure nepsoo6pasuyio dyukuunu: a) f(x)=1x%6) p(x)=

=277 8) g()=3x""; 1) h(x)=x"2.
48. Boluucaute uuterpaas: a) \x%dx; 6 —
§ ’ ) : }5/7
49. Pewnte HepaBencTBa: a) 2F 2 ; 2 +3
B) (*3)‘> 4°. x + 1 x) n9’ <h
: (T),r)3 + 3 < 108; 1) 3% — 3* > 79,
50. Haiiante  npoussopmbie  yHKumi: a) f(x)=2"*3

6) f(X)=e3—4X; B) f(x)=3sinx; _ o .
1) f(x)=e"% . cos5x. : r) @) =(02)sin3x;

I
' B) Sxﬂ_dx.
0

51. Haiinute nepsooGpasuvie dynkumii: a) f(x)=2%;6
. - ’ ) f(X) =
= V3% B) f(x) =4€*; 1) f(x)=—L.
Ve

52. Bbluncante maowans  durypu, OrpaHHYeHHOH JIHHHAMH

y=3x9 y=3—x”x=‘—;—.
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53. Haiinute x, echu:
a) logsx =logs3 18 — —;-logs 8;
6) logsx = 2loga3 -+ - log2 9;

B) logsx =2logs7 + —;_)—logs 32 — %logg 196.

54. Peiuute ypaBHEHHA:

a) lgbx +1lg(x—1)=1;

B) lg?x 4+ lgxf=—1;

ﬂ) x4lgx= 10’

e) lg(2x — 1) —2=21g03.

55. Kakoe 3ak/ioueHHe MOXHO CJe/aTb OTHOCHTE/IbHO uHMCesn /m
u n, ecan: a) logs m < logsn; 6) logosm = logosn; B) logo,1 m <

< logo,1 n?
56. Kakoe 3ak/ioueHHe MOXHO cle/aTh OTHOCHTE/NbHO OCHOBaHHA

Jorapudma a, eciu:
a) log.3 = —0,2; 6) logs5<<log.3; B) loga—§-> loga—g—?

6) lng.g. .(2x2 + l) =2;
r) 2logs(2x — 1) ="
= logs (3x + 1);

57. Bblunc/nTe NPOM3BOAHbIE QYHKLUHMA:
a) y=logzx; 6) f(x)=3Inbx; B) @(x)= 1g (3 — 4x).
. 2 1

58. Bbluuc/auTe HHTErpajbl: a) S—%; 6) f;d__:a;'
1

—1
59. Bblukc/iuTe TJOWAAb (HULYpbl, OrFpaHHYEHHOH JIHHHAMH

y=-lT,y=0,x=l U x=e.

60. YnpocTute BbIpa)KeHHs

a) cos’a —sin'p__ ctg?a + tg?B;  6) ¢

sin? acos’ B

sint 4+ cos t)? — 1
ctgt — sinfcost °

61. [okaxure TOX A€CTBA:

a) (sin a + sin B)(sin a — sin p) + (cos @ + cos B) X
X (cos a — cos B) = 0; ‘

6) (1 — ctgal + (1 + ctgaf = grg

ina’
62. Kakne 13 ¢yHKUMA 4YeTHble, a Kakue HEYeTHbIE: a) sindx;
. tg x ‘
2x; L .r n . ?
6) cos2x; B) cos x’ ) si x+cosx

63. JlokaxkuTe TOXJAeCTBa:
sin (o 4 B) — 2sinacos P __ —a)
) SsnosnpFcos@t B tg(p — o
tga+tgp | tga—tgh
) e n T wE@—H >
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64. Haitnure npoussopubie ¢yHKumii: 70. Pemmnte ypasHeHus:

a) f(x)=0,4sin5x; 6) ¢(x) =cos2x + V3 ; a) 5- 52—4x — 95++3. 6) 32+6r=3. g2—1.

. . 3 _ tg x x+2
B) g(*)=sin3x - cos 0,5x; ) h(x)_ I —cos 4x” B) 811——374‘2:0; r) 42— 17.2744+1=0;
65. IlposepbTe, saABaseTC auM  GyHKUHA y= 3 cos (2x - —) n) 3t 4 3*=108; e) x'8*=100.

pewenuem NHpepeHLHaNbHOTO yPaBHEHHS y” = — i
71. PemnTte cHcTeMbl YpaBHEHHH:

66. Pewure ypasHenus: , lgx+y)+lgx—y)=1+21g2,
a) 2sinx —1=0; 6) 2cos’x 4 cosx —1=0; { 10! +18¢—9 — 40,
B) tg’x=2tgx;
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r) 6sin’x—3sinxcosx —cosZx=1; 6) { 10! e+ — 60,

R) sinx+ Y3 cosx=1. lgx—y)+lgx+y)=1+1g3;
67. Pewnte ypaBHeHus: , B) { log, x* =2,
. logs x — logsy=1.
a) cos x — cos (n — 2x) =0; 6) cosx—sin(1,5n 4 2x)=—
B) sin2x —4(1 4 cos2x)=0; r) 2cos?x — 3sinx=0; 72. Pemute cucTeMB ypaBHEHHH:
n) sinx =1 — sin 2x; e) 2cos’x — 2sin2x + 1 =0;

X) 4sinx —2cos2x=1;
u) 5sin’x + sin2x + cosZy = 4;

3) sin’x + ;—sin 2x=1;
K) 2cos’x —sinx=1.

68. Pewnte cucrembl ypaBHeHHii:

Y U r+2_
A [E=-L 0 (=1 5[ g
y+l=x2; 1 —xt=y; 2y — xy =4;
L 2 1 31
r) x+l 5 A Pt »e) =7
xy—3x=1, —-2_ *+3_ 1.
x ’ y ’
X) { X2 — 2xy — 3y =0, 3) %—-’ftL=%,
x? —xy —2x — 3y =6; X2 — y? =5
H) { X —xy+ =21, K) { _2;;2—-4xy+3x2=l7,
y2—2xy—|-15=0; 17} ——x2=]6;
N { VE—Vy=-1 M>{¢—-—-‘—=~‘—
—6 Vx Vy 67
Vey =6; xy = 36.

69. Pewnrte ypasueuus:

a) log, (21 — V'x) — log, (Vx — 3)=1;
6) log,(2x 4 3) — log, x = log, x;

B) log; (x* — 8)=log, (x—2)

r) log,(4 — x) + log, (r— 2x) = - 2 log, 3;

Il) x lg3r+5!gx_____ lol2lg x

a) { lgx+lgy=4,

x'8Y =1000;
B) { xy =40,
3 x‘gy= 4;

73. PewinTe HepaBeHCTBA:

1
a) cos2x>= ——;

V3

6) sin3x< ——5—;

. n s W
B) COS —-COS X -} Sin—3

r) sinncosx—cosnsinxg—-?;
n
n) 2cos(2x———3—)+1>0

74. Pemnte HepaBeHCTBA:

a) log, (1 —4x)>—1;

B) logys (6 + 5x) < —2;

1) log, (4 —3x)< —3;
}K) 7 log7(4—?x) < 49;
n) log:(x+2)=>2;

a) 10g2x—s (x2 - 9)< 2

6) { lgx—lgy=4, |

8s — 1000;
r) { 3% — 99 =725,
Y
3* — 2% =25.
. < 1.
Slﬂx\_{f

1

6) 10g0_2(15—2x)> _l; ‘.‘
r) logys (0,6 + 2x)> —0,25; |
logo,s (5x + 3) !

0;
ll+19x =

3) (0,4)2>>0,4 %O,

k) 3*F L34
M) (log: x)2+10gl x—2<0.
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75. Ha KoOpaMHATHOH mNJIOCKOCTH H306pa3uTe MHOXECTBO pe-
IIeHHHA CHCTeMBI HepaBeHCTB:

a){y+x2>l, 6){x2+y2+6x—-—4y<3,

y+x<<2x—2; y<x,

B) [ y+ x*<<0, r) [ 3x—2y+4<0,
y—2x+3>0, 2x+y—12>0,
y+1<0; y<4

1 f 3x+2y+1<0,
2x—y+4+4>0,
y=—2.

76. ABCD — kBanpaT, AMMHa CTOPOHB KOTOPOrO paBHA q.
[AM) nyu ¢ nauanom B Touke A, nepecekamwHil cropony DC
win BC, o6pasyet ¢ nyyom [AD) yron ¢. Haiinure BhpakeHue S(9)
noman: QUrypbl, OTCEKaeMoil JydoM OT KBalpaTa, KaK (yHKIHIO
nepeMeHHOH @.

77. Haitnute naubonbuinit 06beM NpaBUABLHOM  TPEYrobHO
nupamuanl, anopema Kotopoit pasua 2 ' 3 am.

78. Haiinute manGosbuwinit 06beM NPaBHJIBHON TPEYroJbHOH MH-
pamunbl, nepumerp GOKOBOH rpaHH KOTOpOH paseH 6 am.

79. OcHoBaHHEM NpPH3MbI CJIYXKHT paBHOGENPeHHbIil NpAMOYTroJib-
Hbli TpeyronbHuK. HanGosbwias anaronann 60KOBOH FpaHM MPH3MBI

pasHa 2 '3 am. Haiiaute HauGonbuwmii o6bem NPH3MBIL.

80. Haiinute HnauGosbuyio miomwanb GOKOBOH MOBEPXHOCTH
NpaBU/IbHOM YETHIPEXYTONbHOH MPU3MBI, AHATOHA/b KOTOPOH paBHa
V2 M

81. Haiinute nanGonbunii 06beM NpPaBHAbHON YeThLIPeXYroJbHOI
MPpH3MBbI, NEPUMETP AHArOHaJbHOrO CeYeHHs KOTOPOH paseH 6 aM.

82. Haitaure anmny o6Gpasyioltell KoHyca Haubosbliero o6bema,
€C/JIH CyMMa MJIMH €ro BbICOTHl M -pajauyca OCHOBAHHSl paBHa 3 IM.

83. B uununape paccrosiHMe OT LEHTPa HHUXKHErO0 OCHOBAHHS 10
TOUKH OKPYXXHOCTH BepXHero ocHoBaHusi paBHo } 2 M. Kakosa
Io/KHA GbITb BBICOTA UMJAHHAPA, 4TOGH MNAOWIAAb ero GOKOBOIi
NOBEPXHOCTH 6bl1a HanGoJblied?

84. llepumerp oceBoro ceucnust Kowyca pasen 10 m. Kakos noa-
XeH ObiTb pafMyC OCHOBAHMSl KOHYCa, YTOOH ero o6beM Gbll Hau-
60ab1INM?

85. Ilepumerp oceBoro cevueHusi UMJIHHApPA paBeH 8, a AJnHHA
AnameTpa OCHOBAHHS MOXCT IPHIHMAaTb JI0OOble 3HAYeHHs, MpH-
Hapnexawue npomexyrtky [1; 3]. lHaiinure naowans 6okoBoil no-
BEDXHOCTH UHJIHHAPA, HMEIOWEro HaHOOJbLUIYI0 MJAOIAAL OCEBOro
ceyeHus
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CMPABOYHbLIA PA3AEN

1. O6o3HaueHusi, NpHHATbHIE B yueGHOM MOCOGHH

N — MHOXKeCTBO BCeX HATypaJibHbIX UHCEJ;
Z — MHOXEeCTBO BCeX HeJIblX YHCes;
Q — MHOXecTBO BCeX PallHOHAJbHBIX YHCEJ;
R — MHOXEeCTBO BCeX AEHCTBHUTE/NbHBIX YHCEJ;
R — MHOXEeCTBO MOJIOXKHUTENbHBIX HeiCTBUTENbHLI
yucesn; :
[a; b] — 3aMkuyTHIH npoMexyToK (oTpe3ok), a << b;
Ja; b[ — oTkpbiTHIE mpoMexkyTok (uHTepBan), a <<b;
la; b1, [a; b[ — nonyoTKpbIThIE TPOMEXYTKH, a << b;
J—o0; oo — uncnosan npsimasi (MHOXeCTBO BCeX aefct-
BUTEJIbHBIX uHCeJN); -
[a; oo[; Ja; oof;
]—o0; a]; ]—oo: a[ — yncnoBble ayun (noaynpsiMbie) ;
Ox — ocb abcuuce;
Oy — ocb opAHUHaT;
(a; b) — ynopsinoueHHass mapa u4HCeJ; KOOPAHHATHI
TOYKH, NpPHHALJIEeXKallell KOOPAUHATHOH mioc-
. KOCTH; :
M (x; y) — Touka M c KoOpAMHATAMH X H Y,
{a; b; c;...} — MHOXKeCTBO, cocTosilliee H3 3JIEMEHTOB a; b;
¢ s
& — nycToe MHOXEeCTBO; .
€ — 3HaK NIPHHAJJIEXKHOCTH 3JeMEHTa MHOXECTBY;
n € N — uncio n NpHHAMJIEXKHT MHOXKECTBY HaTypaib-
HBIX yucen N;
¢ — 3HAK HempHHA/JIEXKHOCTH IEMEHTa MHOKECTBY;
a¢ N — 4ucio a He NPUHALJNEKUT MHOXKECTBY HaTy-
paJbHbIX uyhcen N, v
C — 3HAK BKJIOYEHHS MOJMHOXECTBa B JaHHOe
MHOKEeCTBO; .
N < Z — MHOXeCcTBO HaTypaJibHbIX YHCEJ €CTh MOJAMHO-
»KECTBO MHOXECTBA leJIbIX YHCeJ;
{1 — 3HaK mepeceueHUs] MHOMKECTB;
U — 3HaK 0G'beHHEHHS] MHOKECTB;
f(x)., o(x), (x), g(x) u 7. 1. — oBo3HaueHUs DYHKUHUH;

365




f (xo) — 3nauenHe pyHkuuu f(x) B Touke X,
D (f (x)) — o6nacte onpenenennss dynkuuu f(x);
E (f (x)) — mHoxecTBO 3Hauenuit dpynkuun f(x);
[x] — uenas uactp uucna x;
{x} — npoGuasi yactb uucaa x;
| x| — moayab (a6comoTHas BeJHYHHA) 4YHCJAA X,
(xn), (Yn), (2n) — GeckoHeunble Moc/aeNOBATENbHOCTH;
lim x, =a — uucja0 a ecTb npejen noc/esOBATENbHOCTH;

n— co
X —-a — nepeMeHHas X CTPEMHTCH K YHCAY a;
lim f(x)=0b — uucno b ectp npenen odyukuuu f(x) npu x,
¥ cTpeMsllemMcs K a;
A x — npupaeHne aprymenTa;
A f(x) — npupawenue GbyHkumu;
' (x) — npoussonnas ¢yukuus or ¢yukumu f(x);
[’ (xo) — 3nauenne npoussosHoit ynkuun f(x) B
TOUKE X}
e — OCHOBaHHe HAaTypaJbHbIX
e=271828... ; (e*Y = ¢*;
7 — OTHOLUEHHE A/HHbI OKPYIKHOCTH K ee AHaMeTpy;
n=23,14159... ;
In x — norapu¢dmuueckas ¢yHkuns ¢ ocHoBaHHeM e;

Jorapu¢pmos;

b
Sf(x) dx — wurerpan ¢ynkuuu f(x) B npesenax or a xo b;
a
Ja — &; a + e[ — e-okpecTHOCTb TOUKH a;
- >
a; AB — o6o3naueHnuss BekTopa.
2 3aKoHbl apH(pMeTHYECKHX AefiCcTBHIl
Tlepemecturenshbiit: a 4- b =6 + a (cnoxenus); ab = ba (ymHo-
XKeHHs),
Couerarenbubiit: a (b 4 ¢) = (a + b) + ¢ (cnoxenus); a(bc)=
= (ab) c (ymHOXeHus).
Pacnpenenutenbhblii 3aKOH yMHOXEHHSI OTHOCHTE/IBHO CJIOMKEHHS:
a(b 4+ ¢)=ab + bc.
3. ToxnaecTBa COKPALIEHHOrO YMHOMEHHS
a® — b= (a —b)(a+ b)
a® + 6% =(a 4+ b)(a® — ab 4+ b?)
a® — b® =1(a — b)(a® + ab + b?)
(a & b)’ =a® + 2ab + b2
(@ = b)* =a® + 3a% + 3ab® 4 b°
4. JluunefiHoe ypaBHeHHe C O/HOil MepeMeHHOH ax = b
a) a#0, x= -%;

— Pa3HOCTb KBAaJpaToB;
— cymMa Ky6os;

— PasHOCTb KyOOB;

— KBajpat ABYuJIeHa;
— Ky6 nByuJieHa.

6) a=0, b 5 0, peweunii Her.
B) a=0, b =0, x-— n060e JHCTBUTENLHOR YHCIO.
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5. KsagpartHoe ypaBhenue ax”> + bx +¢=0, a0

—b+ YbT—14
D = b? — 4ac > 0, x,,2=__b_=b_2_z___“£;
D = b%? — 4ac =0, x.=x2=—§ba,

D = b%? — 4ac < 0, neACTBUTEJbHbBIX PELIEHHH HET.

Teopema Buera:
] [ ¢
ecan D >0, 1o x4 +x2=—7, Xy - Xp=—.
6. PasjioxkeHHe KBAJAPaTHOTrO TPeX4J€HAa HAa MHOXKHTENH

(D = b* — 4ac > 0);
ax’® 4+ bx + c = a(x — x1)(x — x2).

7. Cucrema ABYX JIHHEHHBIX YpPaBHEHHH C [BYMsl nepeMEHHbIMH

{a.x + by = ¢,
a2x+b2y=02
Capby ). . ab |, N
A= 80 =abs—abi; A= | =] aa).
A, A,

a) A#O’ x=—&') y=—A';

6) A=0, A, = 0 unn A =0, A, 5= 0, peulennii Her; i
B) A=0, A,=0, A,=0, GecKoHeUHOE MHOXKECTBO PelueHHH.

8. Crenenu
a"=a-a-a-+..-a, n€N, ns£1;

\_~
n MHOXHTeJeH

a'=a;

a®=1, a -0

a"‘=—':, a=+*0, n€EN,

a

a%=i'/z"",a>0,mez,n.EN.

CBoiicTBa cTeneHei:
aman —_ am +n :
a*:a*=a"" ", a*0;
(am n J— amn;
(ab)" = a"b",

() =femo

9. Jlorapugpmbl

a —=b a>0a%1,b>0;
log. (ab) = log.a + log.b, a>0, b >0, ¢ >0, c = I;
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Iogc(—;’i—)=logca —log:b,a>0,6>0,¢>0, c~1;
logca* =klog.a,a>0,¢c>0, c+1;
log, Va_=%logca, a>0,n€N,c>0,c+#I;

Iog,,b=£—§‘—i,a>0,b>0,c>0,aqbl,c;&l.

10. Teomerpuueckasi nporpeccus

(b1; ba2; bs; ...; ba), n €N.
bll=b| * qn_ly b|7’=0, q?l:o'

— bbb g __bi(g"— 1),
v Sn = q_l,Sn— g —T 97 1
1. Apudwmerunueckan nporpeccus
(a1; as; as; ...; ax), n € N.

an=a; 4+ d(n —1).
Sp=Ut .y 5, —2mtdno,

12. Beckoneuno yGuiBalowwasi reoMeTpuueckas nporpeccust
(bs; b1g; b1g% b1g% ..; b1g" ™" L), REN, |gl<1, b, £ 0.
bni= blq"_ I; S ——‘l—b_l—q

13. Crenennas ¢ynkuus f(x) = x°.
a) @ € N; D(f)=]—o0; ool;
6) o — uenoe OTpPHLATENBHOE YHCAO JHEO o = O;

D(f)=1—o0; O[U 10; +oo[;

B) @ — NOJIOXUTENbHAS HECOKPATUMas APOGhb JHUGO MOMOMKHTENb-
HOe HppalHOHAa/bHOE YHCJIO;

D (f) = [0; oo[;

I) @ — OTpHLATeNbHAS HECOKPAaTHMas APOGb JHGO HPPALHOHAD-
HOE OTPHLATEJbHOE YHCIO;

D (f) =10; ool.
14. Tlokasateabhast dyukuns f(x)=a*, a >0, D H=R.

15. Jlorapudmuueckasn ¢yuxuus f(x) = log.x, a >0, a1,
D (f) =10; oof.

16. launa C okpyxuoctn paanyca R (auamerpa D).
C=2nR; C=aD.
17. Ilnuna ! nyru OKpyHOCTH B o painaH.

[ = aR (R — panuyc ayru).
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18. TMaomaas S kpyra pamguyca R (amnamerpa D).

nDi
=aR% S="F

19. Muomaznb S cekTopa, Ayra KOTOpOro paBHa a paauaH.
S = ‘-‘-gz— (R — pammyc AyrH).

20. O6/1acTb ONpeje/leHHs U MHOXECTBO 3HAUCHHH TPUrOHOMETPH-
uyeckHX (QYHKIHH:

Qynkuus
sin x cos X tg x ctg x
n
X %= — + nn, X 5= nn,
R 2 neZ
) R ez
R
E®M -1 -5 1 R
91. 3HaKku 3Ha4yeHH TPHUTOHOMETPHUYECKHX G YHKUHH:
Qynkuus
Heroepre sin x cos X tg x ctg x
' ¥ b + r
11 + - - -
111 - n + +
v -

V H X 3Ha-’
99. 3nayeHusi TPHrOHOMETPHUECKUX QYHKIUHH NPH HEKOTOPHI
YeHHsIX apryMmedTa:

AprymeHt
q)yHKU.“ﬂ x p n = n 3_’_‘ 2r
0 3 T 3 ) 2
1 vz | /3 1 0 -1 0
sina 0 7 9 2
V3 Ve 1 0 —1 0 1
cos @ 1 o | T2 2
1 3 — 0 - 0
tg o 0 ‘/___—37 1 E)
1 0 u—— 0 -
ctga - V3 ! V3 :

369



23. Tlpocrefimne TpHroHOMeTpHUECKHE YPaBHEeHHsI:

26. dopmyabl NpuUBeLeHHA:

YpasHenune ) <
opMyna peuienus Mpumeyanne
sinx=a x=(—1)"arcsina + an aresin (—a) = — arcsin g,
lal< 1, neZz
cosx=a X = = arccos a + 2an arccos (—a) = — arccos q,

lal<l,nez

tgx=a x=arciga + an arctg (—a) = —arctg a,
G€ER n€eZ

clgx=a x=arcctga + nn arcclg (—a) = n — arccig g,
a€cR, ne2

Apryment
@ 3
ye -—;——a %——l—n n—a n+a 3—;—‘—@ —;—‘-{-a 2n —'a
sin a cos a cos sin a — sina| —cosa| —cosa] —sina
cos @ sin a —sina | —cosa| —cosa| —sina sin a cos @
tga ctga —ctga | —tgo tga ctga | —ctga| —tge
ctga tga —tga | —ctga] clgea tga —tga | —ctga|

24. 3aBucumocr
. H MEXIY TPHrOHOMeTpHYe
HOTO H TOTO XK€ aprymeHra: P Pifeca: yExnagicit ox-

sin a 41
tga= —=, a5+ an, n€Z;
Cos a
ctga = e az%=aqn, n € Z

2
sina + cos’a =1, a € R;

1
seca:—_ _ﬂ_ -
sa CF St an, n€Z;

cosec a4 = 1
sin a

, @ %= nn, n € Z;

tga-ctga:l,a;&%,nel;

2 . 1
1+ tg a—cosza, a;&-zi+nn,nEZ;

l+ctg2a=.: , @£ nn, neZ.
sin® a .
25. dopmysabl cnoxenus aas TPHFOHOMETPHYECKHX ¢ YHKIHIE:

sgn(a+ﬁ)=s!na + cos B 4 cosa - sin B;
sin(a — B)=sina - cosp — cos a - sin B;
cos(a + B)=rcosa - cosp — sina - sin B;

’

cos(a—tﬂ)=cosa-cosﬁ+sina- sin B;
tg'(ﬂt+ﬁ)=,—g"‘—'k—tgt—éLﬂ, o % 2= + an, B~ 5 + an,

_.tga.
a+B*=3+an nez;
tg(a — p) = 8o —1gp
g(a—B) l+tga.tgﬂ,a=;é-é'-+nn,ﬂae—;‘-+nn,

a-—ﬁ#:—’?'--}—:rm,nel.
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27. TpuroHomeTpHueckHe QYHKUHH ABOHHOrO aprymeHTa:
sin 2a =2 sina - cos a;
cos 20 = cos’a — sin’a;
tg20=-28% axZ+Tn ax+an nel
T—tg’a 4 2 2
28. TpurouomeTpﬁqecKne q>yHKliuu MOJIOBUHHOIO aprymeHra:

e | l—cosa,,I _‘Ll_. L‘ﬂ’f‘.‘f;
|sm l_]/____2 sleos5|=V—5

2
o __]/l—cosa, _“_‘_]/li'__c_oﬁ-
|tg2l_. T cosa’ ICtgg = ¥ 1T—cosa’
a_l—COSCl. _(_1_= sin a
tg2'— sine ctg2 1 —cosa
o __ sina . e __l+4cosa
tg2_l+é§Sa’ t 2 sina

29. BuipaxkeHHe TpPUrOHOMETPHUECKHX ¢yHKUMH yepe3 TaHIeHC
MOJIOBUHHOrO apryMeHTra:

X . .
2tg = - ‘
sinx = x,x=/=n+2nn, neZz
2 . . .
l-}-‘tgv2 .
i—.‘tgzi,}
€0S X = —————, x£n+ 2nn, n€Z;
2.~
I+t 5
tgx = —, x;e—2-+nn,.x;en+'2:m, nez
1 —tg 5 .
l—tgz-;a
ctgx= —=, xs=nn, n€Z
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30. Popmysibl CyMMbl H Pa3HOCTH CHHYCOB H KOCHHYCOB:

Sina+5inﬂ=2sin¥cosa—2-ﬂ;

sinez—sinf}=2sin"‘;B . cos“-‘é‘ﬁ;

cos a -+ cosB=2cos“—'2'—'-§ cos“—;ﬁ;
cosa——cosﬁ=—2sin%ﬁsin—ﬁa'2" .

31. ®opMy/Bl TNOHHKEHHSI CTeNneHH TPHTOHOMETPHUYECKHX (YHK-
IHH:

ITpodoascenue -

DyHKuHA

[Mpouasoanas

y=c¢ - u, c=const

(c-uy=c-u

y=u=xv (utv)y=u v
y=u-v (uwvy =uw'v + uv’

u u,, wv—vu
y=7.v*0 )T
y="F(e () Fle@) =1 (o) - ¢ ()

34. TlepBoo6pasnbie:

Syrkuim Iepsoo6pasnan
cosza=l+cos2a; sinza___l—cos2a. ey ‘e
2 2 y=x", o 5% —1 aF1
ecgs. <Dop11:1y.u.1’:x npe06p.aaoBaHnﬂ TNPOH3BEJICHHSI TPHIOHOMETpH- e — kx + C
q X QYHKUMH B CyMMYy: e —cosx + C
sina, - sinﬂ=%(cos (o — B) — cos (a 4 B)); y=rcosx sinx + €
1 tgx+ C
cos a - cos == %(cos (a — B)+ cos (a + B)); Y= Cos%x
1
. 1 .. . _ —ctgx+C
sma-cosﬂ=-é—(sm(a+ﬁ)+sm(a—ﬂ)). Y=t
33. @opmyanl auddepenuuposanus GyHKuHi: y—- Injxl+C
x
Dynxuus TNponssoanas y=¢e" e+ C
y=c =0 ] @ 4
=a
Yy=x x =1 y Ina
y=2x a1 (x°Y = ax*"!
y=sinx (sin xyY =cosx
Yy==cos x (cos x)) = — sin x
=tgx (tg x)y = —,—l
y=1e €5 =osTx
=cigx (ctgx)y = ——ﬂ—l
y=cg gxr= sin®x
=a* (@Y =a*Ilna
y " et (ex)l . ex
, 1
y=Inx (Inxy = =
=log.x (logax) = |
Y =108 € = iTna
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OTBETbl U YKA3AHMSA
K YNPAXXHEHUSM

F'masall
BEACTBHUTEJIbHbIE YHCJIA

§1
3. a) Her; 6) na; B) na. 4. a) Hi'r; 6) uer; B) na. 5. a) 0,85; 6) — 0,32; B) 2, (36);
A2 | 323 2 '
r) 5,45. 6. a) 3 6) 9% ° B) _7ﬁ" r) 7%' 7. a) 3 6) IOE; B) 10; r) 2,4.

8. a) Csoxenne, ymHOXKenHe; 6) CilOXKeHHe, YMHOXEHHE, BHYHTaHHe; B) CJIOXKEHHe,
YMHOXKEHHE, BHYHTaHHe, NieleHHe (KpOMe JeJeHHS Ha HyJb).

§2
7. .
3.5, 70, 4; 0,(8); 57(3) — pauHoHanbHHe uHcaa; V7 —;/—;

2,13113111311113... — uppaunosanbhue yncaa. 5. Peuwen u e. Ipennonoxum, uro

V3 — pauuonanbhoe uncio, 1. e. Y3 = % , Tae % — HecoKparnmasi Apo6b. Torna

2
=P 2 2 2
3= ? Hnu 3¢° = p®. Uucno 3¢° kpatHo Tpem, snaunr, p? KPaTHO TPEM, YTO BO3MOXHO,

ecnn p=3n, uo toraa 3¢° = (3n), ¢>=23n% 1. e. ¢ =3m. Mpo6p - COKpaTHMa
q

ga OT?g), 3TO MNPOTHBOPEYHT NpeanonoXKeHHIo, y3 He €CTb pallHOHAJbHOE YHCJIO.
o Yy

§3
2. a) 3,21; 3,22; 6) 0,66; 0,67; B) 2,64; 2,65; r) 7,85; 7,86; n) —2,16; —2,15.

6. a) x+y~394 x-yx~152 7. 3 5 =~ 3,96; . ~
9. a) Her; 6) nmer; B) na. ‘/_+ ‘/— ” ‘/3— ;/3_ ~ 387

§4
l.'AC|=9,|AB|=12,IBC[=3'2. 5; ; 6) J—o0; 3[; —00° —T71
r) [0; oof; n) 1—3; 71; e) [0; 41; x) ]—2; 4?.) 3:! a)w][7;, 30%, 60)0 [ﬂa;n)o]]; 8) [0; Z%f
r) [7; 8 n) 10; 5[; e) @. 4. a) 1—7;°4[; 6) ]—2; oof; B) [—8; 15]; r) ]—oo; oo[;
B I8 0L o 0 1o 00U ol 5. 0) [8 ol 6) 15 ool o) [ ool
. » ’ —4; oo]. /. a —7, ; —o0; — s oof; 7. A
) T-o0; —3IULIS; of; 1) T—ow; 0. 8. U3 aelr 0 U ol ®) 1= 9

. §5 oo P L
16 1
1. a) -9 6) —200. 2. a) 1; 6) —0,5. 8. 5z 9. a) ]—oo; O[UJ0; eof;
6) }—oo; —6[ U1—6; O[ UJ0; oof; B) J—oo; oof; r) [2; oo[. 6. a) 7; 6) 16; B) 19;
r) 5k*+4 6k + 8.7. (3;9) u (4; 16). 9. a) 10,4; 6) 2; B) Her pemennii. 10. a) Her pemwe-
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unit; 6) a06as napa uncen (x; x— 1), rae x€R; 8) (2; —3). 11. a)'0; 0,8; 6) — }/5_.
V5 i8) —1—.-—;—; r) HeT pewennfi. 15. a) x > —2,5,6) x> —1;8) x< ) ¥ < 5

1
16. a) Her pewenuii; 6) -;—<x<2; B) —l<x<—-§-; r) HeT peLIeHH#.
17. ) x<—156) x<1;8) —l<x<3r) —5<x<05 18 a) x<—V3,
x>VY3;6) —l<x<l;B) 0<x<2r1) <3 x>-=3 1) —l<x<3
e) x < —4, x>3; k) x=3; 3) Her pewenuit. 20. a) 3,9000...; 6) —2,15000...;
B) 2,428571428571...; r) 0,55000..; n) 0,323232...; e) 2,7555... . 23. a) N; 6) Q;
8) Z; r) R; n) N. 25. a) C uenocratkom: —3,8; —3,74; ¢ usbuitkom: —3,7; —3,72.
26. ~3,08; ~2,35. 27. a) [—I; 7], ]2; 5); 6) [—3, 3], @; B) ]—o0; oof, [5; 7].
28. y<O mpu x>2; y>7 mpu x<—15 lyl<<3 mpu 05 x<35.
29. 0,5 < x <1, x> 1. 30. {—4; 4}.

§6

©1.2.2.9. 3. 22,70; ~1,59. 6. a) '3—'; 6) 1;55. 7. (3; —1).8.2) x < —2, x> 2
6) 1<x<2.9.4<x<10.10. I <x<2.

Fnasa ll
BECKOHEYHBIE YU CJIOBbIE
NOCNENOBATEJIBHOCTH H HX NPEJAEJIbI
. §7
l 4 . . . . . . l . 3 . 5
3454 2) (L&T 10 13; ...), 6) I(0, -;2, —12, 0,14, 1) B) (-5-, I
1 -9 . AR LI T T —
5 T ) ;D) (05 10, 1,0,...) n)( lgslgilgiles l32"") -5
3 13 bitr

1 1 1
u5=—8—, u12=-l—5. 6. b7—T, bl2=“l" bk+|_bk_mm' be -

)
RN

__(2k41)(8k +5) __00- . =y = —12:

= GET R @) 7. a) Ha, aiz = 29; 6) Her; B) Het. 8. a) [la, x3 = x4 = —12;

6) -aa, x; = 0; B) Her. 9. 12. 10. 1; 2; 3; 4; 5; 6; 7; 8; 9; 10. 11. a) (3; 7; 13; 27; 53; ...);
1 1 1 V0 (333 3:3

6) (—2; —5 —2; ——; —2; ...}, 8) (I, —5; -5 25; —755° LT (3:3:3:3:3;..)

13. a) 1, 1,7; 1,73; 1,732; 6) 2; 2,4; 2,44; 2,449; B) 3; 3,4; 3,46; 3,464.
3.2a) law—71<1; 6) |x0—71<00l; ) |b»—7]1<000l. 4. Yrasa-

3n 41

1
n —3 =7, TOrAa JAAf YKa3aHHbIX YJIEHOB MNOCI€eA0BaTe/NIbHOCTH

HHEC

HCKOMbie PacCTOSHHS COOTBETCTBEHHO PABHbI -, 1o, &5 a5+ 5. a) 31; 6) 3001.
8. Her. 9. [la. 10. a) n < 27, n € N; 6) n << 2998, n € N. 12. B) 1. 13. Ha. 14. Ja.
. §9
3. Her. 5. a) Bepuo; 6) sepso. 6. [la. 8. a) 1; 6) 0; 8) —2. 9. a) —3; 6) —5;
1 4
B) 0; r) 55 n) 2; e) 5 10. a) 2—; 6) 0; B) -7

§ 10

3. 2) 0, 6) 0; B) 0. 4. 2) 4, 6) 2,25; B) 3]/§2+5; r) xi i 5. a) 13,5
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6) g: B) 13%: ry —2.25. 6. 6; 3; %; 7::—; w - 7.8) 4Y2 (Y2 + 1)a; 6) 222

e 6 o1 109 63 12 7
8. 3)60, 6) ﬁ.9. d)'i—l,6)123,8) 2-—15—0,[') Sm.lo_a)?’?'G) __9_'
|

5 - Il. Ykasaune Uz ycaosus |1 + x1>1 Buauane ycranosure o6snactb
ONpeAeNeHHsl NaHHOH (yHKUHH.

§ 11
1. a) Bospacraer u orpanuuesa; 6) y6uipaer M orpauuyena. 2. a) 2R sin%-

180° '
6) 2R tg%. 4. a) Ysenuuntcst B 3 pasa; 6) yseanuutcs B 3 pasa; B) yMeHb-

wures B 2 pasa. 5. 0,5. 6. =~10,99 km. 7. 1,32 u. 8. a) ~ 0,523 m; 6) =~ 0,785 mM;
B) =~ 1,04 M; 1) =~ 1,57 M. 9. 3,142.

§ 12

5., _13 _k+3 L TR T
Los=gim=qini=g5—. 2.8) (—1 — 55—l — i =1 )
6) (2; 3; 9; 18; 45; ...). 3. a) Ila, aj = 298; 6) na, aig = 4891; B) mHer; r) na,
Qg9 = 24850. 4. n < 13, n € N. 5. a) za =(—1)". 8; 6) Zn=(—1"*t".56.¥ka-

3aHHe a) Bouncaute a, 4 — ag; 6) BbIUKMC/HTE E}# 7.0;1. 8 a) 0; 6) 2;
n

8) He MMeeT mnpexesna; r) He HMeer npenena. 9. a) IlocnepoBatesnbHOCTh (fs) BO3-
pacraer, orpanuuena, lim f, = R; 6) nociegosaTesqbHOCTD (@) yGuiBaet, orpanu-
n— oo

deHa, 0° <@, <120° nmpu n>3, lim @, =0; B) nNOCJAENOBATENBHOCTD ;9]

n— oo

B03pacTaer, OrpaHHyeHa, % SPBr<zmmpu n>=3, lim B,=n 10. a) 100; 101;
n—oo

110: 111; ) 100; 110; 111; 101. 14. a) n>10; 6) n>>1000. 15. n>> 151. 16. Her. 19. Hegep-
Ho. Hanpuwmep, lim o, = y/2 , rge (0n) = (1; 1,4; 1,41; 1,414; ...). 23. [la. 24. a) %;
n-» oo

! 2 1276
6) — 5 8) 0; r) He cywecrsyer; 1) 0; e) I; X) T 25. To0r- 26- —l<z<l.

27. 20. 28. 16. 32. 27R?, 4R2.

§ 13

RHPEY !—g—; 2 l%; ). 5. 2) 6 6) 3; B) 0. 6. 45. 7. 20. 8. 4—; 5L

2na

9. ——

7

F'nasa III
NMPEAEN ®YHKLLHMU. NPOUM3BOAHAS

§ 15

2. a) Pyuxuun, u306pakeHHble HA pucynkax 33 u 34, B Touke x = | paspuBHH,
a ¢yHkuusa, u3cbpaxkeHHas Ha pucynke 35, B Touke x==1 HenmpephBHa; 6) npu
x— 1 ¢ynxuns, usobpaxennas ua pucynke 33, He HMeeT mnpexena, a yHKUHH,
H3006pakeHHble HQ PHCYHKAaX 34 u 35, umeior npeaen, pasunil 2. 4. a) Ila; 6) Her.
5. B Touke x =0 HENpepLisBHa (YHKUHA, rpaduK KOTOpPOil NPeACTaBIEH HAa PHCYHKe
36, a ocTaabHHe QYHKUME B TOuKe X = 0 paspuiBHE. 7. Moxer.
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§ 16

;6) —4;B) —1.5. Pemenmnue.
2. a) 1;6) —19;8) —1;r) 0. 3. Her. 4. a.) 0u4; 6) —4;8)
ﬂpeu.non)omum) nporuBHoe: lim f(x)=10 n xllmaf(x)=c, bsc Ilycrb £>0,
xX—=>a -

toraa Haiaerca 6 > 0, Takoe, 4TO AJsl BCeX X 5= @, YAOBJETBOPSIOLIHX HEPaBEHCTBY

e e
1x—al< 6, sunoansioTca HepaBenctTBa |f(x) — bl << - H lfx)—cl< 5

Paccmotpum MOZLYJb b —cl=1 b;i— f(’é) —fx)—cl=
=16 =) +E@W =) <1T@—bl+1f()— ¢l <-4+ o= e Horyunn,

YTO HeOTpHUATeNbHOE 4HCIO0 | b — ¢ | MeHblue JI0GOro MOJOXHTENBLHOrO YHCJIA.
Tostomy | b —c|=0, otkyna b —c=0mn b=c.

pasHocTy:

§ 17
2. a) 8;,6) 2; B) —16; 1) 9.

§ 18
1 1 ]
2. a) R; 6) ]—o; —3[U]—3; oo[; B) ]—oo; —I[U]—1; 7[U]—2-: oof;

1 7 )
r)]—co; —3[U]—3; 2[U]2; oo[. 5. a) 11; 6) —3; B) —2,1) 8 1) i €) 153 X) 27;

7 1
3) —; H) —.
6 2 § 19
4. a) —3; 6) 0,5. 5. a) 3Ax; 6) Ax(Ax + 2x — 5);
Ax
— ; 3 — 44+ Ax— yYx—4). 6. Ha pucyske
i ey e e R U i

- 44 Ax>0, Af>0; na pucynke 45 Ax << 0, Ay>0; Ha pucyuke 46 Ax <0,

Ah < 0.7.2a) 3x + 3 - Ax + 5, 3Ax, 3; 6) —2 (x® 4+ 2xAx 4 (Ax)?), —2Ax (2x + Ax),
—2(2x 4+ Ax). 12. Pewmenne. S= %D"’ — ¢opMysa NJOWAAH Kpyra, HMelo-
wero auaMerp D. Toraa:
1) f(D)=FD*%
T 2y,
2) f(D + AD) =7 (D + ADY' = (D + 2DAD + (ADY);
3) AS=[(D+ AD) — (D)= % (2DAD + (AD)?).
. x o
IMo ycaosuio AD = +0,01D, suauut, AS = Y (2D (+0,01D) + (+0,01D)*) =~

~ ;1:-i « 2D - 0,01D = 40,02S. Takum o6pasoM, AS cocraBasier okoao 2% or
ok ,

Y6biBaer
yunbl S. 13. Ykasanne. CM. pewenHe 3agaun 12 l“I. a)
{e—ﬂ:o; 1], Bo3pacraer [1; oo[; 6) y6niBaer ]—oo; 0], Bospacraer [0; oof.

§ 20

2. 50 km/u. 4. 51 m/c. 5. vo+ at, vo+ 2a. 6. 6t —234. 7. 12t4°

4+ 4,10. 8. a) —3; 6) 6x + 3Ax. 9. a) 2; 6) —4; B) 27; 1) —4.

§ 21
1 1 .5

Ly 1 L 1. 2.
2. 2) 3 6) 16; B) —37: r) — s ll‘) 6at+ b e) —5: X) 5 3) 3



§ 23

2. a) Jla; 6) mer, paccMoTpHre, nanpumep, dyuxumio f(x) = [x] + {x}. 4. a) 1;

6) 2x; B) 2x+46; r) 5x* — l4x; n) 2x-——--——4 e) —4-(x+2) X) 12x 4 7;
x*

3) -—-(70x+ll) 1) —3-(6x"’+62x+9) 5. a)( B 115, 2875 6)——15—2,
+ 81)

s, =L, al(bt«{—‘)c) a(b — 2) a(b+2¢)

’ B l, ’ N
15 (t’ 1y - (Ot +cy " (c—bF " (b +cp
l/_. 5 , 5 ;) ez 3 f(—1) 1 f(1) ne cywectsyior
(t— 1Yy
N § 24
2. a) [—3;3]; 6) J—oo; 3[, 1; vol: ooy [ =3,
: 3, 14; oof; 8) 11,6; oo[; 1) —-l]3a)2;/__x-—5+

+36)2lgx—4x+33);/lgx-—2x--5r)lgyx—5—2;/x— 5.4.a) —75X
X 2%, 150 - 2%; 6) —70 - 5°, 70 . 9%, B) 0; 5488; r) 0, —352 . 25'%; p) —71= —1;

5 ’ 1]

o Y3 5/ ®) —o 2. 4 o L, 1 1
P 7’ 625° ~zigrr M O —xmi oW -5 —,
58 . 97 277 5V5

4 '__—M(_).

K) —

§ 25
l2 a) Puc. 325; 6) puc. 326; B) puc. 327. 4. a) 0, 0, ne cyuxecmyer 2, 2; 6) —1,

—, 0, —, He cymecrs 5. ; 6 -—!—' ! !
2l 2 y YeT. a) 5 ) s B) 2 H r) 56’ D,) ﬂv ) '—Tv
m) §°62) —206)3.7.2) 0;1;6) 0; —1. 8. a) 32 (2x — 1)'%, 32; 6) 45 (3x + 2",
2 6 3 o
459a)z_x__3)2 ;5+~2—;/x_. 10. 5u* — 164® 4 9u? — 4u 4 1; 253; 35
9 4 ;
I, =5, 12, 268 4 — 2 — —¢ 40,2 ; 10183 407 I !
\ 3 7E+02 02 i g M~ 1/— 7
7
y 15. a) —=<x<l; 6) —4<x< =3 16. a) ;/7
6) 7— 10z 8) 32 —13, 4 3 N 3 x) 19
6 8 (3t — 5)? (N
2-1 |0
1 % = J ‘ y
AV 3 o By
I o 43\l 2 \ o , J B
; 1-4 | S —— — i
_/—“—_:—__{_ ]
‘__{_7 of 1 10X 70 3
Lim (=4 ump =1 wngm=J
fmfog=—7 limp0=3 lingen=s
Puc. 325 Puc. 326 Puc. 327
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© 2Y5x+8+ 2

542 . _ 52— 9242 vk
(® — 7x + 12)?

17. a) F(1)>0; 6) F(1)>0. 18. ['(3)- ¢ (3)>0.

19. a) 10 (x + 3)% 6) 10 (2x — 1) B) 4 («* + x)° 2x + 1);

324+ 2¢—5 1
3t (£ + 512 — 8)%(3t 10.20. .
2 X
3 3(1+x)2(1—2x—x2)
.15, 22 —2—. 23,
2 2 ey ? ** — 2
6) 39 u—3 dit+1 )
2(5+ u)? 5+u’ 2/ (@I —T7) (& + D) Puc. 328
§ 26

1. 1-3; 0]. 4. a) —1; 6) %. 5. —1,32. 6. Puc. 328, f(—1)=f()=1,

4 3 11
f@)=1 7.2 8. a) —4x+3; 6) 4(95° + 3x —1); B) -3-;/7, r) T
R) 12x(3x* — 222 + 12322 — 1).
Fnasa IV
NPHMEHEHHE NPOK3BOAHONA
§ 27
2
3. a) 2Ax; 6) (7 —6x)A Z)Ax. 5. =~3958, =~37,84.
2) ) ( ")x”)(z,/a—,,xa

7. a) ~1,002; 6) ~3,0007; B) ~5,08; r) ~2,8241; n)~1,9375.
§ 28
4. a) Hmeer; 6) ne umeer; B) umeer. 8. —6. 9. (—1; —1), (1; 1). 10. a) 0;
6) —-‘1;-. n.(-;-; -2',-) 12. a) 45° 6) 0°; B) arcig 4.
§ 29
1.a) y=—12x— 14; 6) y=—2; B) y=6x—5.2.a) y=4x—6; 6
=4x — 7; B) y=40x — 87. 3. (1,5; 525) 4 (—1; 11), (3 —21). 6. (1; —1), (l 0),
7. y=12x 4+ 16 n y = 12x — 16.
§ 3

3. 06x2—%x. 4. 8) @—6)2; 6) 2 w/c; ) 4 u/ch 5 a) 18 w/ch

6) — %— 6. 3x% 7. 12x. 8. 12 m/c®. 9. Pemenne. Tak kak s(f)=
16;/2— c
= vot — %— , To v(t)=vo — gt, a ()= —g; uepes % CeKyHA nocjie Hauajia JABH-
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yl y
5~
|
|
) X
-l X5« N
| | I !
1 Loy
-4 vz | vz X
Puc. 329 Puc. 330

KEHHA CHADAA NOCTHIHET HauBbiCWed TOYKH, HAHGO/bINEE yiasieHHe OT MOBEPXHOCTH
3eMJIH %(B M). 10. =40 m/c. 11, 24”—:’. 12. 5250 H. 13. a) 4x(5«* 4 3);
c

1

4y (x — 8)3;

6) — B) —23: r) 2a.
X
§ 31
7. a) J=oo; —3[U]—3; oof; 6) ]—oo; —T7[U]—7; 2[UI2; oo[; B) [—3; oo[;

r) 11; oof; n) }—oo; —3—]U[l; oo[. 12. a) Boapacraer Ha Bceil 4HC/I0BOI npsMoi;

L . . 1
6) yOulBaeT Ha Bcei UMC/IOBOR mpAMON; B) BO3pacTaer mpHu x>——-7, y6biBaer

npH x < — ; ; r) BospacraerT mpu x <K —2 u x> 2, y6biBaer mpy —2 <K x << 2;

1
I) BO3pacraet npu xg-:;— M x> 1, y6uiBaet npu ?<x< 1; e) Bo3spacraer npu

x> 1, y6uiBaer npu x <0 n 0 x < 1; ) Bo3pacraer mpy —1 <x<<O0u x> 1,
youiBaer mpn x << —1 v 0L x < 1; 3) yObIBA€T B Ka)XKAOM HHTepBaJe, He copepxa-

uem Touky x = ;. u) Bo3pacraer npu x>—;—, y6uiBaeT npu x <0 u 0 < xQ%,
K) Bo3pactaetr npu x> 0; 1) Bospacraer npu x<% H x> 1, y6uiBaer npu
% <x< .

§ 32

6. a. 10. a) Mda; 6) mer. 11. a) [la; 6) mer; B) Her; r) Her, 15. Tabauua
BEPHO OTpa)KaeT CBOWCTBA (hYHKUMH.

16.
X ]—oo;—fl[ —1 1—1; of 0 105 I 1 15 [
F (%) + 0 — 0 + 0 _
f () - : 3 ~ 2 4 3 —~
max min max

18. a) dDyuKuns He HMeeT 3KCTPeMyMOB; 6) Qmin = @ (5)= —12,5; B) gmax ==
= g(—0,5) = —2, gmin = g (0,5) = 2; 1) tmax = 4 (—2) = 13, timin = u (0) = —3;

380

Puc. 331 Puc. 332
A
1) Pmax = P (0) =0, Ymin =9 (1)= —1; €) vmin =
=v(2)=0.19. Y ka3 auue. Hcenenyiite Ha sKcTpe-
MyM YHKUHIO H TPOAHANH3HDYHTE PE3yJAbTATHL.

20. a) Cum. puc. 329; 6) cm. puc. 330; B) cm. puc. 331;
r) cM. puc. 332. .

§ 33 -5

. Ha puc. 91 a<<0; D>0; x, <0 n x2>0§
y>(I) npu )‘c).<x<x2 Hy<<O0 mpu x<<Xx1 H X>X2;
ymax = f (¥0) = yo. Ha puc. 92 a>0; D < 0; neiicr- Puc. 333
BUTEJbHHX KoOpHeH y (QYHKUHH HeTi-I ay >pu(:: ngg
;:(ff)iz'ny;‘?) fo(:g o;y;>0 mpH x<<.x1 H x>x2;' Ymin ='."_ff(«(¥;))=_y8
Ha p;xc. 94 a<0; D=0; X1 =x2>0; y<[0 npx x;&xoé ymax__<0 ‘;;2
3.a) a<0; 6) a>0. 4. 6) Cm. puc. 333; B) cm. puc. 334. 5. a) x X H

3 . . — .
6) x<—2,x>2;a)0<x<2;r)x<-7,x>5;n) J—o0; oo[; ) —o0 < x << o0
) Her pemenufi; ) 1<x<<4. 6. Ykasanmue INokaxure,

3-llfr)o Hteg.rali%i‘;“—%%i + 9x 4 12Y >0 npu M06HX AEACTBHTENLHHX 3HAYEHHAX X.

§ 34

o § ‘ . 337; 6) cm. puc. 338; B) cM. puc.
. Cm. puc. 335.'5. Cm. puc. 336. 7. a) Cm. puc. 337;
339;4r) ::a.p:uc. 340; n) cM. puc. 341; e) cm. puc. 342; x) cm. puc. 343.

A yh Yl
X \ —4
1...._.
|
| 0 7 X 4] 2 0 4 X
-4}
Puc. 335 Puc. 336
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161

0

-2l
|
[
[
!
|
|
I

-1

Puc.

N —— e ——

=16

337

Puc. 339
§ 35

1. Praum = ‘P(IO)-‘ Quans = ¢ (—3). 2.

5. Hckombie cnaraemmie 20 u 20. 6. INpamoyronbiu

o

S
e epep—— (]

e ———

-5441

Puc. 340

=F( =0, faaus=F(3)=4
K HMeeT HaHGO/bUIYIO V10 Aalb,

€C/H OH KBAApaT, AJHHA CTOPOHB KOTOpOro R /'2 . 7. [TpsAMOyro/bHHE TpeyroabHHK

paBHOGexpeHHbH, mnuHA ero kartera 10 cm. 8, —

OTpe3oK WMeeT ANHHY 2, Ha ocH Oy — 4. 10. h==D =2

1. a) (—2x + 7)Ax; -6) (

2. a) =~ 2835 6) = 141,44; B)

yh

Puc. 341

382

am. 9. Ha ocu Ox orcekaemuii

s
a .
§ 36
2 1 3
+——) Ax; B) ——Ax.
3Wx  2yx x
., 599 .15 1 .
~lm—, l‘) ~2-3—2. 3. —E. 4. 45°,
Y Yy
: |
|
I |
2 | !
| ! :
P L
of 1 X -l 0 71 X
2 |
|
|
]
|
Pue. 342 Puc. 343

Yy y‘ Yy
3| [ave 2 %
1 3 2 —2 ]2
3-V45 [- X ] X 0 2 TN X
2‘15 71 R0 9_, £ \
|
_g...
Puc. 344 Puc. 345 Puc. 346
-V E -V &Y ]‘/i'v‘ ¥) ) & y=-ia-
5.( + (27) )( L (27) .8 14x — 29.

pan

5 922
—_— —_= - —3). = = . . —8 —; . . 4, .
m.( 3,1127),(1, 3. M. t=1cut=4c 12 8P4 4c 13 425

2 2 2
14. a) f(x) Bospacraer npu x¥<< ———E H x>—73_-, yOuiBaet npu —F <x< 7_3.— H

6) ¢(x) Bo3pacraer npu x<< —1 u x> 1, y6uBaer nmpp —1<x<0n 0<x<<1;
B) V¥ (x) Bospacraer nmpu x<< 2,5, y6uBaer npu x> 2,5; r) h(x) Bospacraer mpu
x> 0; n) s(x) Bo3pacraer npu x> 3, y6uBaer npr x << —3; e) y(x) Bo3spacraer
npy x<<0, a nmpH x>0 npHHUMAET NOCTORHHOE 3HAauyeHHe, paBHoOe HYJIO.
15. a) f (x) y6niBaer npu x << 0, Bospacraer npu X 2= 0, fmin=F(0)=2; 6) ¢(x) y6GuBaer

npH £ < —--2—, BO3pacTaeT npH X > —%. q>min=q>(—%)=—-7§; B) h(x)

y6riBaerT npu x > 3, Bozpacraet npH £ << 3; Amax="Hh(3)=0; r) s(x) y6uiBaer npn 0<<x<<
<1, Bospacraer mpu x < 00 x> 1, smin=5(1)= —1, smax=5(0)=0; n) g(x) y6uBaer

npH —l<x<—-L H -—-l-—<x< 1, Bospacraer npu ——‘/%<x<7_2_—; gmin =
1 1 1 1

=g(_—ﬁ)=—;, gmax=g(—,/-_§_-)——2-, e) v(x) Bospacraer mpn x>=>0.

16. a) frans =Ff(£2)=13, fuamm=[(x£l)=4;, 6) fuane=F(4)=28, fnauu=

=f(0)=0; B) fuans =f(— ﬁ) = '—% }‘/—57-, Faanm=F(—6)=—72,5; 1) fnanc =

=F(@) =05, faam=F(1)=1. 17. 12 u 12. 18. 1. 21. g 22. i:i. 23. = ';3- .

25. a) x<< —25, x>6; 6) —5<x<3; B) x<<—2,5, x>7; r) peiueHuii Her.
26. 6) Cm. puc. 344; B) cm. puc. 345; r) cm. puc. 346; ) cM. puc. 347; e) cm. puc. 348;
) cM. puc. 349.

v, y)

yl :

| ! - \ U /_

(] i 4 X i 27 X -7 1 X
‘ -1+ 8 -1

Prc. 349
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TR

~— —————

=2\0[ 1z J6 X -
\ = -110 x
|
=6\ |
..8 a
Puc. 350 Puc. 351
§ 37
1
1. y——5x—l 2. ~ 35 3. y (x) Bospacraer npu x << —1 u x> 3, yGuiBaer —
—1< x<<3. 4. Cm. puc. 350. 5. Cm. puc. 351. 6. fuaus = f(—1) =5, fuame =f (1) =
= —11 7. 20 cm, 30 cm.
F'naBa V

TPHTOHOMETPHYECKHME ®YHKILHH
M TOXIECTBA
§ 38

1. a) 120°; 6) 180°; 8) 135°. 2. a) 7°30’; 6) 10°. 3. 5°. 4. 45° 5. 2nk, k € Z.
6. RlOO + 360° - k(A) ke€Z 1. R—20 Ro , Ro

- §39
1.
a)
TFpanychas seanuuna ayru 10° 20° 35° — 922 5° 45° - 210°
Pannanuasn seanuuna nyru, l i 7_J‘t —_— i . .= n
18 9 36 8 4 6
6) , 1
[panycsas BeaHudHa ayrw 32° 5 68° 45" | 86° 31’ |—63° 45’]— 45° 507 93°
Paanannan Beauuuna ayru 0,5734 1,2 1,51 —1,1127 —0,8 1,6232
2. 406° ~ 0. . ‘oz 435, 30° — - o & «c 7 py
40 0,6981;140 2,4435. 3. 30° = 5" 60° = 3 90° = 5 4. RS (P)=

2 4 2qk . .
=P, POQ — % R02 . (Py=P, Pi(—1; 0). 7. —-g—+2nk, keZ

8. 1080° = 18,8496; 10800° = 188,4960.
9.

CE

Fpanycuas senuunna ayru | 28° 56 | 36° 407 | 172° 157 40° —50° 83° 54’

Pagnanuasn peansnna ayrn | 0,56050 0,6399 3,0064 | 0,698t |—0,8727| :1,4643

384

10. 11°15" ~ 0,1964. 11. 6° =~ 0,1047
§ 40
1. ~ 25,12 cm. 2. 30°. 3. =~ 12,09 cm. 4. 144°, 5. 60,94 cM.

§ 41
1. ~169,6 cm® 2. ~62,83 cm’ 3. =5730 cm? 4. 600 mmZ 5. 20 cm.
6. 3,5556 ~ 203° 43’

§ 42
6 in —= >cos—§£-
3. a) s-n——>sm(—-—-—) ) cosé——cos( 3 B) sm—6— ek

r) cos L& > cos 3% ) cos——>cos—5£- 3, 3, - 2;—-1—.
4 4 8 2 /3 e
1

6. a) 1, 6) - 7. Her. 8. a) x — si06oe AcHCTBHTEIbHOE UHC/IO 33 HCKTIOUECHHEM

3HaueHHu# % + 2nk, R€EZ, 6) x =—g— + 2nk, k€ Z;, B) HeT TaKux 3HayeHu#
aprymeHra.

§ 43
[ YerpepTh
Gyuxuns
1 11 111 v
sec a + — — +
cosec a -+ + — _

3. a) OtpuuaTtenbHo; G) OTPHUATENbHO; B) OTPHLATENbHO.

§ 44

. a) 0,8339; 0,8631; 0,9784; 6) 0,8453; 0,4823; 0,2750; 8) 0,3096; 1,1430;
2, 133 r) 3,376; 0,9137; 0,2056. 2. a) 0,9959, 0,0907, 10, 983; 6) 0,2571, 0,9664,
0.2660; B) 0,6894, —0,7244, —0,9516; r) 0,0905, —0,9959, —0,0908.

§ 45
1. a) Her pewenuit; 6) = 1,1 u ~52,8) 23 u4; 1) 1 w2l n 3.8 u 5,6;
. n n 3n 1 3n n . 7n n
e) HeT pelueuni. 2. a) Tz—; 6) - " T; B) T u - r) T H - ) < "
In 2n 4n 3n n 3 n 5n n
_— “on = . = o ) —< il —
6'e)3"3”“’2'3)0‘2'2‘2”’3'”6\x<6'6)3<
5n n Iln 2n 4n b
< — — : < g = : =
\x<3,B) 6<x< 6 ,r)O\x<3 H 3<x<2n, n)o<%<3
u—2£<x< 2n; ¢) 0 ——u ll.n<x<2n; m)ﬁgxgﬁ-,s)ngg
3 =6 6 4 4
13 3axas 252 385



n

14
<T M SA<2n 4 a) 055<x<26; 6) 0<<x<0,77 237<x<6
B) 335 x<6,07; r) 1,82< x<< 4,46 1) 0<x<<08 u 548<x<6

<
<
e) LIl <x<517. o

§46

# #) Hers 6) wer; o) net; ) 2. 3. 2) 342 /25.6) 06 ) 0;1) 110; ) — 12,

4. a) tga; 6) seca; B) ctga; r) cosec a; a) sin’a; e) cos’a. 5. a) 1; 6) 2 cos?a;

B) pov r) e n) sin’a; e) cos?a; x) sine 4 cosa; 3) 1. 7. a) sinZq;
6) secx; B) ctgx; r) 2 cosec a; 1) 1; e) sin®t. 9. 2tg a.

§ 47

5. a) Heuernas; 6) neuernas; B) UeTHAst; T) HH YeTHasl, HU HeyeTHas; R) HH YeTHas,
HH HEUETHAN; €) HH YeTHasl, HH HeveTHass; X) HH UeTHasi, HH HeyeTHad.

§ 48
3. sin 315°=~—Tﬁ; cos 315°=-i2.2——; tg 315° = —1; ctg 315° = —1.
. 5n V3 5n 1 5 5. 1
4 sil— = — =i lg—=—y 3; L IR I ;
3 3 c053 2,tg3 3,ctg3-—- }/_3_.5.a) —2;
1
6) —2,5. 6. 1; —_—
) a) 6) sina 4 cos a
§ 49
1
1. a) ﬂ; 6) — B) '/3; r) ], }l) _ﬂ' e) ﬂ; )K) __l_;3) —'_l.
2 2 2 2 V3 V3
2.a)£—‘6)l'a);'r)l3a)'6n' i) Z :
5 PR ek . 3. 7 )7,3) 7 r)?.‘l.a)?cosa;

6) sin a — cos a. 5. a) 2=n; 6) %

§ 50
3
LO0<x<a 2.—-’£<x<—— . 3. —2n, — _ﬂl_-___’i I 3ﬁ
3 5 T n, —=x, 0, x, 2x, 5 T 3

4. a) %+2nn'; 6) 2nn; B) -%‘--l—.?nn; r) n(2n 4 1).

§ 51

L]
1. nn. 2, —2-+:rm. 3. %<x<n. 4. 0<x<%.

—————

1
3/1ech H HHXE B OTBETAX K PEIIEHHSIM TPHTOHOMETP HIECKHX YPaBHeHHA n — Jio-
6oe ueJoe YHCIO.

386

,28;
,28;

§ 52

2. a) nn; 6) —’21+ nn; B) an; r) —;--l- nn. 4. arctg 3 + nn.
5. a) (—Il)y*'arcsin0,3 + an; 6) = arccos 0,3 + 2nn; B) arctg 2,4 4 nn;
r) —arcctg 0,89 + n(n + 1).

§ 53

—1)" 2 mn 4 .
_:L_l_nn, 6) (—1) arcsin-§—+—5—'? B) arctg-3— + =mn;

1. a) =+ T3 5

15
Sn o, om o omm. T o 3. a) ang — + 2an; 6) n + 2an; B) arctg 3+
B) :|:—3-6—+"2T+ 3 r) 3 + 2

nn
n n_m 20 Lo g B
r)—‘:—arcctgs-{-%-. 2. a) :t——?o—+5nn. 6) 5al'cg 5 5

n, nn, X . z . 4. a) sina + cosa; 6) 0;
+nn;%+nn; r) T+—2'.:t-§+’m: 1) 4+nn )

an ki . T .
B) 1; r) cos’a. 6. a) x%—’gl; 6) x+—. T a) & + n; 6) i‘3“+2“"'

nwn wn nn

i HAUCHHUA
B) HeT pelleHHil; r) HeT pellieHHH. 8. a) < 3 5 HCcKJodas 3

nn_ an
= in & A N, T Grger MOXKHO 3anMcaTh KOpOue: ——; ~E— 3
st 7t ot 3 B
T H ; Rl . —arcctg 3+ n(n- 1)
6) ——;L+2nn; B)—2-+2nn, n 4 2an; 1) 4-|—:rtn, g
L) HeT pelueHui; e) HeT peuieHHA.
§ 54
' R
1. a) 2mn<x<an(2n+1) 6) a@r+N<L<r<L2un(n+ 1) ) 3

3n b .
- il —— H 1<+ + nn;
+2mn<x << 5; + 2nn; 1) —2——{-2:rm<x< 5 + 2an; n) an < 5

2 n . g 20 <
e)%—+nn<x<n(n+l); M)—;+2nn<x<—3-+2nn, 3) 3 + 2nn <

9n
3n 3n = nn;
gxg-%‘{-%m; H) :m<x<—4-+rm. 2. a)—8—+nn<x< 3 +

7n
3 T ALY ; 21+ 1< x <
6) ;+nn<x<—;—t-+nn; B) 5+ <x<- +an; 1) a( )<<
<§3i+2:m.

§ 55
1. 0,6405; 0,6405; 1,8605. 3. a) 18°45%; 6) 71°42; B) 52°26% r) 58°3l"

4. a) ~10,5; ~52,36; 6) ~88; 43.91. 5. cosa=——-}/—:-—. tg0=‘},l—-3-»°tg“=ﬁ’
seca=—§—3_2—, cosec @ = —2. 6. a) 0,7379; 0,6749; 1,0934; 6) 0,9662; 0,2579;
3,747; 8) 0,7115; —0,7027; —1,0125; r) 0,0216; —0,9998; —0,0216. 7. sinae =
4
5

" o w

ctga=

5 t' d;.;i' ctga=—-i. 8. sina=—2—; cos a
PEe=T 1 V5



l N . '
== 1. a) Munyc; 6) munyc. 12. a) (x — y)% 6) iwzﬂz 2,39;

B) 6(2a—b). 14 2) 2% 6) 2n; ) X 15, a) 2H VT s gn.
3 4 2—yz

6) 1,25; B) 2,5; r) 6. 18. a) 1; 6) 2sin%a; B) cosa—sma, r) lcosyl; n) tg atgp;
e)) 2tg’a. 20. a) 4+ —-I— an; 6) (—1y+ L vl —l—?, B) 7n; T) HET peuwleHHi;
a) 2nn; e) (—1)"——+ nn; XK) HeT pewenui. 21. Sn an X
22. a) x — a6oe ieﬁcmmenbnoe -mi.no 3a ncmmziﬂuljm‘i-lz " 6? x—2:-—: 2:,1.
JeACTBATEIIbHOE YHC/O 33 HCKJIOUeHHeM l(2n + 1), 1(2 l2 | o
23 a) —Z 4o In ' | 23"n+ !

5 nn<x<—6—+2nn; 6)‘ -4—+2nn<x<§;—t+2:m;

B n n
) arctg2+nn<x<?+nn; r) —3—+nn<x<n(n+l).

§ 56
1. 0,4363; 0,9250; 1,7802. 2. 628; 86 5
’ 6.
4300. 3. cosa—--l-g, tga=24.

5.
n. 6. a) 13; 6) tga. 8. a) —n 6) 53 -|-2:m 9. n (3n + 1). 10. —+2nn<x<
< —|-2Jm

§ 57
. 3n
- ) 10,5, 6) —4. 5. a) 13; 6) —14. 6. a) R; 6) RZ.

§ 58

l/_ V3 V2 —2

2. a) cos 3x; 6 . -l—
) cos 4a. 3. a) 5 6 2,5) 2,r)-——,.ﬂ.)-—2—

VZ-VE  VT4VE om

4. s
a) 7 3 6) T . 8. a)
+ 2an; r) 2nn.

-—-—-;6 ﬁ. J.Iﬁ- n n

§ 59

1. a) sin4a; 6) sinb5x; B) sinacosP; r) cosacosP; m) sinpPcosa;
e) —sinasinf; x) cos(a—%); 3) cos(a—i--n—) 2. a) ﬁ 6) ﬁ
3) ST O g

f— Ve —31y2  —17y? 217,

o) A ) g %) —04—03Y3; 3) —o
V2+V6 V2—y6 V6—-yZI YZT+Y6
7 ; 06) 3 ; B) Y ; T) ) ;
) V6 —-3y2 33
A e e) & 4. a) tg 50° 6) ctg25° B) ctga; r) O; n) 0;
388

V2
e)sin 28° — sin 20°; %) ——. 7. a) 4—n—nn; 6) 3 -+ ain; B) ——’-‘-:};24-2::";
2 3 4 4 3

r) — arctg3 V3 4 an; 1) —%+nn; e) —%+nn.
§ 60
1. a) tg5x; 6) tgx; B) tg(—4——x); r) 1; n) 0; e) 0; x) 15 3) ;/— u) L

2. a) _'/—3——-1~027 6) '/—+l~373 B) Y3 = 1,73 r) 3‘/-_
1+v3 V3—i 4;/'+3

2
~ —0,12. 5. a) =an; 0) ;t-é-+2nn; :tarccos%——i—?nn; B) -I—S- -§-nn npH

x n 2 b nooy R
x# 4 +an, x#En+ 2nn, xF e+ g n gtgn 1) gty "
n nk 5t nn
x;&-3—+-§-,x¢ﬂ+-2—, e) nn.

§ 61

1. a) _;_; 6) —_‘/2__3:; )y ;) —7%—. 3. a) 0,5; 6) 0; B) -l—; r) 1,5; 1) —2;
e) L; x) ——l—; 3) 0. 5. a) 2sin 3 = 0,2822; 0) V3;8) 1ir) 2 € —i; x) 3;
3) l— 6. a) 0; 6) —2sin a; B) ctg?42°; r) tg?40°; n) 1,5, e) 0; x) sin?18°; 3) 0.
7. a) sin?a; 6) 1/__ B) 0; r) —2tga; 1) —cosa; €) —ctg B; x) 1; 3) tgba.
9, a) -g—-l-:m; 6) nn; B) =4 2nn; 1) ?-l—nn; —3—+ an;, 1) n(2n 4 1) e) =mn;

—%-l—nn; XK) nn; 3) i%—l—%n; n(2n + 1).

'§ 62

3
2. a) 0,25; 6) —}/?—— 3. a) 4cos’a — 3cosa; 6) 4sinacos’e — 4sin*acos a. -

—4y5 _ 1., /5; 6) 0,28. 5. a) sinx; 6) cosx— sin x; 8) cosx; 1) %

4. a) —9 T

1) —cos2x; e) —;—00522):; x) -;—sin 2a; 3) ——;-sin 2a. 6. a) cos2a;
6) %sin 4a; B) cos 4a; 1) — seca; A) cos 2a; e) cos?2a; k) cosec @; 3) cosec 2a.

T n T, T B . kil .
8. a) an; ;|:—3—+2nn, 6) (_I)F+_2_’ B) ry +2. r) =an; :{:6+:m‘
n) :{:-—g——i- nn; e) nn.

§ 63
~0,89. 2. a) I;

126 ~ 0,1961; 6) ——s-z —0,9806; B) —3; r)

V26

1. a)

389



. 6) sin 3a; B) 0; r) sin 3a; 1) ctg’2l° e) cos’ a; k) — tg?—- 4, 3) — tg? (——-—)

3. a) 5 + an, arcctg 3 + ain; 6) 5 + nn, (—1)* arcsin ——+ an; B) mn; r) - + 2nn;

JUIJ'C

) + 2nn; e) T 2 > + an.
§ 64
1 . 4 3 4 3
. = . 2 . . . !
1. a) 7 sin 4a; 6) cos’2a. 2. 5 R T 3. a) 2arctg?+2nn;

1
6) =+ 2nn, 2arctg 2 + 2nn, —2 arctg—z— + 2nn; B) 2arctg 4+ 2an; 5 4 2nn;

nn n
r)n+2nn,3 ’I2+ 3,r11ex;& + 3,n)2arctg—+2nn 7+ 2nn. 4. —2,25.

}/a +b2_cz
b+c¢
@’ b2 < 6.2 —

8. 2 it
2arctg +2nn, ecan a®+ b*>c¢% wer pewenn, ecan

1
3
§ 65
1. a) —2sin31°.sinl6° 6) 2cos4l® . cos17° B) 2sin 50° - cos20°;
sin (@ — B) sin(a +§)

cosacos B’ sin a sin g’

a0 2
r) —2sin 9° - cos 26°; n) ;€e) sin-;. 2. a)

no—w.  VTsn(atd
Bz o NCrD) el
3. a) 4c°s%c°s(l+%)-c03(i_f_)_ 5 45'"(3+0)Sm(__a)
COSQ,
‘lsm(6 -l-a)sm(.g._a)

. 1) 4sin?2 ( )
n) 4 sin 2a sin 5 12 X

xcos(_—_ o tg(a_’_%); ) 2l/_-sm(;s: 2)005—,

3)4sin(§—a)sin(%+a); H) —-4sin(-;l+a)sin(§—a);
) sin(a+ B)sin(B—a); ) sin(a+B)sin(a—p). 4. a) tg(a—-%);

a + B 2 ﬂ sin 3a
6) tg —— r) e A) cos2a; e) tga-ctgf. 5 a) =an;
& an n . . n ., 2nn n n o, 2nn
:i:6+2, 6) 2+1w, 2nn; 5 +t5 8 — 3 + 2an; ot

B) cos acos 2a; r)
sina

—— B) tg

DT oM CrgE e 2 XS o,
§ 66

2. n . . . 7

a) -7 + an; 6) an; 3 + @n; B) T + an; — arctg2 + an; r) nn;
--"+un'n)—n+un'—a t —l+
3 » 4 s rcig 1 nn.
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) ___+
—+:m, 6) ——|- nn; arctg 2 4 nn; B) ——+un, arctg—+un

§ 67
2 —y/ 6 V6+v2 ' )
5. a) —8y 2; 6) —9. 6. a) V2 T ; 6) i . 7.a) 1; 6) —1;
r) ;/—?5 9. a) =n; 6) —u—-l-:m; B) i—n—-i—nn; r)

n o, onn N ,

1 _+?' + an
R) i‘-+ an; (—1)"'£+“"? ) &
K) -=-—+— n) wn; (—1) 5 + o W o

+ nn;, +— +nn, )K) ; 3) mer peuechnfi;

+ 2an. 12. a) — + nn;

§ 68

V3 3 . ..
1.a) —14 /3; 6) —2. 2. a) 2+ Y3;6) —— 8 0.4 24 5. a) 2

n
6) cos(-;f- + a); B) 2 cos a; r) tg 2a. 6.a) an; (—1)*! —g-'l' nn; 6) nn, By— T+"""

I'nasa VII
nNPOU3BOAHDBIE TPUTOHOMETPHYECKHX
SYHKLLHA
§ 69
3. a f— ; 6) ‘/:—, B) —1; 1) 0; 1) 1;¢) 0.
§70
6 1; 2; 4')K) 2; 3) —
5.2) 1;6) 6;8) 53 1) 1L a) Z¢) & 3) %

§71

2. a) 3cosx; 6) 5cosbx; B) 2xsinx + x*cos x; T) sin 2x — 2 cos 2x;

a) cos(x+—6-); e) 5cos(5x—Ti-), x) —-—12cos(-——4x); 3) 6x’+
sinx — XCOSX 5 13; oof. 6. J3; o[-

V x
+ 3cos 3x; u) siny x +-—c05i/—7c; K) =

V x sin® x — x - sin 2x sin x — 2x cos X
7. a) sin?y x + 5 sin 2y x; 6) — : B) TP

2sin x — X €Os X
csmrx—r>>=>

2sinx -y sinx

§ 72
3. a) —b5sinbx, 6) cosx— xsinx; B) cos2x; T) ——2cos(2x——);
7. x’+xsm2x ) _2x+sin2x; l+smx+c;)sx‘ u) 105 —
6x% sin® x (1 + sin x)

3
cos27x cos®x

1 .
— 9sin x cos? x + sin® x; k) —3cos (x — T) — sin 0,2x. 4. a) 2xsinx 4+ x* cos x;

3 391



8) 2xcos x — x°sin x;

77
B) sinx — 4 cos x 4 2 cos 2x; r) —12cos2x — 5cos x — §
—4xsinx 4 3; 1) Ab cos bx; e) —Ab sin (bx + ¢).

1. a) —l—; 6) —‘/—:2-—; B) 7. 2. a) -—65in(2x——2—); B) cosx -+ 6sinx —
e i : ’ 0 npu x € ]—oo, oo[. 5. 45°
2. a) 6x; 6) —9sin 3x; B) —18sin (Sx—%); F) —cosx— 2sinx; Ejgsﬂ?ﬁ g Yxasanue. Jlokaxure, uto ' (¥) >0 np ’
R)  0,12sin(0.2x + n) — 18 cos 3x; e) 2sin(§—§)+2xcos §—§)- Frasa VI N
i (5-3) i S
§ 7a* § 78 g .
_ 1 ,2p—2,. by n) 4 - 97 (x — 9)'s
2. 8) ¥ 6) 2—55 B) —sinx. 6. —2cos (t _%) 8. a) Puc. 352; 3. a) 2abct; 6) a®b~2c'd% B) 37! - @%b %c; ) 5(::; Z ) P sﬁ ) 3‘/—‘—{
6)puc. 353. 9.a) Y 2;2 n; % 6) V/10; _;_; 4 2 arccos ;/ITo' 10. a)arccos 33i e) 21572 x) 1875 (a + b)"b? (a — b)'. 4. a) "~ ; 6)73— v
=+ arccos—l-

19
. 1 20— 2 11 2 z
,/1_3 + 2nk; 6) arccos-‘/—ﬁ = arccos l/ﬁ + 2nk. ;/(c T dy b

= = 5, ,30. r) a'. 6. a) 3; 6) 0;
Z— 6) a-b%; B) (@a+b)"-a;
B) 7 . 5. a) 1_3 )
§75 a* 3 5.
. B 1 —x)5
1. a) 5cos 5x + 5 sin 5x 4 1 6) 2sin2xtg5x+50052x 5) 6L 7. a) 4; 6) 2; B) 64; 1) 99; x) 275 8. a) 4 6) 10; B) x V( )
. 4 cos? x cos? 5z : 3 1
4 r)a—1.9. a) -2—§ 6) 2,52.
~ o 4
2. ~ 62°40 _ § 79
~ -0, ~ —1,3; 6 X>0,
§76 3. 2) ~ —07; 0; ~ 1,3 6) x<0, x> 1. 4. a) =07; 0; & —13; 6)
2 3
3. cos x. 4. a) L vz '/_

_L 45
—5— 0) ?;B)—T;r) <5 A) L5 a) 1;6) 1; 8) 5 r<—1. 7. ) (%)0'8<1;6) (%) 2 >1; B) (_%_)3>(—5-),

1, 27
_3 " —2. >
; 0 —(0.312)°% e) 1,773<177% x) T
r)2.17.a) g €0s 2x; 6) 0,5 cos 0,5x — 2x;B) 2¢0s 2x 4 6sin 3x. 8. Yk a3 a n u e. lo- r) (0,4)72>(04) n) (2,56) | 0.312); ) ( )

1 \2#
5 3 —_3 8\7. =65 —, 556, k) 37" >(—) ;
Kaxute, 4t [/ (x) <0 mpn —oo < x << 0. 9. y = ‘/2—x+7. 10. a) 3cos 3x; >(_:l§_)5.;2 3) (-g—) <(§)2, n) (0,2) 7% > ) 3
6) —3sin3x; B) 3cosux; r) 4cos2x. 11. a) 20x% — 14; 6) 18 cos 3x;
B) — sin x cos? 3x — 6 cos x sin 6x — 18 sin x cos 6x. 13. 45°,

a « O 1; B) He Cyl-l-leCl yer T a> lr
Ja t 1. 8. a 0 a l, 6 0<a< ’ ) B ’ )

15> 3,14'5;
<p. 10. a>1. 11. a) =
< 1. 9. Bo Bcex cayuasax a L
Iﬁl; e9°fa< 2.79-98_ 12, a) Her; 6) uer. 13. Puc. 354; puc. 355. 14. Y6uiBaer ot 64
l gl

Yy
‘ 1) 4
AN 7ANA
|
7 r LT v

Y
J
’

1
ovi T \7
: ' 15 ! —
3} ’ i 7 0 X
. 355
Puc. 352 Puc. 353 Puc. 354 Pre
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1
y(=7) =215 a) 1—co: UT: eof; 6) J—o0; —2]U[2 oo 5) ]—oo; oo,

;G(ki)l)y>l, 6) y<0, B) y>0, 18. Ykasaunue Hafiaure oTHOwEHHE

y®
§ 80

3+ /13

3.a) 0;6) =1;8) 4V 2;1) 1; 1) —1;e) —5— %) =1 u 7 3) ‘105

H) 2, K) —4 u 1; 1) —25; 3; M) 9. 4. a) log,7; 6) 1 + log,5); 2
) ; 55 3; . 4. ; 6) — ; lg 3;
r) ]og_z_ 7; n) logi2; e) 1; x) log4_925; 3) log2123. 5. a) 2; (6) 2; Bg)2 3); r‘;)—l—;*-ﬂ)g (35;

3 7 8 5
e) 66; x) 0; 3) 1,5; u) logz —; k) + V' 3.8.a) 1;3;6) 0; log;5; B) 3; 1) 3; n) 2;

3
e) Iy x) 15 3) 0; u) 3; 11; k) 1,5; 1) —2; M) 0; —I; n) +2; 0) 2. 7. a) 2;
6) ~ —18;2;,8) —1;r) —08; 2; 1) 0,8; ¢) ~ +1,5.

§ 81

L.a>1. 2. 0<a<l. 3. a) x<4 6) x<—1; B) x<4; 1) x>i;

2 1
EL e) x>3; X) 0<x<—2—, x>=1;3) 1,2, ..,7 4 a) x<log;3;

1) x>

6) x| : _ . . 1 3

) x<< Og%SL B) x = —logy3; ) x<logl;_s24. 1) x>?log5m. 5. a) x> 5;
=

6) x 21; B) x<Il;r) x<<3; n) x>0. 6. a) x<<0, x>log;5 6) x>0
B) log3—3-<x<2;r)x<2.7.a)x>a;6)x<a;3)x<b,x>0; r b<x<o;
Nxrx<cunx>dye) c<x<d; %) x<¢; 3) x>c 8. a) [2; oof; 6) ]—o0; —1[;
B) 1—oo; — Y 3IULV'3; oof; r) J2nk; n+ 2nk |k € ZI.

§ 82

1
2. k=1. 3.1, 3, —I1, 5 6. a) €% 6) 2°In2; B) —-;;ln?»; r) n*lnam.
B3 . _ 1 \2:—1 . , In3 i
7. a) 3.5%1In5; 6) 2(?) In3; B) 2. ¢? —?; r) 2°"F(1 4 x cosx X
sin—x—

X In2); n)

x) Te~ 7 — ;3) et X

=2In3 . (08)°(1—2cin2)+ 1
3% 2y x ’

X
24 (In2(1 — sin®7x) + 84 sin?7x cos 7x)

X sec?e*t!; n)
4 (1 — sin® 7x)?

. 8. a) —328051n3; 6) In2;

5) 3In3 9 1
v e a) x+ey=2; 6) y=-2—ln(e~2”+'); B) ye — x = 0. 10. 45°.

§ 83
2. a) y = log, x; 6) y=logl x;B) y=Ilogs x,raea>0,a+1.3.2;1;0; —1; —2.
3
6. a) log; 4 < log; 6; 6) log_l. 7>log_._ 9; B) loggb > logy 5; r) log: 3 < log, 3.
3 3 2 K
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7. a) x>3; 6) x>5. 8. a) loges4 - logi'5>0; y‘
z

6) logs 10 — 2 > 0;B) logo.2 18 — logoz 17 < 0.9.Y k a-
3 a H Y e YCTaHOBHTE 3aBHCHMOCTb MEXAY 3THMH QyHK-
uusmu. 10. a) ]—1; oof; 6) 11; oo[; B) ]—oo; O[;
r) J—oo; OLUI0; oof; n) 1—2; 2[; € ]—oo; oof;
%) J—oo; O[UJ0; oof; 3) 1—1; oo[; w) 12 3L

o
xY

a1 oo Ju 2[u]s = Puc. 356

o3 [u]gm o Jo 3 [v]s 4ol )

12. 1) Puc. 356; €) puc.357.13.a) a>1;6) 0 <<a<< 1.

o ~_|
-7\0 /I X

2. a) logg216 =3; 6) log,1024 =25;
1 1
B) 10g010,0001 =4; r) log 5==3; 2) logaz5= Puc. 357
5, ¢) log: 343 5.4 =L 6 (L) =8 5 5*=625
= —5; e) og_;_3 = —3. 3. a) =3 ) (-?) =8; B) = H
10 __ . 4__ . _4_ “S_ZZ . Y 1) A .
r) 2'9 = 1024; 1) (0,1)* = 0,0001; ¢) (3) —64.4.a) 1;6) 3;8) —1;1) —4; 1) n;
1 2 2 1 3 1 3
e) _2_7 )K) 31 3) _5"' H) —'—2—: K) —7‘ 5. a) 5’ 6) —‘, B) _37 l') _2_’ n) ?'
1 2 9 1 1 . . 1. 1
e) -5 DK) 3 3) 5 6. a) 32; 6) 6; B)—g—,r)—4—,11) 64; €) 9; XK) 7 ; 3) 7600

u) 9; K) —}I- 7. a°. 8. a) 10; 6) 405; B) 16; ) 2%; 1) ab,rnea>0,a=1,b>0;¢€) -%,

3 2
rie a>0, a1, 5>0; x) b°, rae 5>0; 3) Vb, rne b>0; n) %—, rae a >0,

Y b g Bt g 18
a%1, 6>0 k) 150; 1) &= M) 28. 9. a) T 6)2(1—-—_—,,)~ 105053

11. a) -%—; 6) 4; B) 3; r) 4 1) 1; ) —3. 12 —(a+b). 138. Ykasanue.
TIpuMeHHTE B KaXAOM cJyuae MOAYJb Tepexona OT ORHOH CHCTEMbI norapudmoB
K ApYroi.

§ 85

2. a) 0,7781; 6) 1,0791; B) 0,6990; r) 1,1761; n) —0,2731; e) 0,6811;
x) —0,2219; 3) —0,9209. 3. a) YsenuuuTcs B ABA pasa, 6) yMeHbIUIHTCS B ABa
pasa; B) YBEJAWYHTCH B TPH Pasa; I) yMEHbIUHTCH B TPH pasa; 1) yBeanuutcs Ha loga3;
) ymenblnTcst Ha log.4. 4. a) lgx=1g3 +lga+ lgb; 6) lgx=1g241gb+
+lgc—lga; B) lgx=2Iiga+5lgb—3lggc; r) lgx=Ig4+1g(a-d)

n) lgx=Ilg@+b)—lg(a—>b) e 1gx=—;—lga+-%-lgc—2lg(a+c);
x)lgx= Igsina+lgcosa—Ilga—ligh—lgec;s) lgx=%(lgp+lg(p—a)+
+ lg(p— )+ 1g(p —¢)) n) lgx=|g5—|—%lga+—§-lg'(a—b). 5. a) lgh=
=%;ga+_l5_2|gb_%lg3; 6) lgv=3lgc+lgsin-Z—-}-%lgcosa—lgG;
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3 1 . 1 i 1 1
B)lgs—lg6+?Igh—?lgsm2a—?1gcosa. r) lgz——2—lga+Tlgb-—
—1g2; n) lgt=lg3+%|gm+—é—lgn—lg4. 6. a) lgx=lg2+2lgsin—g—;
6) lgx=lg2+2lgcos—;-; B) lgx=|g2+2lgcos(%:-—a); r) lgx=Ig4+

s a . T AW . . EAW
+lgcos(T2—+?)+lgsm(E—?), ) ng—-lg2+lgsm(3a-|- 3),
n n
e) lgx=1g4 +lgcos(-—6—+ a)-{—lgcos(—ﬁ——a). x) lg x = Ig cos 2a;
3) lgx=Igsin2e¢ 4 Igsin2B; u) lgx=Ig2+ Igsin (—g—-—l-a)—lgcosa;

K) lgx=lg2+lgsin(—:—+2a)+Igsin(2a—£—)—2lgsin2a. 7. a) x=

a 2.4 (a+b)2 4
= a3 —_—— __ac, _ . 3 ) _
=a’b; 6) x= Ty B) x= R r x——-———'/a__j, B x=Va. yo; e x=
1 'ls/ asz s
I — (T) 8. a) x=18—z—; 6) x=18; B) x='/3 . ?4?;
3 :
Va4 b

r "=__"+ . 9. a) 378.10; 1; 6) 53214-.10% 2 B) 1,5.107%
a(b + c)’

r) 38 .107% —4. 10. a) 0; 6) 2; B) 3; r) —1; 1) —3. 1. a) N> I;
6) l<N<10;8) 0<N<1.12.2) 1;6) 2; B) 3; 1) 4; 1) n; e) —2; x) —3;
8) —4, m) —6. 13. OT ymHoxenusi uucia Ha 10" MaHTHcca ero Jjorapudma He
usMensiercss. 14. a) 1,9494; 6) 2,6340; B) —0,8327; r) —2,2007; n) 1,3410.
15. a) 4,2506; 6) 1,5128; B) —3,2340; r) —0,1283. 16. a) 69,42; 6) 2,271; B) 0,1644;
r) 0,00133. 17. a) 48; 6) 35. 18. 212® —23%' > 0. 19. a) =~87,7; 6) =0,007868;
B) =~3,871; r) 0,1297. 20. a) —6,3814; 6) —6,2296; B) —1,5479; r) 0,6295.

§ 86
5.a) —1;6) —4 —g—; B) 1,0016;r) 4; 1) —8; 1;€) 0; 3; k) 5. 6. a) Her pewenuit;

6) 4 8) ’zli“ r) 4; 1) 5 95; e) 6; 14; x) 4; 3) 13. 7. a) —;—; 16; 6) 0,0001; 10; B) 9; 27;
9

D VZ 2 (—1)FZ+ ki e) 0,1; 10; 0,001; 1000. 8. a) _;_; 3, 6) L.

-3 14v3 8

2 |

Sm ’

3 4 | |
V10.9.2) 4;6) V5 ; 25; 5) T v 45 n) =5 V5. 10. a) 1; 6) uer pewenui;

2; B) 25.

1 1
N g A 5. 8 e 100; x) 0,1; 100; 3) 0,1; 10 7. o

2
B) ~0,08; ~1,47; r) =06; 1) ~1,2. 11. a) 2; 6) 1%; 8) 0,1; r) 15,5; 1) 0,1; 10
1

/10

e) 16; x) 8; 3)

; V10; u) 0,0001; 10; k) ~1,3.
§ 87

3. a) logo3100 — logo 39 < 0; 6) logu(%(l - log,a)) <0;

1 2 1
B)logo.a(70(log25—-l))<0. 4. a) x>—4—; 6) FT<x< B) 2< x< 35

35<x<<B; r) 2<x<<3 n) x<2 x>9 e —I<<x<0 3<x<4
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yA ya
1
| B -
0 /PL x 0 /I [ X
Puc. 358 Puc. 359 Puc. 360

5.a) 1,6 <<x<<5;6) 2<x<<3;B) Dcx<liz>Lr) 2<x<4 n) 3<x<5.
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